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1. Introduction

Recently, new developments of the theory and applications of dynamic derivatives on
time scales were made. The study provides an unification and an extension of traditional
differential and difference equations and, in the same time, it is a unification of the
discrete theory with the continuous theory, from the scientific point of view. Moreover, it
is a crucial tool in many computational and numerical applications. Based on the well-
known A (delta) and V (nabla) dynamic derivatives, a combined dynamic derivative, so-
called o, (diamond-a) dynamic derivative, was introduced as a linear combination of A
and V dynamic derivatives on time scales. The diamond-a dynamic derivative reduces to
the A derivative for «¢ = 1 and to the V derivative for a = 0. On the other hand, it
represents a “weighted dynamic derivative” on any uniformly discrete time scale when
a = 1/2. See [1-5] for the basic rules of calculus associated with the diamond-a dynamic
derivatives.

The classical Hermite-Hadamard inequality gives us an estimate, from below and from
above, of the mean value of a convex function. The aim of this paper is to establish a full
analogue of this inequality if we compute the mean value with the help of the delta, nabla,
and diamond-a integral.

The left-hand side of the Hermite-Hadamard inequality is a special case of the Jensen
inequality.

Recently, it has been proven a variant of diamond-a Jensen’s inequality (see [6]).

Theorem 1.1. Let a,b € T and ¢,d € R. If g € C([a, by, (c,d)), and f € C((c,d),R) is convex,
then
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In the same paper appears the following generalized version of the diamond-a
Jensen’s inequality.

Theorem 1.2. Let a,b € T and ¢,d € R. If g € C([a,bly,(c,d)), h € C([a,b]y,R) with
fs |h(s)|oas > 0,and f € C((c,d),R) is convex, then

f<ﬁM@Hﬁw%s>Sfﬂh“Nﬂ“”””, (1.2)

fo |(s)|oas 17| (5)|os

In Section 2, we review some necessary definitions and the calculus on time scales.
In Section 3, we give our main results concerning the Hermite-Hadamard inequality. Some
improvements and applications are presented in Section 4, together with an extension
of Hermite-Hadamard inequality for some symmetric functions. A special case is that
of diamond-1/2 integral, which enables us to gain a number of consequences of our
Hermite-Hadamard type inequality; we present them in Section 5 together with a discussion
concerning the case of convex-concave symmetric functions.

2. Preliminaries

A time scale (or measure chain) is any nonempty closed subset T of R (endowed with the
topology of subspace of R).

Throughout this paper, T will denote a time scale and [a, b]; = [a,b] NT a time-scaled
interval.

For all t,r € T, we define the forward jump operator o and the backward jump operator p
by the formulas

o) =inf{reT:T>t} €T, p(r)=supf{reT:T<r}eT. (2.1)
We make the convention:
inf@ :=supT, sup @ :=inf T. (2.2)

If o(t) > t, then t is said to be right-scattered, and if p(r) < r, then r is said to be
left-scattered. The points that are simultaneously right-scattered and left-scattered are called
isolated. If o(t) = t, then t is said to be right dense, and if p(r) = r, then r is said to be left dense.
The points that are simultaneously right-dense and left-dense are called dense.

The mappings p, v : T — [0, +o0) defined by

‘I/l(t) = G(t) - t/
v(t) :=t—p(t)

(2.3)

are called, respectively, the forward and backward graininess functions.

If T has a right-scattered minimum m, then define T, = T — {m}; otherwise T, = T. If
T has a left-scattered maximum M, then define T* = T — { M }; otherwise T* = T. Finally, put
T* = T, N T*.
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Definition 2.1. For f : T — R and t € T*, one defines the delta derivative of f in ¢, to be the
number denoted by f2(t) (when it exists), with the property that, for any & > 0, there is a
neighborhood U of t such that

[[f(e®) - f(s)] - fAM[ot) —s]| < ela(t) -], (2.4)

forall s € U.

For f : T — R and t € Ty, one defines the nabla derivative of f in t, to be the
number denoted by fV(t) (when it exists), with the property that, for any & > 0, there is a
neighborhood V of t such that

[[f(p(®) = f(s)] = fT () [p(t) = s]| <e]p(t) =], (2.5)
forallseV.

We say that f is delta differentiable on T*, provided that f2(t) exists for all t € T* and
that f is nabla differentiable on Ty, provided that £V (t) exists for all t € Ty.

If T =R, then
A =71 = fo. (2.6)
If T = Z, then
A = ft+1) - f(b) 2.7)
is the forward difference operator, while
Y =ft)-f(t-1) (2.8)

is the backward difference operator.

For a function f : T — R, we define f° : T — R by fo(t) = f(o(t)), forallt € T, (ie.,
f? = foo). Wealso define f# : T — Rby fP(t) = f(p(t)), forallt € T, (ie., f = f op).

For all t € T*, we have the following properties.

(i) If f is delta differentiable at ¢, then f is continuous at ¢.

(ii) If f is left continuous at t and ¢ is right-scattered, then f is delta differentiable at ¢
with £2() = (f7() ~ £(5) /().

(iii) If t is right-dense, then f is delta differentiable at t, if and only if, the limit
lims—i ((f() = f(s))/(t — s)) exists as a finite number. In this case, f2(t) =
lime_ (£ (5) - £())/ (£ - 5)).

(iv) If f is delta differentiable at t, then fO(t) = f(t) + pu(t) f2(t).

In the same manner, for all t € T, we have the following properties.

(i) If f is nabla differentiable at ¢, then f is continuous at t.

(ii) If f is right continuous at t and ¢ is left-scattered, then f is nabla differentiable at ¢
with fY(£) = (f(t) = f7 (1) /().

(iii) If t is left-dense, then f is nabla differentiable at f, if and only if, the limit
limg_¢((f(t) = f(s))/(t — s)) exists as a finite number. In this case, fV(t) =
limei ((F () ~ £(5))/(E ~5)).

(iv) If f is nabla differentiable at t, then f#(t) = f(t) — v(t) fV ().



4 Journal of Inequalities and Applications

Definition 2.2. A function f : T — R is called rd-continuous, if it is continuous at all right-
dense points in T and its left-sided limits are finite at all left-dense points in T. One denotes
by C.q4 the set of all rd-continuous functions.

A function f : T — R is called ld-continuous, if it is continuous at all left-dense points
in T and its right-sided limits are finite at all right-dense points in T. One denotes by Ciq the
set of all Id-continuous functions.

It is easy to remark that the set of continuous functions on T contains both C;q and Cig.

Definition 2.3. A function F : T — R is called a delta antiderivative of f : T — R if FA(t) =
f(t), for all t € T*. Then, one defines the delta integral by Ltl f(s)As = F(t) — F(a).

A function G : T — R is called a nabla antiderivative of f : T — R if G¥ () = f(¢), for
all t € Ty. Then, one defines the nabla integral by f‘i f(s)As = G(t) - G(a).

According to [2, Theorem 1.74], every rd-continuous function has a delta antideriva-
tive, and every ld-continuous function has a nabla antiderivative.

Theorem 2.4 (see [2, Theorem 1.75]). (i) If f € Cyq and t € T*, then

o(t)
[ rer8s = s, 29)

t

(ii) If f € Clyand t € T*, then

t
£(s)Vs = v(b) £ (t). (2.10)

p(t)
Theorem 2.5 (see [2, Theorem 1.77]). Ifa,b,c € T, p e R, and f, g € Cyq4, then

(i) [2(f(H) + g(B)At= [ F(H AL+ [7 g(t) AL,

(ii) 2 Bf (DAL= B2 f()AL

(i) [, f()) A== [} f(DAE

(v) [V f(HAt =[S Ft)At+ [7 (DAL

) f2 flo(®)g* (At = (f9)(b) - (f)(@) - £ fA (D8 (AL

i) [2 f(Hg* (DAL= (f9)(b) - (f)(@) - [L fA(Dg(o(t) AL,
(vii) [* f(H)At=0;
(viii) if £(t) > O forall t, then [* f(H) At > 0;

(%) if | f(£)] < g(t) on [a,b), then

b
gf g(t)At. (2.11)

fb F(t)At
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Using Theorem 2.5, (viii) we get

(i) if f(t) < g(t) for all ¢, then fsf(t)At < ff g(t) AL
(ii) if f(t) > 0 for all ¢, then f =0 if and only if fs f(H)At=0;

and if in (ix), we choose g(t) = |f(t)| on [a, b], we obtain

b
< j £ (t)| At. (2.12)

Ib F(t)At

A similar theorem works for the nabla antiderivative (for f, g € Ciq).
Now, we give a brief introduction of the diamond-a dynamic derivative and of the
diamond-a integral.

Definition 2.6. Let T be a time scale and for s,t € T§ put p = o(t) — s, and v = p(t) -
s. One defines the diamond-a dynamic derivative of a function f : T — R in ¢ to be the
number denoted by f°«(t) (when it exists), with the property that, for any ¢ > 0, there is a
neighborhood U of t such that for all s € U

|la[f (a(t) = f()]vis + A=) [f(p(B)) = ()] pes = f* () paasvis| < €] pss |- (2.13)
A function is called diamond-a differentiable on Tj if f°=(t) exists forallt € T If f : T —

R is differentiable on T in the sense of A and V, then f is diamond-a differentiable at t € T%,
and the diamond-a derivative f°(t) is given by

)y =afft)+(1-a)f'(t), 0<a<l. (2.14)

As it was proved in [5, Theorem 3.9], if f is diamond-a differentiable for 0 < a < 1

then f is both A and V differentiable. It is obvious that for & = 1 the diamond-a derivative

reduces to the standard A derivative and for a = 0 the diamond-a derivative reduces to the
standard V derivative. For a € (0,1), it represents a “weighted dynamic derivative.”

We present here some operations with the diamond-a derivative. For that, let f, g :
T — R be diamond-a differentiable at t € T. Then,

(i) f + g: T — R is diamond-a differentiable at ¢ € T and
(f +8)*(t) = fo=(t) + g™ (t); (2.15)
(ii) ifce Rand cf : T — R is diamond-a differentiable at t € T and
(cf)* () = cf*(®); (2.16)
(iii) fg : T — Ris diamond-a differentiable at t € T and

(f9)(t) = fo(Hg#t) +af (g™ () + (1 - ) fF (D" (). (217)
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Leta,be Tand f : T — R. The diamond-a integral of f from a to b is defined by

b b b
f F(t)out = af FAt+(1- a)j fBVE, 0<a<l, (2.18)

provided that f has a delta and a nabla integral on [a,b];. Obviously, each continuous
function has a diamond-a integral. The combined derivative ¢, is not a dynamic derivative,
since we do not have a ¢, antiderivative. See [6, Example 2.1]. In general,

0

<£f(s)<>us> a#f(t), teT, (2.19)

but we still have some of the “classical” properties, as one can easily be deduced from
Theorem 2.5 and its analogue for the nabla integral.

Theorem 2.7. Ifa,b,c € T, p € R, and f, g are continuous functions, then

(i) 3 (F(t) + g(D)oat = [, f(Dout + [ g(t)out;
(i) [ Bf (D)oat = B2 f(D)oat;
(iii) [2 f(D)out = — [ f(t)oat;
(iv) [y f(Bout = [ f(B)oat + [ f)out;
) 2 f(t)oat = 0;
(vi) if f(£) 2 0 for all t, then [ f(£)out > 0;
(vii) if f(t) < g(t) for all t, then jsf(t)oat < f: g(t)out;
(viii) if f(t) >0 forall t, then f =0 if and only iffsf(t)oat =0;
(ix) if | f ()] < g(t) on [a,b), then

b
< f g(t)oat. (2.20)

fjf (t)oqt

In Theorem 2.7, (ix), if we choose g(t) = |f(f)| on [a, b], we have

b
< j £ (8)]oat. (2.21)

Kf (t)oqt

3. The Hermite-Hadamard inequality

In this section, we present an extension of the Hermite-Hadamard inequality, for time scales.
For that, we need to find the conditions fulfilled by the functions defined on a time scale. We
want to evaluate fs tAt and fs tVt on such sets, because they provide us with a useful tool for
the proof of Hermite-Hadamard inequality. We start with a few technical lemmas.
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Lemma 3.1. Let f : T — R be a continuous function and a,b € T.

(i) If f is nondecreasing on T, then

b b b
o-af@ = [ foar< [ Foas [ fovi<@-afo), (3.1)

where f : R — R is a continuous nondecreasing function such that f(t) = f (t), for all
teT.

(ii) If f is nonincreasing on T, then

b b b
(b-a)f(a) > j fHat zj Fyar> j FOVES (b-a)f(b), (32)

where f : R — R is a continuous nonincreasing function such that f(t) = f(t),for all
teT.

In both cases, there exists an ar € [0,1] such that

b b
[ F®ut= [ Foya (33)

Proof. (i) We start by noticing that if T = {a, b} then by Theorem 2.4, we have

o(a)

b
[swae=[ " wai- fae-a), (34)

a

while if T = [a, b], then

b b
f f(t)At:J‘ £(t) dt. (3.5)

It suffices to prove that, for monotone functions, the value of f{l: f(t)At, for a general
time scale T, remains between the values of fs f(t)Atfor T = {a,b} and for T = [a, b].

Now, let f : R — R be a continuous nondecreasing function such that f(t) = j? (t), for
all t € T. First, we will show that by adding a point or an interval, the corresponding integral
increases.
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Let us suppose that we add a point c to T, wherea < ¢ < b. If T = TU {c},and c ¢ T
is an isolated point of T; (with fi’ f(t)Aqt the corresponding integral), then

J:f(t)Alt = f:f(t)Alt + fjf(t)Alt

p1(c) c o1(c) b
= ft) At + ft) At + ft) At + )f(t)A1t

a pi(c) c oi(c

p1(c) c o1(c) b
| fwar+ | foae+ | foan+ [ foat
a p1(c) c o1(c)

o1(c) c o1(c)

b
= j f(b)At - JIGINE FHALE+ JIGINT;

p1(c) p1(c) c

b

= [ 108t £ (1) (01(0) - 1(6) + £ (1) (e (@) + FO (@10 - )
b

- f FOAL+(F(0) - F(pr(0))) (01(0) —c)

> | “far
’ (3.6)

In the same manner, we prove that if we add an interval, the corresponding integral
remains in the same interval. So, let us denote T; = T U [¢,d], with a < ¢ < d < b and
TnNJc d] =@, then

o1(d)

c d
f(t)A1t+f ()f(t)A1t+f fats |
pi(c c

p1(c)

b b
f ft)At = f(t)A1t+f f(t)Aqt
a o1(d)

a

p1(c) c o1(d) b

d
= F(t)AE+ f(t)A1t+ff(t)A1t+ ) fAt+ | Feyat

a pi(c) o1(d)
01(d) c o1(d)

b d
=f f(t)At - F(t)AL+ f(t)A1t+f F(H)ALE+ )ALt
a p1(c) p1(c) c d
b
- f FOAL = f(p1(0))(01(d) - pr(c)) + f(pr(e)) (e — pr(c)) (3.7)
d ~
. f Ft)ydt+ £(d)(01(d) - d)
b ~
> f FOAE = F(pr(e))(d - ) + (d - ) f(5)

> jb fBat,

where s € (¢, d) is the point from mean value theorem.
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Using the same methods, we show that if we “extract” an isolated point or an interval

from an initial times scale, the corresponding integral decreases. And so, the value of fs f(t)At
is between its minimum value (corresponding to T = {a,b}) and its maximum value
(corresponding to T = [a, b]), that is

b b
(b-a)f(a) < I F(h)AE< f Ft) at. (3.8)

The proof is similar in the case of nonincreasing functions and also, for the nabla
integral. The final conclusion of the Lemma 3.1 is obvious for any a € [0,1] if fs f(t)At is

equal to fab f(t)Vt, while if the two integrals differ, it is all clear taking

[P ftydt—[° f(t)ve
_—

= . 3.9
! [ fyat—[° f(tyve (39
Then,
b b b
J f@t)dt = an fAt+(1 —aT)f f(t)Vt, (3.10)
that is
b b _
[ s0out = Fya 3.11)
O

Remark 3.2. The above proof covers the case of adding or extracting a set of the form
{l,li,..., 1u,..., 1}, where n € N and (I,,),,cy is a sequence of real numbers such that lim,_.o, =
I. For that, suppose that (I,),cy is @ nondecreasing sequence (the proof works in the same
way for nonincreasing sequences, while the case of nonmonotone sequences can be split in
two subcases with monotone sequences). Let ¢ > 0. Since (I,,),y is convergent, we have
N; € Nsuch that |l - I,| < ¢, for all n > Nj. Since f is rd-continuous and [ is left dense, the
limit lim,—.., f (I,) exists and it is finite. Denoting by b this limit, we have N, € N such that
|b—f(l,)| <€ forallm > Ny andso f(l,) € (b—¢,b+¢), for all n > N,. Using Theorem 2.5(iv),
we have, for N = max{N1, N, },

1 N-1 pli 1
fllf(t)At = ZIL f(t)At+ LNf(t)At

N-1 ~o(l;)

=> f(t)At+fl f(t)At (3.12)
i=1 7 li In

1

1
- S+ [ wa

i=1

Taking the delta integral in the following inequality b — ¢ < f(I,) < b + ¢ and using
Theorem 2.5(viii), we have

(b-e)(l-1y) < fll FOAE< (b+e)(I-1y). (3.13)
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Taking the modulus in the last inequality and using |l — In| < €, we get

1

0< f(t)At| <(b+e¢)e. (3.14)
In

If € goes to 0 and N goes to oo, then limn_. fZN f(t)At = 0. Passing to the limit as
N — oo, in (3.12), we get

fif (H) At = ’121;2”1] F@) (L = 1) (3.15)

and so
[ #0102 hm 357 0) 1) = £ -1, 616)

while
I;lf(t)Alt < &grologf (&) (i — &) = flllf(t) dt, (3.17)

which are, respectively, the case of adding two points [;, [ and the case of adding an interval
[ll 7 l] *

Remark 3.3. (i) If f is nondecreasing on T, then for a < ar, we have

b b
[ steat> [ Fyat (318)
while if « > ar, we have
b b
f f(t)out SI f(t)dt. (3.19)
(ii) If f is nonincreasing on T, then for a < ar, we have
b b
f f(t)out SI f(t)dt, (3.20)
while if @ > ar, we have
b b
f f(t)oqt ZI f(t)dt. (3.21)

(iii) If T = [a,b] or if f is constant, then ar can be any real number from [0,1].
Otherwise, ar € (0,1)
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Now we will prove that if f : T — R is a linear function, (i.e., f(t) = ut + v) then
fsf(t)At and J’sf(t)Vt are symmetric with respect to fgf(t) dt, where f : [a,b] = R, f(t) =
ut + v is the corresponding linear function, defined on the interval [a, b].

Lemma 3.4. Let f : T — R be a linear function and let f : [a,b] — R be the corresponding linear
function. If [* f () At = [© F(t) dt — C, with C € R, then [ f()Vt = [ F(t)dt + C.

Proof. We will start by considering the caseof f : T — R, f(t) =t. If T = [a,b], then C = 0 and
the conclusion is clear. If T = [a,b] \ (¢, d), then

b c d b
I tAtzf tAt+f tAt+J‘ LAt
a a c d
c o(c) b
=Itdt+J tAt+Jtdt
a c d

b d
=ftdt—f tdt+c(d - c) (3.22)

a [

b
:f tdt—(d—c)d;rc+c(d—c)

b 2
B _(d-o)
—ftdt >

a

while

b c d b
ftVt:ftVt+f tVt+f tVt
a a c d

c d b
=ftdt+j tVt+ftdt
a p(d) d

b d

=I tdt—f tdt+d(d-c) (3.23)
b

=j tdt—(d—c)d;-c+d(d—c)
b 2

a (d-rc)

_,[atdt+—2

and, obvious, if we choose C = (d — ¢)?/2 the conclusion is clear.
By repeating the same arguments several times, we can “extract” any number of
intervals from [a, b] and get the same conclusion.
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If we “extract” an interval, but we “add” an isolated point (i.e., T = [a,b] \ ((c,e) U
(e,d)) =[a,c]U{e}U|d,b]), then

b c e d b
ItAtZItAt+ItAt+f tAt+I tAt
a a c e d

c o(c) o(e) b
:ftdt+f tAt+f tAt+ftdt
a c e d

b d
:f tdt—f tdt+cle—c)+e(d-e) (3.24)

c

b
:f talif—(al—c)d;rc+e(c+cl)—cz—e2

b 2 2
d- ¢ ’
—J‘tdt—?—i‘i‘@(c-i'd)—e,

while

b c e d b
ItVt:f tVt+J‘ tVt+’[ tVt+j tVt
a a c e d

c e d b
=ftdt+j tVt+j tVt+’[tdt
a ple) p(d) d

b d
=ftdt-ftdt+e(e-c)+d(d—e) (3.25)

a Cc

b
:f tdt—(d—c)d;C—e(c+d)+d2+ez

b 2 2
d- ¢ 2
—J‘atdt+?+?—e(c+d)+€

and thus, for C = (e — c)2/2 +(d- e)2/2, we get the conclusion.
For a general linear function, f(t) = ut + v, we have

b b b ’
Lf(t)At = J‘a(ut +v)At = u(Ltdt - C) +o(b-a)= uJ‘utdt— uC+v(b-a), 526

th(t)Vt = f:(ut +0)Vt = u(J‘btdt + C) +ov(b-a)= uJ‘btdt+ uC +ov(b-a),

so that [* f(t)At = [ F(t)dt —uC and [* f(1)VE = [* f(t) dt + uC. O

Definition 3.5. Let T be a bounded time scale and a, b € T. One defines the measure of graininess
between a and b to be the function G : T x T — R, by

2 2
Gaby =S ”(zt) -3 Y (3.27)

a<t<b a<t<b 2
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It is clear that the two sums are equal, noticing that

()’ v(t)®
Glab)= 3 #T - 3 =5 (3.28)
as<t<b a<t<b
t left-scattered t right-scattered

and using the fact that p(t) = v(o(t)) for all ¢ right-scattered and that [a, b]y is a bounded set.
We have

2
Glab)= 5 p(t? _ Sagal®)” _ (b-a)’

5 < 5 5 (3.29)

a<t<b

and so G(a, b) is finite.
In other words, the function G measures the square of distances between all scattered
points between a and b and it depends on the “geometry” of the time scale T.

Remark 3.6. The difference between fs tAt and IZ tdt depends on the measure of graininess
function. In fact, we have

b b
f tAt :f tdt - G(a,b). (3.30)
The proof uses the same methods as the proof of Lemma 3.4, so we will omit the
details.
Notice that

b b
f 1Vt =f tdt+G(a,b),
« , Ja (3.31)

b2 - qa?
toq ot = .
fa 1z 2

Remark 3.7. For all time scales T and all a € [0, 1], we have

b

m at<>ui’ € [a, b] (332)

Indeed, using Lemma 3.1 for the nondecreasing function f(t) = t, we have

< (Crar<al o 1 (i<t (3.33)
>4 - 2 “b-a), - '

and the conclusion is clear.
We denote by x, = (1/(b—a)) fﬁ to,t and call it the a-center of the time-scaled interval

[[1, b]T
. b
Based on the previous remarks, we can compute [, [t — s[o,s.

Corollary 3.8. Let T be a time scale. Then,

b 2 2
j It = sogs = L= ;(b_t) +(1-2a)(G(t,b) - G(a, 1)), (3.34)

where G is the function introduced in Definition 3.5.
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Proof. Using Remark 3.6, we have
b t b
j [t = s|ogs = I (t—8)oa8 + j (s —t)ous
a a t

b

=t(t—a) - J‘tsous —tb—-1t)+ f 508 (3.35)
a t

(t-a)+ (b-t)

a 2

+ (1 -2a)(G(t,b) - G(a, 1)).

Now, we are able to give the Hermite-Hadamard inequality for the time scales.

Theorem 3.9 (Hermite-Hadamard inequality). Let T be a time scaleand a,b € T. Let f : [a,b] —
R be a continuous convex function. Then,

f(xa) < f f(B)out < <t f( a) + (3.36)
Proof. For every convex function, we have
f < fla) + LU LD ) (437)
By taking the diamond-a integral side by side, we get
f F(t)out < f(a)(b—a) + f(b) f( )<fatoat—a(b—a)>, (3.38)
that is,
bi_aJ‘b Ft)out < % fla)+ ’; (3.39)

and so we have proved the right-hand side.
For the left-hand side, we use Theorem 1.1, by taking ¢ : T — T, g(s) = s forall s € T.

We have
Jasoas\ _ [a f(s)ous
< .

f( b-a /- b-a ’ (3.40)

and, hence, we get

1 (°

Fw) < s | F® (3.41)
L]

Remark 3.10. The right-hand side of Hermite-Hadamard inequality (3.36) remains true for all
0 < a < 4, including for the nabla integral, if f(b) < f(a) and for all A < a < 1, including for
the delta integral, if f(b) > f(a), where x is the A-center of the time-scaled interval [a, b].
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Indeed, let us suppose that f(b) > f(a). Then, by taking the diamond-a integral side
by side to the inequality f(t) < f(a) + ((f(b) — f(a))/(b—a))(t — a), we get

b b) — b
[ 10 < f@ -+ FELE ([ 1o -a-a))

< fla)(b-a)+ (f(b) - f(a))(x)y - a) (3.42)

= (b-x))f(a) + (x1 - a)f(b).

According to Lemma 3.1, the last inequality is true for fs toat < fs toyt, thatis, fora > \.
The same arguments work for A > a.

Remark 3.11. The left-hand side of Hermite-Hadamard inequality (3.36) remains true for all
0 < a < 1, including the nabla integral, if f is nonincreasing and for all A < a < 1, including
the delta integral, if f is nondecreasing.

Indeed, let us suppose that f is nonincreasing. Then, using Theorem 1.1, let g : T — T,
g(s) = sforall s € T. We have

b b
f <f‘;s_°”as> < Ja ];(_S):“S. (3.43)
For a > A, we have f: 5045 < fs 50,5 and so
fa soas o500\ _ Ja f(5)oas
f( v ) <SA\ B ) s (3.44)
that is,
b
£) < g [ fent (3.45)

The same arguments are used to prove the case of f nondecreasing function.
Using the last remarks, we can give a more general Hermite-Hadamard inequality for
time scales.

Theorem 3.12 (a general version of Hermite-Hadamard inequality). Let T be a time scale, a, \ €
[0,1] and a,b € T. Let f : [a,b] — R be a continuous convex function. Then,

(i) if f is nondecreasing on [a, b]y, then, for all a € [0, \] one has

1 (b
Fn) < g | F0eut (3.46)
and for all & € [A,1], one has

1 (* b-x
mLf(t)%t -

L f(a)+ 22 f(v). (3.47)

a b-a

(ii) If f is nonincreasing on [a, b]y, then, for all a € [0, A] one has the above inequality (3.47)
and for all a € [0, A] one has the above inequality (3.46).
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Remark 3.13. In the above inequalities (3.46) and (3.47), we have equalities if f is a constant
function and a, A € [0, 1] or if f is a linear function and a = \.

Theorem 3.14 (a weighted version of Hermite-Hadamard inequality). Let T be a time scale and
a,b e T. Let f: [a,b] — R bea continuous convex function and let w : T — R be a continuous

function such that w(t) > 0 forall t € T and J: w(t)oat > 0. Then,

f(xw a) j ( ) J‘ f(Hw(t)oat < < xZ,af(a) + x“bja_—aaf(b), (3.48)
Oat
where Xy q = fﬁ tw(t)oat/ fi’ w(t)out.
Proof. For every convex function, we have
£) < flay+ LD =S@ ) f(a) ~a). (3.49)

Multiplying this inequality with w(t) which is nonnegative, we get

f() f()

fOw(t) < f(a)w(t) + ————(t - a)w(t). (3.50)

By taking the diamond-a integral side by side, we get

f:f(t)w(t)oats f(a)J:w(t)oat+f (b) - f(a )< J‘ tw (£)out — I w(t)oa) (3.51)

that is,

f = ff(t)w(t)o,,t< w“f( f(b) (3.52)
w(t)o,

and so we have proved the right-hand side.
For the left-hand side, we use Theorem 1.2, by taking g : T — T, g(s) =sforalls € T
and h: T — R, h(t) = w(t). We have

f < jsbsw(s)oas> . fs z;)(s)f(s)oas, (353)
[, w(s)ous [, w(s)ous
and, hence, we get
1 (°
F(Xuwa) < mLw(t) F(t)out. (3.54E)]

Remark 3.15. If we consider concave functions instead of convex functions, the above
Hermite-Hadamard inequalities (3.36), (3.46), (3.47), and (3.48) are reversed.
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4. The Hermite-Hadamard inequality for (w, «)-symmetric functions
In [7], Florea and Niculescu proved the following theorem.

Theorem 4.1 (see [7, Theorem 3]). Suppose that f : I — R verifies a symmetry condition (i.e.,
f(x)+ f2m—x) =2f(m) for all x € I N (—oo, m]) and is convex over the interval I N (—oo, m]
and concave over the interval I N [m, o0).

If (a+b)/2 > mand p is a Hermite-Hadamard measure on each of the intervals [a,2m — a]
and [2m — a, b], and is invariant with respect to the map T (x) = 2m — x on [a,2m — a], then

% GHH
). (GHH)

1 b b-
fx) 2 mfaf(x)dﬂ > rtff(ﬂ) +

If (a + b)/2 < m, then the inequalities (GHH) work in a reverse way, provided p is a Hermite-
Hadamard measure on each of the intervals [a,2m — b] and [2m — b, b], and is invariant with respect
to the map T (x) =2m — x on [2m — b, b].

We will give an extension of this theorem, for time scales, using functions not
necessarily symmetric in the usual sense. For that, we need the following definition.

Definition 4.2. Let T be a time scale, a,b € T, w : T — R, be a positive weight and a €
[0,1]. One says that a function f : [a,b] — R is (w, a)-symmetric on [a, b] if the following
conditions are satisfied:

(i)

b- w,n w,a
S0 (@) + L (b) = f(xwa), (1)

(ii)
b b
j f(B)w(t)out = f(xw,a)f w(t)oyt. (4.2)

Here, x; = (LllJ tw(t)oat‘)/(f‘ll7 w(t)oqt).

Notice that the function f should be continuous only on [a,b]; not on [a,b]. An
example of such a function is the following.

Example 4.3. Let T = {1} U [3,4], w: {1} U[3,4] — Ry, w(l) =1, w(t) =2 for all t € [3,4] and
a=1/2.Then, f:[1,4] = R,

( . 14
0, ifte [1, €>,

Fiy=141, ifte [%3) (43)
g, if t € [3,4],

isa (w,1/2)-symmetric function on [1,4]y.
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We can provide also a continuous function on [1, 4], such as

(5 5 . 14
§t—§, ifte [1,@),
10, 25 14
t) = L —ft - — 1 _— 44
f=13-2, ifre[5.3), (44)
5 .
Lg, ifte [3,4],

which is (w, 1/2)-symmetric on [1,4].

Indeed, since ff w(t)o1 /ot =5and j'f tw(t)o1 2t = 14, we have xy,1/2 = 14/5.
Condition (i) can be restated as

2 3 14
gﬂn+5ﬂ@=f<g>, (45)

while condition (ii) can be restated as

fjf(t)w(t)ol/zt = 5f<%), (4.6)

and it is easy to check that both are fulfilled.
Now, we can state our theorem, that is a generalization of Theorem 4.1.

Theorem 4.4. Let T be a time scale, a < c <b e T, w : T — R, be a positive weight and a € [0,1].
Let p = [ tw(t)oat/ [ w(t)oat and q = ff tw(t)oqt/ ff w(t)out.

(i) If the function f : [a,b] — Riis (w, a)-symmetric on [a, c]y and convex on [p, b] then

b b— _
f(Xwa) < mf f(tyo(t)eat < = _’CZ"‘ fla) + x’;}""i a“ £(b). (4.7)
w(t)o,t/a

If f is concave on [p, b] then the inequalities in (4.7) are reversed.

(ii) If the function f : [a,b] — R is (w, a)-symmetric on [c,b]y and concave on [a, q)] then
one has (4.7).

If f is convex on [a, q], then the inequalities in (4.7) are reversed.

Proof. Suppose first that f is (w, a)-symmetric on [a, c]; and convex on [p, b]. We will prove
the left-hand side inequality in (4.7). For that, we notice that

b c b
ffﬁmwwﬂ=ffﬁmﬁkﬁ+ffwwm%t
a a c (4.8)

c b
=ﬂmfuﬁkﬂ+ff®wﬁkﬁ
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using the (w, a)-symmetry property of the function f. Since f is convex on [p,b] and ¢ > p,
then, using Theorem 3.14 the last integral is more or equal to f(q) ff w(t)o,t and so

b [Cw(t)out ff w(t)oqt
_ t t)out > ——m— -
Ja w(t)oatf SO et P e’

<f:w(t)<>ut . ffw(t)o,xt >

f: w(t)oatp f: w(t)out
_ f<f:btw(t)<>,xt>
[, w(t)ont

= f (xwa),

(4.9)

using the definitions of p and g, combined with the convexity of f on [p, b].
Now, we prove the right-hand side inequality in (4.7). Since f is (w, a)-symmetric on
[a, c]y and convex on [p, b], using Theorem 3.14 we have

b c b
J‘ f(Hw(t)out = J‘ f(Hw(t)ont +f f(B)w(t)out
! ! ‘ (4.10)

c b- _ b
< f(p)faw(t)oat N (b - Zf(c) + Z - zf(b))fcw(t)oat.
Using again the definition of p and g, we have

L tw(tyout
- ff w(t)out

_ m <J‘:tw(t)<>ut - I :tw(t)out) (4.11)

 Xwa fs w(t)out —p [ w(t)oqt
- ff w(t)oqt '

To complete the proof, it suffices to show that

c b- _ b
f(p)f w(t)out + (b—_Zf(c) + %f(b))f w(t)out
! ‘ (4.12)

< (% s 2225 ) et
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We put A = [ w(t)oqt/ fg w(t)o4t. Then, ff w(t)out/ js w(t)o,t = 1— ) and the previous
inequality becomes

b— (Xwa—Ap)/(1-1) (Xwa—Ap)/(1=1) ¢
Af(p)+(1-2) fle)+ f(b)
( b-c b-c ) (4.13)
b_ w,a w,ax T
< R f() + Tt L,
and can be restated as
1-1)b- wa_/\ wvz_)L -(1-2 b- w,a w,a
Af(p) + T T TP gy Xa 2P A2 ) O o g | oGy
(4.14)

Since f is (w, a)-symmetric on [a,c]r, we have ((c —p)/(c —a))f(a) + (p —a)/(c -

a))f(c) = f(p), that means f(a) = ((c - a)/(c - p))f(p) - ((p — @)/ (c - p)) f(c). And so, the

last inequality becomes

VO R e, MU
(4.15)
b RO P ()

After making some calculation, including a simplification, we get

fO < 1=% fp)r vy 5o, @16
b-p b-p
which is true since f is convex on [p, b], and c is a convex combination of p and b:

C=Z:;p+£:];b. 4.17)
The other cases are treated similarly. O

Remark 4.5. 1f ¢ = a or ¢ = b, we get Theorem 3.14 as a particular case of Theorem 4.4.

5. Some extensions of the diamond-1/2 integral

Using Remark 3.6, we get the following corollary, which is a “middle point” variant of
Theorem 3.9.

Corollary 5.1 (middle point Hermite-Hadamard inequality). Let T be a time scale and a,b € T.
Let f : [a,b] — R be a continuous convex function. Then,

b b
f(“;b> < %J‘af(t)ol/zt < w (5.1)
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Remark 5.2. ) If T = {a,(a+b)/2,b} and ar = 1/2, then

a+b f(a) f((a+b)/2) f((“+b)/2) f(b f(a)+f(b)
(%57) < [ ] [ > 7 2
that is,
b
) @ @0 10 f0 4 1) 55

(i) If T={a,(a+b)/4,(a+b)/2,3((a+Db)/4),b},and ar = 1/2, then
f(2) L9, fa+b)/4) f(a+b)/2) fG(a+b)/4) fO) _ f(@)+f(b)

2 8 4 2 4 8 = 2
(5.4)
(iii) In general, if T has 2" + 1 points at equal distance, then
b b)/2" b)/2"!
CORC R
@7 -D(@rb)/2)  fl@rb)/2) (R D) (@rb)/27)
22 2 22
f((2 ~D(@+b)/2") fb) _ f(a)+f(b)
omn 2n+1 - 2 :
(5.5)

Remark 5.3 (an improvement on Hermite-Hadamard inequality). Suppose T is a symmetric
time scale such that if we divide it in 2" all of them are symmetric. An example of such a time
scale is the set T with 2" + 1 points at equal distance. Then, by applying Hermite-Hadamard
inequality to the time scales T N [a, (a+b)/2] and TN [(a + b)/2,b], we get

() < 5[ e <y (r £ (452)),
f<a ZSb) < b%a ;b)/zf(t)%/zt < %(f(a b) f(b)>
By summing them, side by side, we obtain the following refinement of the inequality
(3.36):
f<a;-b> < %<f<3u4+b> +f<a4;13b>>
<o o
%[f<a+b> f(a)+f(b)]

<S(f(@)+f(b)).

(5.6)

(5.7)

IN

N —
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By continuing this process, we can obtain approximations of fﬁ f(t)o1/2t as good as we
want, by the value of the function in some of the dyadic points of T.

5.1. The Hermite-Hadamard inequality for convex-concave symmetric functions

In [8], Czinder and Péles proved an interesting and useful extension of Hermite-Hadamard
inequality for convex-concave symmetric functions.

Theorem 5.4 (see [8, Theorem 2.2 ]). Let f : I — R be symmetric with respect to an element
m € I, that is,

f(x)+f2m—-x)=2f(m), YxelIn(—oco,m]. (S)

Furthermore, suppose that f is convex over the interval I N (—oo, m] and concave over I N
[m, —co]. Then, for any interval [a,b] C I with (a +b)/2 > m, the following inequalities hold true:

b b )
f(“; )2%afaf(x)dx2w' .

If (a +b)/2 < m, then the inequalities (CP) should be reversed.

We will try to give a similar version of the previous theorem. For that, we need some
definitions.

Definition 5.5. A set M C T is called symmetric with respect to an element m € M provided that
m—t e M implies m+t e M, (5.8)

forallt € R such thatm -t € M.

Definition 5.6. Let T be a time scale and let I C R be an interval such that It = I N T is
symmetric with respect to m € T. A function f : It — R is called symmetric with respect to m if
the equality

flm—t)+ f(m+1) =2f(m) (5.9)

is true for all f € R such that m — t € Ir.

We will need also two technical lemmas. The first one concerns the functions defined
on intervals (and its proof is similar to [8, Theorem 2.1]), while the second one concerns the
functions defined on a time scale T.

Lemma 5.7. Let f : I — R be a function which is symmetric with respect to m € 1. Then,
m-b m+a
fHdt+ f(t)dt=2(a-b)f(m), (5.10)
m+b

m-a

for any positive a,b € (I —m) N (I +m), with a > b.
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Lemma 5.8. Let f : I — R and It be symmetric with respect to m € 1. Then,

m+a

F(t)o1)2t = 2af (m), (5.11)

m-a

for any positive a € R such that m — a € Iy.

Proof. First, we split the integral with respect to scattered points

m+a m—a; m+a;

fot+ S Fiyornt, (5.12)

m-—a; i=0v m+tai

n
f®)ornt =
m-a i=0
where a; € R are descending numbers such that m — a;, m + a; are all scattered points, for any
i€ {0,...,n} such that gy = aand a, = 0.

If m — a;, m — a;.1 are not isolated (that means, m — a; is right dense, while m — a;,; is
left dense) then [aj, ajs1 ] is an interval and thus, according to Lemma 5.7, we have

m-a; m+ai m-aj m+ain (513)
=2(a; - ain) f(m).

If m — a;, m — a;,1 are isolated then, we have

f:_:.mf(t)“ = (ai—ain) f(m - a), (5.14)
while

J‘:__:.Mf(t)w = (ai - ain) f(m - ai1). (5.15)

Furthermore,

f:: fOAE= (ai - ain) f(m + ain), (5.16)
while

J‘m+ai f®)Vt= (ai - ain) f(m+a;), (5.17)
and so,

'[m_amf(f)%/zt + fm ’ ft)ornt

m-a; m+ai
1 5.18
= S [fOm-a) + f(m-a) + fom+a) + fmra)] O
=2(a; — aiy1) f (m).
Since these are the only possibilities, the proof is complete. O

Now, we can give a theorem similar to [8, Theorem 2.2].
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Theorem 5.9. Let f : I — R and Iy be symmetric with respect to m € I and suppose that f is
concave over the interval I N (—oo, m] and convex over I N [m,—oo]. Then, for any a,b € Iy with
(a+b)/2>m,and (a+b)/2 €T, the following inequalities hold true:

b
f<a+b> < %faf(x)%/z < w- (Hs)

2

If (a +b)/2 < m, then the inequalities (Hs) should be reversed.

If f is convex over the interval I N (—oo, m] and concave over I N [m,—oo]. Then, for any
a,b € It with (a+b) /2 < m,and (a+b) /2 € T the inequalities (Hs) hold true, while if (a+b) /2 > m,
the inequalities (Hs) are reversed.

Using the previous lemmas, we could give a proof in the same manner as in [8]. We
will use, instead, Theorem 4.4.

Proof. Let a,b € Iy with (a + b)/2 > m, and suppose that f is concave over the interval
I'n (—oo, m] and convex over I N [m,—oo]. Further, we can assume that a < m < b (the other
cases are covered by Theorem 3.9). Due to the fact that a < m < band (a+b)/2 > m, we have
m<2m-a<b.

According to Lemma 5.8, we have

2m—a

f(t)o1/2 =2(m - a)f(m), (5.19)
while

2m-a
X1/2 = f to12 = m, (520)

a

and so f is (1,1/2)-symmetric (that means, with respect to the weight w = 1 and a = 1/2).
Now, it is obvious that we can apply Theorem 4.4, considering p = m, c =2m —a,and w = 1.

If (a +b)/2 < m, then we will consider g = m, ¢ = 2b — m, and w = 1, and the proof is
clear. The other cases can be treated in a similar way. O
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