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This paper investigates the p(x)-Laplacian equations with exponential nonlinearities —A,)u

+e/) = 0in Q, u(x) — + oo as d(x,0Q) — 0, where —A,,,yu = —div(|VulP*)7*Vu) is called p(x)-
Laplacian. The singularity of boundary blow-up solutions is discussed, and the existence of bound-
ary blow-up solutions is given.
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1. Introduction

The study of differential equations and variational problems with nonstandard p(x)-growth
conditions is a new and interesting topic. We refer to [1, 2], the background of these problems.
Many results have been obtained on this kind of problems, for example, [1-15]. In this paper,
we consider the p(x)-Laplacian equations with exponential nonlinearities

~Apwmu+e’ =0 inQ,
(P)

u(x) — +o0o asd(x,0Q) — 0,

where —Ap,u = ~div(|Vul/®2Vu), Q = B(0,R) ¢ RN is a bounded radial domain (B(0, R) =
{x € RN | |x| < R} ). Our aim is to give the existence and asymptotic behavior of solutions for
problem (P).

Throughout the paper, we assume that p(x) and f(x, u) satisfy that

(Hy) p(x) € C}(Q) is radial and satisfies

1<p <p"<+o0, wherep = irglzfp(x), p" =supp(x); (1.1)
Q
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(Hy) f(x,u) is radial with respect to x, f(x,-) is increasing and f(x,0) = 0 for any x € Q;

(H3) f : Q xR — Ris a continuous function and satisfies
|f(x,t)] < C1+Caolt"™, V(x,t) € QxR, (1.2)

where C;, C, are positive constants, 0 < y € C(Q).

The operator —Apu = —diV(|Vu|"’(x)_2Vu) is called p(x)-Laplacian. Especially, if p(x) =
p (a constant), (P) is the well-known p-Laplacian problem (see [16-18]).

Because of the nonhomogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian ones (see [6]); and another difficulty of this paper is
that f(x, u) cannot be represented as h(x) f (u).

2. Preliminary

In order to deal with p(x)-Laplacian problems, we need some theories on spaces LP*) (Q) and
WP (Q), and properties of p(x)-Laplacian, which we will use later (see [3, 7]). Let

LPY(Q) = { u | u is a measurable real-valued function, j () |p(x)dx < oo}. (2.1)
Q

We can introduce the norm on LP*) (Q) by

u(x) p(x)

|ul(x) = inf {/\ >0] f dx <1 } (2.2)
The space (LP™(Q), ||
space. The space (L™ (Q), |"|
(see [3, Theorems 1.10, 1.14]).
The space WP (Q) is defined by

p(x)) becomes a Banach space. We call it generalized Lebesgue

p(x)) 1S a separable, reflexive, and uniform convex Banach space

WYPO(Q) = {u € LP(Q) | |Vu| € LPP(Q)}, (2.3)
and it can be equipped with the norm

el = lualy + | V] Yu e WP (Q). (2.4)

p(x)’
Wé’p ®)(Q) is the closure of C(Q) in W@ (Q). WP (Q) and Wg’p Q) are separable,
reflexive, and uniform convex Banach spaces (see [3, Theorem 2.1]).
Ifue Wllo'f (=) (Q) N C(Q), u is called a solution of (P) if it satisfies

IQ|Vu|p(x)_2Vqudx + ij(x, u)gdx =0, Vge Wg’p(x) (Q), (2.5)

for any domain Q € €, and max (k - u,0) € Wé’p(x) (Q) for any k € N*.

Let W& 1’; Cx) () = {u] there exists an open domain Q € Qs.t. u € Wg’p(x) (Q)}. For any

ue W@ NCQ) and g € Wi (Q), define A: WP (@NC(Q) — WorY(Q)" as

loc 0,loc loc 0,loc

(Au, @) = [, (|[VuPP2vuve + e/ W) dx.
¥) =g ) )
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Lemma 2.1 (see [5, Theorem 3.1]). Let h € W'/*™M(Q)NC(Q), X = h + Wé'ﬁ(cx) (Q)NC(L). Then,
A:X— (Wl'p(x) (Q))* is strictly monotone.

0,loc
Let g € (Wér'f;(cx)(Q))*, if (g, ) >0, forall ¢ € W;,’f:)(cx) (), > 0a.e. in Q, then denote g >0
in (ng’lr;ix) (Q))*; correspondingly, if —g > 0 in (WS:{; (Cx) (Q))*, then denote g < 0 in (ng’lr:)(cx) (Q))*.

Definition 2.2. Letu € Wllo'f(x)(Q) NC(Q). If Au>0 (Au<0) in (Wé'lr;(cx) (Q))", then u is called a
weak supersolution (weak subsolution) of (P).

Copying the proof of [9], we have the following lemma.

Lemma 2.3 (comparison principle). Let u,v € Wllo’f (x)(Q) N C(Q) satisfy Au — Av > 0 in

(Wyt(Q))". Let g(x) = min {u(x) - 0(x),0. If p(x) € W,1)(Q) (ie., u > v on 0Q), then

u>vae. in Q.

Lemma 2.4 (see [4, Theorem 1.1]). Under the conditions (Hy) and (Hz), if u € W'"?®(Q) is a
bounded weak solution of —Apyu + e/ % = 0in Q, then u € C;°(Q), where ® € (0,1) is a constant.

3. Main results and proofs

If u is a radial solution of (P), then (P) can be transformed into

!
(PN POPU) = e NTefM e (0,R),

u(0)=up, u'(0)=0, u'(r)>0 forO<r<R. G
It means that u(r) is increasing.
Theorem 3.1. If there exists a constant o € [R/2, R) such that
f(r,u) > au® (as u — + o) for r € [0, R) uniformly, (3.2)

where a and s are positive constants, then there exists a continuous function ®(x) which satisfies
@ (x) — + oo (as d(x,0Q) — 0), and such that, if u is a weak solution of problem (P), then u(x) <
(D1 (x) .

Proof. Let Ry € (o, R). Denote

Ro a(a In (R—R _/\)_1)1/5—1 (P(Ro)-1)/ (p(t)-1) (R )N—l 1/(p(H-1)
O(r,a,\)= 0 ° sing(t—o) dt.
r s(R-Ro-1\) PN
(3.3)
Define the function g(r, a) on [0, R) as
(aln(R-r)™")"* +k, Ry<r<R,
g(r,a) =4 k-0O(r,a,0) + (aln (R- Ro)‘l)l/s, o<r<Ry, (3.4)

k-0©(c,a,0)+ (aln(R- Ro)_l)l/s, r<o,
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where a > (1/a)sup |x|2Rop(x) is a constant, Ry € (o,R), and R — Ry is small enough,
e=um/2(Ry—0)and k = (2p*/a) In (R - Ro) ™)"/* + ©(0,24,0).

Obviously, for any positive constant a, g(r, a) € C*[0, R).

When Ry < r < R, we have

1/5\ P(-1 -1 5— r)—

TN—1| /lp(r)—2 1y = pN-1 a L In (R_r)—l (1/s-D)(p(r)-1) 1+T1I(r)), (3.5)

4 8
s (R_T)P(r)

where

Ws-1) [N

I(r) = R-
O R @ G 1 (3.6)
-p'(r)In(R-r) (1/s-1)p'(r)In In (R-r)"

R- R-r).

CCED I (p(r) 1) e

If (R — Ry) is small enough, it is easy to see |[1(r)| < 1/2; from (3.5), we have

sy P(N-1
(TN—1|gI|P(T)—2gI)' < pN-1 <ﬂ>p (p(r) = 1)(R - r)*P(r) (In(R - T)—l)(l/s—l)(r’(r)—l)

° (3.7)

< N1 <RL> = N1 < $N-1of(8) vy (Ro, R).
-r
Obviously, if R — Ry is small enough, then ¢ > ((2p*/a) In (R—Ro)_l)l/s is large enough,
so we have

1/5-1 4 (P(Ro)-1)

a(aln (R-Ro)™") ]

(TN—1|g/|P(r)—2gl)' _ g(RO)N‘l [ cos(e(r - o))

s(R-Ry) (3.8)
<pN-1e8 < yN-1pf(8) 5 <y < R,.
Obviously,
(rN—llgl|P(T)—2g/)’ —0<rN1fr8) 0<r<o. (3.9)

Since g(|x|, a) is a C! function on B(0, R), if 0 < R — Ry is small enough (R, depends on
R, p, s, a), from (3.7), (3.8), and (3.9), we can see that g(|x|, a) is a supersolution of (P).
Define the function g,,(r,a—¢€) on [0,R—1/m) as

([(a—€)1n<R—%—r>l

1 -1 l/S
(a—e)ln(R—E—Ro>] , O0<r<Ry

1 1 -1 1/5
k—@<o,a—e,—>+[(a—e)ln(R———R()) ] , r<o,
\ m m

1/5 1
+k, ROST<R__/
m

gm(r,a—e) = k—@<r,a—€,l> +
m

(3.10)



Qihu Zhang 5

where m is a big-enough integer such that0 < 1/m < (R-Ry)/2, e =7 /2(Ry—0),0<e<1,is
a positive small constant such that a(a — €) > sup | xlzRop(x)'

Obviously, g (|x|, a—€) is a supersolution of (P) on B(0, R—1/m). If u is a solution of (P),
according to the comparison principle, we get that g, (|x|, a—€) > u(x) for any x € B(0, R-1/m).
For any x € B(0,R—-1/m) \ B(0, Ry), we have g,,(|x|,a — €) > gm+1(|x|, a — €). Thus,

u(x) < rr}ir?mgm(|x|, a-¢), YxeB(0,R)\B(0,R). (3.11)

When d(x,0Q) > 0 is small enough, we have
W}Lr?mgm(lx|, a-¢)< (aln(R- r)_l)l/s +k < g(|x|, a). (3.12)
According to the comparison principle, we obtain that g(|x|, a) > u(x), forall x € B(0, R),

then @;(x) = g(|x|, a) is an upper control function of all of the solutions of (P). The proof is
completed. O

Theorem 3.2. If there exists a 0 € [R/2, R) such that
f(r,u) < pu’® (as u — +oo) for r € [0, R) uniformly, (3.13)

where  and s are positive constants, then there exists a continuous function ®,(x) which satisfies
Dy(x) — + oo (as d(x,0Q2) — 0), and such that, if u(x) is a solution of problem (P), then u(x) >
(I)z(x).

Proof. Let z; be a radial solution of
—Apzi(x) =—p  in Ly =B(0,0), z1 =0 on 0Q;, (3.14)

where p > 2 is a positive constant. We denote z; = z1(r) = z1(|x|), then z; satisfies z1(0) = 0,
z1(0) =0, and

i
N

!

21:

1/(p(r)-1) oy
, Z1 = —j — dr. (3.15)
r

Denote hy(r,6) on [0, Ro] as

- R,)-1
(s 6)_J'R0 (RN t—o [b(bIn (R+6-Ry) )17
o - r tN-1 Ry-o S(R+6—R0)
] (3.16)
()N Ryt | tu [/ 60D p(0)-1 1/<P<f>-1>dt
tN_l RQ—O' N )
It is easy to see that
_1.1/s-1
AR b(bIn (R - Ry) "'
S R R 617)
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Define the function v(r, b) on B(0, R) as

(bIn(R-nNH"" ~k, Ry<r <R,
v(r,b) = (bIn (R - Ro)‘l)l/s — k* = hy(r,0), o<r<Ry, (3.18)
o 1/(p(r)-1)
_.[ % dr + (bln (R_R())_l)l/s -k*-hy(0,0), r<o,

where b € (0, (1/p)inf x>r,p(x)) is a constant, Ry € (o, R), and R - Ry is small enough, and
k* = ((2p*/B)In2(R—Ro) )"".

Obviously, for any positive constant b, v(r, b) € C'[0, R).

Similar to the proof of Theorem 3.1, when R — Ry is small enough, we have

(N PO2Y > PN/ yr e (R, R). (319)

When R - Ry is small enough, for all » € (o, Ry), since f(r,v) <0, then

N-1 ~131/s-17P(Ro)-1
N-11,1P(1)=2 1\ S 1 (RO) b(b In (R B RO) ) s +N-1,f(r,0) 3.20
(r™ | v)_ZRo—o S(R=Ro) > N lel o), (3.20)
Obviously,
(rN_1|v'|p(r)7zv’)' =N > N1/ 00 e € (0, 0). (3.21)

Combining (3.19), (3.20), and (3.21), we can see that v(r, a) is a subsolution of (P).
Define the function v,,(r,b + €) on B(0, R) as

( 1 -171/s
(b+e)ln<R+E—r> ] - k7, Ry <r <R,
1 -1 1/S 1
'Um(r,b+€):< (b+€)ln<R+——R0> ] —k*—hb+e<1‘,—>, o<r<Ryy,
m m
o 1/(p(r)-1) -171/s
—f il dr+[(b+e) In <R+1—R0> ] —k*—hb+€<o, l>, r<o,
L JJAN m m

where € is a small-enough positive constant such that (b + €) < (1/p)inf |x>r,p(x).

We can see that v,,(r,b + €) € C1([0, R)) is a subsolution of (P) on B(Ry, R), according
to the comparison principle, we get that v,,(|x|,b + €) < u(x) for any x € B(0, R). For any
x € B(0,R) \ B(0, Ry), we have v,,(|x|,b + €) < v,,11(]x|, b + €). Thus,

u(x) > lir£1 v (|x],b+¢€), ¥YxeB(0,R)\B(0,Ry). (3.23)
m—+oo
When d(x, 0Q2) is small enough, we have
n}gﬁ\wvm(lﬂ,b +€) >v(|x|,b). (3.24)

From the comparison principle, we obtain v(|x|,b) < u(x), Vx € B(0, R), then ®,(x) =
v(]x|, b) is a lower control function of all of the solutions of (P). Ol
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Theorem 3.3. If inf ycqp(x) > N and there exists a o € [R/2, R) such that
f(r,u) > au® (as u — + o) for r € [0, R) uniformly, (3.25)

where a and s are positive constants, then (P) possesses a solution.

Proof. In order to deal with the existence of boundary blow-up solutions of (P), let us consider
the problem

~Apu+e/ =0 inQ,

_ (3.26)
u(x)=j forxeoQ,

where j = 1,2,.... Since inf xeqp(x) > N, then WP (Q) — C“(ﬁ), where a € (0,1). The
relative functional of (3.26) is

1 x
o(u) = L; MWu(x) P dox + IQF(x, u)dx, (3.27)

where F(x,u) = [je/®!dt. Since ¢ is coercive in X; = j + Wg’p (x)(Q), then ¢ possesses a
nontrivial minimum point ;, then problem (3.26) possesses a weak solution u;. According to
the comparison principle, we get u;(x) < u;;1(x) forany x € Qand j = 1,2,.... Since ®;(x)
defined in Theorem 3.1 is a supersolution, according to the comparison principle, we have
uj(x) < di(x) on Qforall j =1,2,.... Since ®;(x) is locally bounded, from Lemma 2.4, every

weak solution of (P) is a locally Cllc’)l: function. Thus, {u;(x)} possesses a subsequence (we still
denote it by {u;(x)}), such that lim ; .,,u; = u is a solution of (P). Ol
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