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1. Introduction

Let & denote the class of (normalized) functions of the form
f2) =z+> auz", (1.1)
n=2

which are analytic and univalent in the open unit disk U = {z € C: |z] < 1}. Also let T
denote the subclass of ¥ consisting of functions f of the form

flz)=z- ianz” (an, =0). (1.2)
n=2

The Hadamard product (or convolution) of two functions f given by (1.1) and g given
by

gz)=z+ Z b,z" (1.3)
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is defined by

(f*9)(2) =2+ > anb,z". (1.4)

n=2

We denote the subclass R («, 8) of & consisting of a-prestarlike functions of order f3 by
R(,f)={f €F: (f*sa)(2) €eF*(B), 0=a<1,0=<p<1}, (1.5)

where ¥*(f8) denotes the class of starlike functions of order f(0 < # < 1) and s, is the
well-known extremal function for ¥* («) given by

su(z) = 2(1 — z)721~% (1.6)
(cf. [1, 2]). Letting
o) = Himak=20) oy (1.7)
(n—1)!
Sq can be written in the form
sa(2) =2+ > cal@)2". (1.8)
n=2

The class R(a, ) was investigated by Sheil-Small et al. [3]. We also denote the subclass
€ (a,3) of &, which was investigated by Owa and Uralegaddi [4], by

Ga,p)={f €T zf'(z) € R(a, p)}. (1.9)
In particular, the subclasses
R, fl =R(a, )N T, Cla, Bl =C(a,f)NT (1.10)

were considered earlier by Srivastava and Aouf [5]. Let us define the unified class P («,

B,o) of the classes % [a, 8] and 6 [a, 8] by
P(a,B,0) = (1 - 0)R[af] +0%[a,f] (0=0=<1), (1.11)
so that
P(a,$,0) = R[a, B,  P(a,B,1) = €laBl. (1.12)

The unified class % (a, 3, 0) was studied by Raina and Srivastava [6].
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We begin by recalling the following useful characterizations of the function class
P(a,f,0) due to Raina and Srivastava [6].

LemMA 1.1. A function f defined by (1.2) belongs to the class P (a, 3,0) if and only if

Z((n—B)(1—0+0on)
nz_:z{ 1_/3

forsomea(0 <a<1),f(0=<pf<1),0(0=<0<1).

}cn((x)an <1, (1.13)

We continue by proving the following lemma.

LEMMA 1.2. Let

_ L, 1-p ko(k =
h@ =2z filz)=z F B —oroha(® (k=2,3,...). (1.14)

Then f € P(a,f,0) if and only if it can be expressed in the form

(@) = > M fil2), (1.15)
k=1
where Ay > 0 and > ;7 A, = 1.
Proof. Assume that
f(2) = > fi(2). (1.16)
k=1
Then
f@) =Mfa@E)+ > Mfi(2)
k=2
_ S B 1-8 k
B M”gﬁ (Z k—p)(1—o+ok)c(a)” )
(1.17)
(s RS 1-8 k
- (kzl)"‘)z gf" (k—P)(1—o+ok)ck(a)”
N 1-p k
- ¢ gf" k—B)(1—o+ok)cx(a)”
Thus
© 1-p (k—B)(1 - o+ ok)ci(a)
gf"((k—/ﬁ)a—a+ok)ck(a)>( 1-B ) )

AkZEAk—)&lzl—)&l <1
k=1

TMMe

Therefore, we have f € P(a,f3,0). O
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Conversely, suppose that f € P(a,f3,0). Since

1-p 3
lax| < k=P —o+oba@ (k=2,3,...), (1.19)
we can set
p= k=P zatrobal@) o o5 =1—§Ak. (1.20)
1-p k=1
Then

k=2
— S l_ﬁ k
- EA (k—P)(1—0+0ok)ce(a)”

:< i ) ikfk(z) (1.21)

=Mfi(2) + Zlkfk(z)
k=2

= > A fi(2).
k=1

This completes the assertion of Lemma 1.2.
Lemma 1.2 gives us the following.

CoRrOLLARY 1.3. The extreme points of P(a,3,0) are given by

_ _ 1-p k
filz) =z, filz) =z (k—/)’)(1—0+0k)ck(oc)z' (1.22)

We will make use of the following definitions of fractional derivatives by Owa [7] (also
by Srivastava and Owa [8]).

Definition 1.4. The fractional derivative of order A is defined, for a function f, by

1 d[ff® <
sz(z)‘r(1—A)dzJo(z_g)Ad£ O=<A<1), (1.23)

where the function f is analytic in a simply connected region of the complex z-plane
containing the origin, and the multiplicity of (z — £ )~ is removed by requiring log(z — &)
to be real when (z — &) > 0.
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Definition 1.5. Under the hypothesis of Definition 1.4, the fractional derivative of order
(n+2) is defined, for a function f, by

di’l

D;Hr)tf(z) _ o

D} f(2), (1.24)
where0<A<landn=0,1,2,....
It readily follows from (1.23) in Definition 1.4 that

e 0<A<1). (1.25)

We will also need the concept of subordination between analytic functions and a subor-
dination theorem of Littlewood [9] in our investigation.

Given two functions f and g, which are analytic in U, the function f is said to be
subordinate to g in U if there exists a function w analytic in U with

w(0) =0, [w(z)] <1 (z€l), (1.26)
such that
f(2) =g(w(z)) (z€U). (1.27)
We denote this subordination by
f(2) <g(2). (1.28)
LemMA 1.6. If the functions f and g are analytic in U with
8(2) < f(2), (1.29)

then, foru>0andz=re? (0<r<1),

2 2
J |g(re) |"do < J | f(re) |*d6. (1.30)
0 0

2. The main integral means inequalities

We discuss the integral means inequalities for functions f in %(a,3,0). Our main theo-
rem is contained in the following.

TueoreM 2.1. Let f € P(a,f3,0) and suppose that

0 < (1-BIrk+1)I3-A-p)
P (k= BY(1 — o+ ok)ck()T(k+1 A — p)T(2— p)

M

(n—p) (k=2) (2.1)

n=2

for 0 <A < 1, where (n— p) ., denotes the Pochhammer symbol defined by

p+1

(n=p)p=m-p)n-—p+1)---n (2.2)
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Also let the function fi be defined by

1-8 k
k=B (1 -0+ k)@ 23)

filz) =z~

If there exists an analytic function w defined by

o (k=P (1 -oc+0ok)ck(a) T(k+1—1—p) .
bwia) = e T P2 - pyoman™ )
with
_ Tep
O = iy ©=A<hn=23.), (2.5)

then, foru>0andz=re (0<r<1),

rﬂ 1D f(2)|"d6 < Jzn DI )40 (0= <1, u>0). (2.6)
0 0

Proof. By virtue of the fractional derivative formula (1.25) and Definition 1.5, we find
from (1.1) that

P () = - Z-p-A (1_ d F(Z—/\—p)l“(n+1)anzn_1)

2-A-p) = I'(n+1-A-p)
L . 2.7)
— 27 _ S _ n—1
=G iy g (1 ngzr(z A=p)(n p)p+1d>(n)anz ),
where
~ TI(-p) _
(I)(n)_—l“(n+1—)t—p) 0<A<1l,n=2,3,...). (2.8)
Since @ is a decreasing function of #, we have
~ I'2-p) _
0<®(”)S®(2)_71“(3—A—p) (0<A<1,n=2,3,...). (2.9)
Similarly, from (2.3), (1.25), and Definition 1.5, we obtain
Pl A ( - 1-p T2-A-p)T(k+1) k_l)
: fl2) = r2-i-p) ! (k=B)(1-0+0k)ex(e) T(k+1-1-p) z '

(2.10)
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Foru>0andz= re? (0 < r < 1), we must show that

J‘Zﬂ
0

© p
1- ZF(2 -A=p)(n —p)pﬂd)(n)anz””1 do
n=2

> P (2.11)
<J "l 1-8 I‘(Z—)L—p)r(k+l)zk71 "
“Jo (k=B A —-o+0ok)ex(a) T(k+1—-A-p) '
Thus, by applying Lemma 1.6, it would suffice to show that
1= > TQ2=A=p)(n=p),, ®(n)az""!
n=2 (212)

<1 1-p I‘(Zf)tfp)l"(k+1)2k71
(k=B)(1-0+o0k)ep(a) T(k+1-A-p) '

If the subordination (2.12) holds true, then we have an analytic function w with w(0) = 0
and |w(z)| < 1 such that

1- ZF(Z -A-p)(n —p)pJFICD(n)a,,Z"’1
" 1-B FQ-A-pTk+1), . (2.13)
-1 P {w(z)}".

(k-P)(1—o0+0k)ci(a) T(k+1—-A—p)

By the condition of the theorem, we define the function w by

(k=pB)(1—-0+0k)c(a) T(k+1—-A—p
1-p I'(k+1)

) > (n- 117)p+1<1>(1’t)anz”‘1 (2.14)

n=2

{w(z)}*" =

which readily yields w(0) = 0. For such a function w, we have

(k=B)(1—0+0ok)ck(@) T(k+1-A-p
1-p T(k+1)

(k=B)(1 -0 +0k)ci () r(k“"‘_p)@(z)i(n—p) a
p+1¥n

n=2

w2 < 'S (n= p), @(m)aglzl™
n=2

= 1-8 T(k+1)
(k—=B)(1—o+0k)c(a) T(k+1-1—p) T(2-p) <
l_ﬁ I'(k+1) r(3—A_P)z(n_p)p+1an

n=2

=|z|
=zl <1,

(2.15)

by means of the hypothesis of the theorem. O

This means that the subordination (2.12) holds true; therefore the theorem is proved.
As special case p = 0, Theorem 2.1 readily yields.
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CoroLLARY 2.2. Let f € P(a,f3,0) and suppose that

i (1-B)Tk+1)T(3-A)

EZ” ol = G p ot oba@rkri-y k=2 (2.16)
If there exists an analytic function w given by
k1 (k=PB)(1—o+0k)ce(a) T(k+1-1) o .
wz)}" = = e D) VIZ:;n(D(n)anz (2.17)
with
__ I _
q)(”)_r(nﬂ—,l) (0<A<1,n=23,...), (2.18)
then, foru>0andz=re? (0<r<1),
2m 2m
J 1D} f(2)]d6 < J ID)fi(2)[“d0 (0 <A<1,u>0). (2.19)
0 0
Letting p = 1 in Theorem 2.1, we have the following.
CoroLLARY 2.3. Let f € P(a,f3,0) and suppose that
= (1-B)(k+1)I(2-21)
n%n(n “Dla| =7 B0 — 0+ ok (@ k— ) (k=2). (2.20)
If there exists an analytic function w given by
k1 (k=P)(1—o+0k)ee(a) T(k—A) < .
{w)}" = T e D ZZ(" —1),®(n)anz (2.21)
with
_I(n-1) _
d(n) = T (0<A<1,n=23,...), (2.22)
then, foryu>0andz=re? (0<r<1),
2m 2m
J DI £(2)|“d0 < J DI fi(2)|FdO (0<A<1,u>0).  (2.23)
0 0
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