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1. Introduction

The following inequality is well known as Hardy-Hilbert inequality:
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where 7/sin(7/p) is the best value (see Hardy et al. [1]).
Integral analogues of (1.1) are the following inequalities:
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where 7 is the best value (cf., [1, Chapter 9]).
In recent years, Gao (2], Yang [3-5], Yang and Debnath [6], Kuang [7], and Kuang
and Debnath [8] gave some distinct improvements and generalizations of (1.1)-(1.2).

(1.2)
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Yang and Rassias [9] gave a new inequality with a best constant factor similar to (1.1) as
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where 77/sin(77/p) is the best possible.

In this paper, we have two major objectives. One is motivated by [10], to give a gener-
alization of (1.3) by introducing two real functions ¢(x) and y(x). The other is to build
a class of new inequalities similar to Hardy-Hilbert inequality (1.2) by introducing some
parameters a, b, and c.

2. Some lemmas

First, we give the § function B(m, n):

o0 1/q
B(2.0) =J —(5) 2.1)
P q o 1+ul\u
where p>1,1/p+1/g = 1.
LemMA 2.1. Letb>a>1—-¢, and
b 1 In(x+c) 12
w(a,b,x) = L (y+c)In(x+c)(y+c) (ln(y+c)> dy, (2.2)
provided the generalized integral exists. Then
JIn(a+c)
w(a,b,x) < m— 4arctan n(btc) (2.3)
. .| Inc
w(0,b,x) =limw(a,b,x) < 7w — 4arctan (2.4)

p) In(b+c)

T 3 [In(a+c)
w(a,0,x) = ll)lj{)low(a,b,x) < m — 2arctan mto) (2.5)

Proof. Putting u =1In(y+c)/In(x+c), we have

b 12 In+e/In(xre) 1 1y Y2
w(a,b,x)=f ! (ln(x+c)) dy=f 7(7> du
a (y+o)ln(x+c)(y+c)\In(y+c) In(a+c)/In(ere) 1+u\u
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o e e @] rala) @
o l+u\u In(b+¢)/In(x+c) 1+u \u 0 I+u \u

In (x+c)/In (b+c) 1 1 1/2 In(a+c)/In(x+c) 1 1 172
o ([ ) e )
0 1+v\v 0 1+ul\u

In(x+c) +2arctan In(a+c)
In(b+:c) In(x+c) )’

=7 — (2 arctan
(2.6)
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Since arctanx is strictly increasing, then

VIn(x+¢)/In(b+c)++/In(a+c)/In(x+c)
1-+In(a+c)/In(b+c)

w(a,b,x) = m— 2arctan

(2.7)

2JIn(a+c)/In(b+c) o darctant In(a+c)
1-+JIn(a+c)/In(b+c) In(b+c)

< — 2arctan

Relation (2.3) is valid. By (2.3) as a—0, we have

Inc
S H _ i 2.
w(0,b,x) laliréw(a,b,x) < 7 — 4arctan bt (2.8)

Relation (2.4) is valid. Similarly, (2.5) is also valid. The lemma is proved. O

LEMMA 2.2. LetO<a<1, 0<c<1, g(s) € Cllc, 1], g(s) >0, g'(s) >0 for all s € [c, 1],
and F(x) = [ (s=%/g(s))ds for all x € [c,1]. Then

l-a _ -«
F(x)= "~ F(D). (2.9)
Proof. Let T =s'7%, then
X g 1 1
F(x) = J % T J Sy (2.10)

Let G(y) = (1/1 — &) [} (1/g(+"=%))d7. Since G’ () >0, G” (x) < 0in [c'~%,1], and G(y)
is concave in [c! ¢ 1] then

6 =6( e ) ma@-ne ey (1=2250)

1 —cl-« 1 —cl-e 1 —cl-«
(2.11)
1 -y - y Cl—a y - Cl—oc
1—cl-« ( a)+ 1—cl-« G(1)= 1—cl-« G(l)
Thus
xl*tx _ Cl—oc
F(X) = G(xl_"‘) = 1—761’0‘ F(l) (212)
The lemma is proved. O
Let
In (a+c)/In (x+c) u—]/r In (x+c)/In(b+c) —l/r
Fi(0) = | du,  Barl) = | du,  (213)
0 14+u ? 14+u

wherer >1, 1 —-c<a<x<b.
If g(s) = 1+sand a = 1/r in Lemma 2.2, we get the following.
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LEMMA 2.3. Letl —c<a<x<b<+co, p>1,1/p+1/q=1. Then

Fi4(x) +Fop(x) =

In(a+c)\"? In(x+c)\ "4
) (D()+<ln(b+c)> (p)

(q0() " (pD(p)) "

)
) l/qcp(p) N <ln (x+¢) ) Wd)(q)
)

Fip(x) + F, 4(x)

%

In(b+c)

(q0() " (pd(p)) ",

where ®(r) = [y (uV/1 + u)du.

Proof. For1 —c<a<x<b<+c,byLemma 2.2, we have

1/p 1/9
Fl,q(x>+Fz,p(x>z(ln(“”)) fb(q)+(ln( xte )) ®(p),

In(x+c) (b+c¢)
R s o) = (R S) "o+ () ot
Leta=1/p, B =1/q, p1 = 1 +a/B, q1 = 1 +/a, then
i+i:1, ;1+51 jf_ﬂﬁ at+p=1

By Young inequality, we get

(ln(a+c))l/P(D(q)+ <ln(x+c)>l/qq)(p)

In(x+c) In(b+c)
_(In(a+c)\* In(x+c)\?
- (ln(x+c)> q)(q)+(ln(b+c)> ®(p)

(2.14)

(2.15)

(2.16)

(2.17)

1 yp (In(a+oc) o/pi Up: b 1 g (In(x+c) Bl Vg o
‘p1<1’1 <ln(x+c)> (@) ) T\ (mGro) (@)

()™ o) (o (e ) (o)™

p In(x+c) In(b+c)
1

o In(b+c)

X
g
g

1
1/pq
1n(a+c)) (q®(q ))1/q(pq)(p))1/p_

In(b+c¢)

Then (2.14) is valid.
In the same way, (2.15) can be obtained. This completes the proof.

1
B/(a+p) af (a+p) af/(a+p)
+%> ( +/3’> (1n(a+c)> « ((D(q))/s/(mﬁ)((D(p))a/(mﬁ)

(2.18)
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LEmMMA 2.4. Let p> 1, 1/p+1/q =1, ¢(x) and y(x) are continuously differentiable func-
tions on (a,b), ¢(a) = 1, ¢'(x) >0, y(a) = 1, y'(x) >0, inf 1’ (x) #0, and inf ,y' (x) #0,
provided that the generalized integral exists. Then

jb )ln¢1 x)y(y) <11rr11$8)))1/qdy

< 1 U an/(a) Vpq 1/p 1/q
_inf{llf’()’)}(sin(ﬂ/p)_(lny/(b)) (p®(p) " (9®(9)) )

(2.19)

where @ is as in Lemma 2.3.

Proof. Putting u = Iny(y)/In¢(x), by Lemma 2.2 and the proof of Lemma 2.3, we have

b 1 In¢(x) Vaq
d
L y()Ing()y(y) (lnw(y)> 7
Iny(b)/In¢(x) 1 1 1/q 1
— d
Jlm//(a)/lngb(x) 1+u(u) v'(y) N

lm// )/ Ing(x 1 1 1/q In¢g(x)/Iny(b) 1 1 1/p
rala) ol )
} \sin(n/p) 0 I+u\u 0 1+u\u

= inf {w (
Iny(a)\"? Ing(x)\ "
= mf{w (sm(ﬂ/p) ln(/) x)) ®q) - (lnl//(b)) CD(p))
lnu/(a) Vpq 1/p 1/q
< w (sm(w " w(b)) (p®(p)) " (q®(q)"").
(2.20)
The lemma is proved. O
Remark 2.5. When a =1, and b = oo, we get
” 1 ng()\" 1 7'[ Iny(1)\"” )
L v(y)Ing(x (lnw(y)) dy = inf{y'(y)} (sin(ﬂ/p) - (ln(p(x)) ®@)

1 T

< .
inf [y’ ()] sin(/p)

(2.21)
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3. Main results
Now, we introduce main results.

THEOREM 3.1. Let —c <a<b <+, f, g are integrable nonnegative functions on [a,b]
such that 0 < ff(x+ ) f2(x)dx < 00 and 0 < fab(y +¢)g*(y)dy < co. Then

 fgly)
H In (x+c)( y+c dx dy

In(a+c

PR
< (n4arctan b+c)> (I (x+c)f2(x)dxj (y+c)g (y)dy) .

Proof. By Cauchy-Schwarz inequality and (2.3), we have

J] In (x'i(f In(y+c) dxdy
/ /
e laeis) G

g(y) ln(y ) 1/4 y c 172
(ln(x-}-c)(y-}-c))l/z(ln(x C)) <X+C> dxdy

b 2 1/2 172
- f2(x) In(x+c)\"*x+c¢
a [Haln(x+c)(y+c)<ln(y+c)> y+cdxdy]

U £ <1n<y+c>)”2y+cdxdy}“

In(x+¢)(y+c) \In(x+c¢) x+c

) Jb 2 J—b X (ln(x+6)>l/2d . 12
S EROTOI ] G omGaragra \ngra) )

b ) b 1 In(y+c)\"? "
X U (y+olg W(L (x+c)ln(x+c)(y+c)(ln(x+c)> d")”ly]

In(a+c

12
< (n—4arctan (b+c)> (I (x+c)f2(x)dxj (y+0)g* ()’)d)’> .

(3.2)

Then relation (3.1) is valid. Theorem 3.1 is proved. O

In a similar way to the proof of Theorem 3.1, we can prove the following theorem.
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THEOREM 3.2. Let 1 —c <a<b< +oo, f is an integrable nonnegative function on [a,b],
such that 0 < f:(x +¢) f2(x)dx < oo, then

b [ b 2 2,
f(x) - s/In(a+c)
J ( 1<><y>d) = (“ 1n(b+c)) J, rorwas
(3.3)

Remark 3.3. Specially, when a =0, ¢ =1, and b = o in Theorems 3.1 and 3.2, we get

1/2
(x)g(y ([ =
[}l otd iy <a( [ wenpeots) ([ o vgoa)

7 f) ’ L
Jo (L WW“) dy—ﬂzjo (x+1) f2(x)dx.

172

(3.4)

THEOREM 3.4. Let p> 1, 1/p+1/q =1, f, g areintegrable nonnegative functions on [a,b],
such that 0 < [7 P~ (x) £P(x)dx < o and 0 < [* w1~ (y)g?(y)dy < . Then

]l/q

ﬂ flogly) )< [n/sin(n/p) — ¢,1" [n/sin(n/p) — ¢,
ingCo() ™ (inf {y’(»)}) " (inf {¢'(x)}) "

b 1/p b
X U </>‘”(x)f"(x)dx} “ wa(y)gq(y)dy}
bt fx) )P ([ﬂ/sin(ﬂ/p)—¢] Pln/sin(n/p) ¢>2]”4>
dx | dy <
L wM(L ngCoy(y ™) (inf {y(»)}) " (inf {¢/(0)}) "

b
xj 67 (x) f2 (x)dx

/g (3.5)

(3.6)

where the ¢(x) and y(y) are as in Lemma 2.4 (¢, = (lnw(a)/lnw(b))l/pq(pq)(p))l/Px
(q®()", ¢, = (Ing(a)/In(b))"P(pd(p)) """ (qP(q))"9).

Proof. By Holder inequality and (2.19), we have

H ln¢(x§1§/yy)
1/ 1/
.U [ [In¢(x f(:;(y p (thﬁ()/)) . ¢(;§l/i]

) Iny(y) ”qu(y)”"}
dxd
8 [[lmp(x)w(y)]l/q (lngb(x)) ¢(x)1/q xay




8 Journal of Inequalities and Applications

fp(x) ln¢(x) 1/q ¢(x)p71 }l/p
{H st ny) v @
gl(y)  (ny(y)\"Py(y)*! v
{H gyl <ln¢<x>> o) TV
b 1/p b
| [osvanrwa] [ owoprngomn]

1
(inf {y’(»}) " (inf {¢"(x)}) "

b m Iny(a)\"? y 1 1p
8 {L [sin(n/p) B <lnl//(b)> (p@(p)) "*(q®(q)) q]¢p 1(x)fp(x)dx}

’ T In¢(a) Vra 1/ 1/ - v
X{L [sin(ﬂ/p) N (ln¢(b)) (p®(p)) ™ (g(q) q}/ﬂ 1(y)gq(y)dy}

_ [wssin(u/p) - 9,1 [n/sin(n/p) - ¢,
T (infly' )P (inf ¢ (x)})

b 1/p b
A" { o)

Hence (3.5) is valid.
Letg(y) = (1/w(y)) (f (fx)/Ing(x)y(y) dx) >0 (y € (a,b)). By (4.2), we have

b (W (g
0< [ v gy = |, w(y)(L Ing( () )dy H AT dxdy

n/sin(n/p) b e v
ST RIS B AR
(3.8)

1/q

IA

1/q

1/q

(3.7)

Then we find

b 1 b f(x) )P
) Vo) (J ngey() ™)

b
- [ v gy < (

n/sin(m/p)
(inf {y'()})"? (inf {¢/ (x)}) "

P
) J 671 (x) 2 (x)dx.
(3.9)

Since 0 < [P~ (x) f7(x)dx, it follows that 0 < [ y/(y)7 ' g4(y)dy < oo. Still by (3.5), we
have (3.6). The theorem is proved. O
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Remark 3.5. Specially when a = 1 and b = o0, we get

ﬂ wlnfsix Jy(y) dxdy

1
<

" (inf {y’(»)}) " (inf {¢' ()}

1/p
Iny(1) o
{ [sm(n/p) (ln¢(x)> q)(Q)]‘PP (X)fp(x)dx}

Ing(1)) "
SL [sm (n/p) (1n1//(y)> QI’(P)}!ﬂ1(y)g"(y)dy}

- n/sin(m/p)
~ (inf{y’ ()} (inf {¢' (x)}) "

o 1/p o 1/q
XS(J ¢P_1(x)fp(x)dx} {J I/ﬂ_l(y)gq(y)dy} ;
1 1

* 1 (7 f® !
L w(y)(Jl 1n¢<x>w<y>d"> 4
<< nt/sin(7/p)
~ \(inf {y' ()} " (inf {¢’

1/p

1/q (310)

(3.11)

] w) J, ¢ e

where O is as in Lemma 2.3.
By Theorem 3.4, we have the following corollary.

COROLLARY 3.6. Letl —c<a<b<+co,p>1,1/p+1/q=1, f, gareintegrable nonnega-
tive functions on [a, b], such that 0< fah (x+¢)P ' fP(x)dx < 0 and 0< fab (y+0)1'gi(y)dy
< 0o, Then

ACY GO _(p(L 1) (In(a+o) 1/q p
H In(x+c)(y+c) dx dy <B<p q> (ln(b+c)> (q®(q)) " (p®(p))

1/q

b Ve b
X(J (x+c)p1fp(x)dx) (J (y+c)q1gq(y)dy> ,

(3.12)

where @ is as in Lemma 2.3.

In what follows, we give the associated discrete inequalities. The proofs should be
omitted.
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THEOREM 3.7. Let p>1, 1/p+1/q =1, {an}, {b,} are nonnegative real sequences, such
that 0 < X2 ¢ Y(n)ah < 00, 0 < 3 ,ya~1(n)b} < co. Then

(inf {y’ () }) " (inf {¢'(x)}) "

m Iny(1) " I
X'{ z[shﬂn/p)"(1n¢(ﬂg) qﬂq)]¢P (m)ah,
S Ing(1)\"4 ) /g
{Z[sm(n/p <ln1//(n)) (D(P)]I//q l(n)bZ}

n=2
i «© I/P 00 l/q
= n/sin(n/p) { p-1 P} { q-1 bq}
T T LM B DA <. )
3.13

Me

3
i

where ¢(x) and y(y) are as in Lemma 2.4, and © is as in Lemma 2.3.

THEOREM 3.8. Let p>1, 1/p+1/q =1, {au} is nonnegative real sequence, such that 0 <
S L¢P N (n)ah < co. Then

) o0 P
;w (gmmen>

- mt/sin(7/p) )17 o - ,
h ((inf{llf'(y)})l/p(inf{¢'(x)})1/q mZ:2¢ (m)am,

(3.14)

where ¢(x) and y(y) are as in Lemma 2.4.

Remark 3.9. When ¢(x) = x and w(y) = y, then inequalities (3.10), (3.11), (3.13), and
(3.14) change to (2.4), (2.10), (3.3), and (3.4) in [10], respectively, hence inequalities
(3.10), (3.11), (3.13), and (3.14) are generalizations of related results in [10].

4. Some corollaries

By Theorems 3.4, 3.7, and 3.8, some inequalities can also be obtained.
For example, we take ¢(x) and y(y) as

d(x) =€, y(y) =¢, (4.1)

then by Theorems 3.4, 3.7, and 3.8, we get the following corollaries.
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CoROLLARY 4.1. Let p>1,1/p+1/q =1, {an}, {b,} are nonnegative real sequences, such
that 0 < > 2 ,elP=Dngh < 00, 0 < 3 % ,eldDnpl < 0o, Then

(o)

0 o . 1/p © 1/q
> 5 aabn sy | awmﬁ}géyWW%};
m=2 n=2

e m+tn e
4.2
“1(< a ’ 7r/sm(7r/p) -
- _m p—1)m
nzzn(mz_‘zm+n> 7( ) Ze

CoROLLARY 4.2. Let p > 1, 1/p+1/q =1, f, g are integrable nonnegative functions on
[a,b], such that 0 < [} e~V fP(t)dt < 00, 0 <[5 el Viga(t)dt < oo. Then

' . 1/p o 1/q

x+y
rl(wﬂwﬂfd<(mmwwyj%@MﬂmM
oy xty V= e 1

We take ¢(x) and y(y) as

(4.3)

d(x) = x%, v(y)=e. (4.4)

Then we have the following corollary.

CorOLLARY 4.3. Let p>1, 1/p+1/q =1, {am}, {b,} are nonnegative real sequences, such
that 0< 3 %, n2P-Dgh < 00,0 < > % el Dnpl < 0o, Then

© ) 1p 1/q
by n/sm(n/p ) p .
> Z < Vaelp {Z_mzw 1)am}> {Zeq ) bq} ;

= 2lnm+n
(4.5)
00 %0 P
1 am n/sin(m/p) ——
nz—:z”(mz_:ZZIIIm-l-n) S( 21/qgl/p > Zm

CorOLLARY 4.4. Let p > 1, I/p+1/q =1, f, g are integrable nonnegative functions on
(a,b], such that 0 < [;” x>~V fP(x)dx < o0, 0 < [, e9"V*gd(x)dx < c0. Then

1/q

. 1/p
/ / 0 o
H 'Zizlgﬁ;) ysW{L xZ(Pl)fP(x)dx} {L e(‘il))’gq(y)dy} ;

T[T LD ) gy o (T [ e g
Jl y(L 21nx+ydx> dJ}S( 21/q1/p . X fP(x)dx

Remark 4.5. Inequalities (4.2)—(4.6) are also new results.

(4.6)
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