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The difference sequence space m(¢, p,A™), which is a generalization of the space m(¢)
introduced and studied by Sargent (1960), was defined by Colak and Et (2005). In this
paper we establish some geometric inequalities for this space.
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1. Introduction and preliminaries

Let € denote the space whose elements are finite sets of distinct positive integers. Given
an element o € €, we write c(o) for the sequence (¢,(0)) such that ¢,(¢0) =1 for n € o,
and ¢, (o) = 0, otherwise. Further

‘65={0€<6:§:cn(0)£s}, (1.1)
n-1

that is, 6; is the set of those 0 whose support has cardinality at most s, where s is a natural
number.
Let w be the set of all real sequences and

®= {qs: (6,) €w: g, >0,Y¢, =0, v(%) <0(k= 1,2,...)}, (1.2)

where V¢, = ¢, — ¢, _,. For ¢ € @, Sargent [1] introduced the following sequence space:

m(¢p) = {x— (x4) € w:sup sup (iz Ix,,\) < oo} (1.3)

s>1 ge%; ¢snea
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In [2], the space m(¢) has been considered for matrix transformations and in [3] some
of its geometric properties have been considered. Tripathy and Sen [4] extended m(¢) to
m(¢,p),1 < p < oo. Recently, Colak and Et [5] defined the space m(¢, p, A™) by using the
idea of difference sequences (see [6-8]).

Let r be a positive integer throughout. The operators A", 3" : w—w are defined by

(ADx), = (Ax)i = Xk — Xks1,

EWx) = =>x (k=1,2,..),
ik (1.4)
AP = AD G A=D1 5(1) o 5(r=1) (r=2),

2o A = AW o320 = jd,  the identity on w.

For 0 < p < oo, the space m(¢, p,A™) is defined as follows:

1
m(¢,p,A('>)—{x€w: sup (—Z |A(’)x,,|P)<oo}, (1.5)
s=1,0€%; ¢s neo
which is a Banach space (1 < p < o) with the norm
r 1 p
p
10 g, pay = 2. 1%l + sup == (Z | A, | ) , (1.6)
i=1 s>1,0€%; ¥s \neo
and a complete p-normed space (0 < p < 1) with the p-norm
r 1 p
1%l a0y = 2 1l P+ sup == > [AVx, |, (1.7)
i=1 s>1,0€%; ¥sneo

In this paper, we will consider the case 1 < p < o to study some geometric properties of
m(¢, p,A"). We will examine the Banach-Saks property of type p, strict convexity and
uniform convexity. The space m(¢,p),1 < p < co was defined by Tripathy and Sen [4]
which is in fact m(¢, p, A) with A replaced by id.

Let 1 < p < 0. A Banach space X is said to have the Banach-Saks property of type p or
property (BS),, if every weakly null-sequence (x¢) has a subsequence (xi,) such that for
some C > 0, the inequality

n
Sxgl| scn+DYP, n=12,3,..., (1.8)
i=0 X

holds.

The property (BS), for a Cesaro sequence space was considered in [9].

We find uniform convexity and strict convexity of our space through the Gurarii’s
modulus of convexity (see [10, 11]).

For a normed linear space X, the modulus of convexity defined by

Byle) =inf {1 - inf llax+ (1= a)yll:x,y € SX), lx -yl = e}, (1.9)
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is called the Gurarii’s modulus of convexity, where S(X) denotes the unit sphere in X and
0<e=<2.1f0< By(e) <1, then X is uniformly convex and if B (¢) < 1, then X is strictly
convex.

2. Main results

THEOREM 2.1. The space m(¢, p,A")) has the Banach-Saks property of type p.

Proof. We will prove the case r = 1 and the general case can be followed on the same
lines. O

Let (g,) be a sequence of positive numbers for which >, e, < 1/2. Let (x,) be a
weakly null sequence in B(m(¢, p,A)), the unit ball in m(¢, p,A). Set xp =0 and z; =
Xxn, = Ax;. Then there exists s; € N such that

> zili)e;

i€t

<€y, (2 1)
m(¢,p,A)

where 7| consists of the elements of ¢ which exceed s. Since x,, = 0 = x,,—0 coordinate-
wise, there is n, € N such that

<&, when n>n,. (2.2)
m(¢,p,A)

S1
zxn(i)ei
i=1

Set z; = xp,, = Ax,. Then there exists s, > s; such that

> zli)e

i€ty

< &, (23)
m(¢,p,A)

where 7, consists of the elements of ¢ which exceed s,. Again using the fact x,,—0 coordi-
natewise, there exists n3 > n, such that

ixn(i)ei

i=1

<&, whenn=>ns. (2.4)
m(¢,p,A)

Continuing this process, we can find two increasing sequences (s;) and (#;) such that

5j
zxn(i)ei <egj, when n=nj,
i=1 m(¢,p,A)
(2.5)
Z zj(i)ei <¢&j,
e m(@,p,0)

where z; = x,,, = Ax;j and 7; consists of the elements of ¢ which exceed s;. Note that z;(i)
is a term in the sequence with fixed j and running i.
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Since €1 +¢; < 1, we have

(53 1zl = (1 ve) <1, .6

( > Zj(i)€i>

i:s)-,1+1 m(‘b’P’A) j=

P
, =Zsup sup (g; > |Zj(i)|p>

=1 Tj,1€%5 SiETj—l

Il
©

j=1lli=sj_1+1

< > sup sup (;Z |zj(i)|p> <n.

j=1521 0€€ \¥sicq

(2.7)

Therefore by (2.7)

n
>z <n"P+1<2n"P (2.8)

=1 Wne,p.0)

. n
since Z;:ﬁj <1/2.
Hence m(¢, p,A) has the Banach-Saks property of type p.

Remark 2.2. The above result can also be extended to the case when r#1 and so the
proof should also work for a more general case with A replaced by a matrix operator
(transformation).

TaEOREM 2.3. The Gurarii’s modulus of convexity for the space X = m(¢, p,A) is
1/p

Bele) <1 [1 - (g)p] , (2.9)

where 0 < & < 2.
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Proof. Let x € m(¢, p,A). Then
1 1/p
Xl mg,pa) = 1A%l mig,p) = | %1 |+ sup [z |Axn|P] . (2.10)
s>1,06%, ¥s Lneo

Let 0 < ¢ < 2 and consider the sequences

= ((£0-(2)) S (2)oor)
o= (0 (5)) " E(2oa )

Then [|Aull e, p) = el g p.0) = 1 1AV L, p) = 1Vl mg,p,0) = 1, thatis, u,v € S(m(, p,A))
and [|Au = Avllieg,p) = 1t = Vlim(g,p.a) = &
ForO<a<1,

p

(2.11)

I3 p
4 _ p _ & &
ot + (1 = )| [, pn) = lladu+ (1= a)AV|[}, 4 ) =1~ (5) + 20— 1 (E) .

(2.12)
Hence
. P 3 p

Olsr‘}él||(xu+(l = Vg p) =1 = (E) . (2.13)

Therefore, for p > 1

e P 1/p

Brle) <1- [1— (5) ] . (2.14)
This completes the proof of the theorem. O

COROLLARY 2.4. (i) Ife =2, then By (¢) < 1 and hence m(¢, p,A) is strictly convex.
(ii) If 0 < € < 2, then 0 < B (¢) < 1 and hence m(¢, p,A) is uniformly convex.

Remark 2.5. Note that these results are best possible for the time being, that is, they
cannot be readily generalized to the general case because our results also hold for general
matrix transformation.
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