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We obtain sufficient conditions on a nonnegative lower triangular matrix A and a se-
quence A, for the series >’ a,A,/na, to be absolutely summable of order k > 1 by A.
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A weighted mean matrix, denoted by (N, p,), is a lower triangular matrix with entries
Pk/Py, where {pi} is a nonnegative sequence with pg >0, and Py, := >} px.

Mishra and Srivastava [1] obtained sufficient conditions on a sequence {px} and a
sequence {A,} for the series > a,P,A,/np, to be absolutely summable by the weighted
mean matrix (N, p,,). Bor [2] extended this result to absolute summability of order k > 1.
Unfortunately, an incorrect definition of absolute summability was used.

In this note, we establish the corresponding result for a nonnegative triangle, using
the correct definition of absolute summability of order k > 1, (see [3]). As a corollary, we
obtain the corrected version of Bor’s result.

Let A be an infinite lower triangular matrix. We may associate with A two lower trian-
gular matrices A and A, whose entries are defined by

n
apj = Zaniy Ank = Ak — ap-1,k> (1)
i=k

respectively. The motivation for these definitions will become clear as we proceed.
Let A be an infinite matrix. The series > ax is said to be absolutely summable by A, of
order k > 1, written as |A|, if

U Aty |* < o, (2)
k=0
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where A is the forward difference operator and t, denotes the nth term of the matrix

transform of the sequence {s,}, where s, := ZZ:O dy.
Thus

n n k n n n
th = Z AnkSk = Z Ank Z ay = Z ay Z Ank = Zanvaw
k=0 k=0

v=0 v=0 k=v v=0
n n—1 n
by —ty-1 = z Anyly — Z An-1,y0y = Z ApyQy,
v=0 v=0 v=0

since d,_1,, = 0.
The result to be proved is the following.

THEOREM 1. Let A be a triangle with nonnegative entries satisfying
(.)ano—l n=0,1,.
(i) a,_ 1v2a,,,,forn> v+1
(iii) na,, =< O(1),
(iv) A(1/an,) = O(1),
(V) Zy:() aw|an,v+l| = O(ann)-
If {X,} is a positive nondecreasing sequence and the sequences {A,} and {f,} satisfy
(vi) [AL,] < By
(vii) limp, =0,
(viii) [A4| X, = O(1),
(%) 25, X, AR, < oo,
(x) Ty = 30, (I, 5/9) = O(X,),
then the series >, | ApAn/Nap, is summable |Alg, k > 1.

The proof of the theorem requires the following lemma.
LEmMA 2 (see Mishra and Srivastava [1]). Let {X,} be a positive nondecreasing sequence
and the sequences {f,}, {An} satisfy conditions (vi)—(ix) of Theorem 1. Then
nX,B. = O(1), (4)

Z BnXn < 0. (5)
n=1

Since {X,} is nondecreasing, X,, > X, which is a positive constant. Hence condition
(viii) implies that A, is bounded. It also follows from (4) that 8, = O(1/n), and hence that
AL, = O(1/n) by condition (iv).

Proof. Let T, denote the nth term of the A-transform of the series >’ (a,A,)/(nay,). Then
we may write

Tn = Z anvz ai/A\.i = alll Zanv = Zani%- (6)
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o Gl o " agi P aiz‘i o Giil
n n
~ A ~ Aisic
= 2. 0ni——\S ( - Si- l 2 am 51 tann——Sn ni
i—o il aijl nn -0 aijil
(7)
n—1 s:
A~ i l+1 1
= Ani S+ ann z an, z+1
= i 5 (i+1)air1,in
~ AL A1 An
= Z Api— = OAni+l 7~ |Sitdwn——.
S\ aii (i+ 1)ai,in Nann
We may write
/a\m'Ai _ /a\n,i+1/1i+1 _ ‘/Z\ni/\i _ an,i+l)ti+1 an,i+1/1i _ an,i+1li
ia; (it Daiin da; (it Dagyi (i Daiien (G4 Daiin
R ~ (8)
Qi Qi1
ZA,' ﬁ /\,+n’—1+A(A1)
ia;; (i+1Dajiv
Also we may write
Qi Qi Qni 4 Ani
Ai _nz)Al _ ﬂ - n,i+1 anrl)L WHA{
iai ia;i (i+Daiin ia;i iai
9)
A (am)A 1 1
= ———— +aninhi - |
ia;; iai;  (i+1)aiin
Hence,
= 1Az(an1) 1
Tn_Tnflz Z )‘51+Zanl+lA -~ S
= 4 = iai  (i+1)aiin
n—1 ~ 10)
An,i+1 An (
$ Y I s+ o,
i—0 (i+ 1)ai+1,i+1 n
=1y + Tn2 + Tn3 + Tn4, say.
To finish the proof of the theorem, it will be sufficient to show that
00
k-1 k
> Ty |" <00, forr=1,2,3,4. (11)

n=1
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Using Holder’s inequality and (iii),

m+1 m+1 A(/a\ ) k
Il _ Z nk—l | Tnl | Z k-1 (Z lia'flz AiSi )
n=1 i=0 n
m+1 n—1 R k
=0() X A 3 | M@ hisi ) (12)
n=1 i=0

m+1

—o<1>znkl(§| A1) )(zm )

But using (ii),

Ai(Gni) = Gpi — nis1 = Gpi — Gn1,i — Aniv1 + Gn—1,i41 = Gpi — Ap-1,i < 0. (13)
Thus using (i),
n—1 n—1
Z |Ai(am')| = Z |an—1,i_ani| =1-1+au, = an. (14)
i=0 i=0

From (viii), it follows that A, = O(1). Using (iii), (vi), (x), and property (5) of
Lemma 2,

.
D> ( nann“Zm i * [ Ai (@) |
n=1

m+1

=0 Y, (ran) (im"1|Ai||A,»<am»>|si|"|)

m m+1
oS (Ml Isi]* S (naw) | Ai@n) |
i=0 n=i+1

m A ;
= 0w A sl"as= 1ol || aw +0(1) LT

i=1

i—1 k
- 0(1) +o<1)Z|A|[Z| Z'i' ]
i=1 r=1
|5r| = d |5r|k
Zmz ST
i=1 j=0 r=1

m—1
- 0(1) > A(A]) Z s, |5+ 0(1) | A |Z|SZ
i=1

r= 1
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=0(1) 3 A )X+ 0(1) [ A | Xin

1)§:,BiXi+O(l) [ A | X = O(1),
i1

m+1 m+1 k
L= Z”k71|Tn2| Z"k ! ZaanrlAA( )
n=1

m+1 k
_owm'S “{ZMMHHMA< ya@

(15)
Now
A(.l) SR -
iaj; iai;  (i+1)aiin
1 1 TR U
iaii  (i+1Daiiv ((+Day  (i+1ay
(16)
1 1 1 1 /(1 1
= = — - +— -
({+1)\ai air1in ai \i i+1
1
= — A i +L
(i+1) ai; 14
Thus using (iv) and (ii),
B e e e
ii ii il iii+1,i+1 ii (17)
1
=—[0(1)+0(1)].
—lom+o)

Hence, using Holder’s inequality, (v) and (iii),

m+1 -
b:o<1>znkl{z|an,ﬂ|u| |1|}

O

k

m+1 n—1
I)an 1{ |an,i+1|aii|/\i||5i|}

=0

mt1 n-1 Co\ /e k-1
1)znk 1(2 nivt | @i | Mi] " [si )(Zaii|an,i+l|)
i=0 i=0

m+1 -

=0(1) S (nan,)"" z | Gier || | |si]
n=1
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m+1

1)2 |/1 | |51| aii Z nann)k_l |an,i+1|
n=i+1
m+1
1)z|/1| |51| aij z |an1+1|
n=i+1
(18)
From [4],
m+1
z |&n,,-+1| <1 (19)
n=i+1
Hence,
m m 1 m |Si|k
B =0 Y hl*sl ai =0 Y Il 141 s]*7 = X [n - = 0), 20)
i=1 i=1 i=1
as in the proof of ;.
Using (iii), Holder’s inequality, and (v),
m+1 m+1 n—1 k
21 (AL)s;
j= nk,l T, k: nk,l a.n,1+l( i)Si
’ ,,;1 | ’ | ,1;1 g) (i+ l)ai+1,i+1
m+1 n—1 k
—omS nkl(z (i | AL |s,-|)
= i=0
m+1 — k
=O(1)anl{z |an,+1||A/\||s,|}
n=1 =0
m+1 n—1 |a . 1| k B n—1 k-1
=0(1) > ﬂk]{ Zaiin’iz- | AL |7 [si] }{ > aii| Gnin |}
n=1 i=0 ii i=0
o el - |an 1+1| (21)
—O(I)Z(nann Z |A/\| | ,|
n=1 i=0 11
m+1ln—1
1)ZZ|anz+1||A/\| |51| an
n=1i=0 u
m @i k k m+1
=O(1)zfz|AAi| Isi]® D |@nis |
i=0 “ii n=i+1

l)z(|M |> |Mz’|5i|k

1)z|A)L||s, =0(1) lezl B
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Since |s;|K = i(T; — Ti_1) by (x), we have
I = O(1) X i(T; = Tiea) B (22)

Using Abel’s transformation, (vi), and (5),

m—1

I =0(1) > TiA(iBi) + O(1)mT,B,

i=1

(23)
m—1 m—1
1) z i|Aﬂ,’|Xi+O(1) z Xiﬁi+o(1)mxnﬁn = O(l)
i=1 i=1
Using (viii) and (x),
m+1 m+1 S m+1 x k1
= 3t Tl = Sk 2 =S el
n=1 (24)
m+1 |S k
=> =0(1),
n=1 h
as in the proof of I;. O

COROLLARY 3. Let {p,} be a positive sequence such that P, = > }_, px — oo and satisfies
(i) npn =< O(Py);
(i1) A(P,/py) = O(1).
If {X,} is a positive nondecreasing sequence and the sequences {A,} and {f,} are such that
(iii) INHEY»
(iv) By = 0asn — oo,
(v) A X, =0(1) asn — oo,
(Vi) 55, nXa Al < o,
(vii) T, = Z:/l=1 |5v|k/v = 0(X,),
then the series >.(a,PyAn)/(npy) is summable [N, p,lx, k > 1.

Proof. Conditions (iii)—(vii) of Corollary 3 are, respectively, conditions (vi)—(x) of Theo-
rem1.

Conditions (i), (ii), and (v) of Theorem 1 are automatically satisfied for any weighted
mean method. Conditions (iii) and (iv) of Theorem 1 become, respectively, conditions
(1) and (ii) of Corollary 3. O
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