Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2007, Article ID 47812, 9 pages
doi:10.1155/2007/47812

Research Article
On a Hilbert-Type Operator with a Symmetric Homogeneous
Kernel of —1-Order and Applications

Bicheng Yang
Received 21 March 2007; Accepted 12 July 2007

Recommended by Shusen Ding
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1. Introduction

If the real function k(x, y) is measurable in (0, 00) X (0, c0), satisfying k(y,x) = k(x,y),
for x, y € (0, ), then one calls k(x, y) the symmetric function. Suppose that p > 1, 1/p +
1/q=1,I" (r = p,q) are two real normal spaces, and k(x, y) is a nonnegative symmetric
function in (0, ) X (0, ). Define the operator T as follows: for a = {a,}, _, € I?,

(Ta)(n): Z k(m,n)a,, neN; (1.1)
or for b = {b,},_, €14,
(Tb)(m) := Zk(m,n)bn, me N. (1.2)
n=1

The function k(x, y) is said to be the symmetric kernel of T.
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If k(x, y) is a symmetric function, for (= 0) small enough and x > 0, set kN,(s,x) as

~ ) (14¢)/r
R(ex) = JO k(x,t)(;) it (r=paq). (1.3)

In 2007, Yang [1] gave three theorems as follows.

Tueorem 1.1. (i) Iffor fixed x > 0, and r = p,q, the functions k(x,t)(x/t)"" are decreasing
inte (0,00),and

o ) 1/r
R (0,%) = JO k(x,t)G) dt=k, (r=p.q), (1.4)

where ky, is a positive constant independent of x, then T € B(I"—1"), T is called the Hilbert-
type operator and || T||r < k, (r = p,q);

(ii) if for fixed x >0, € = 0 and r = p,q, the functions k(x,t)(x/t) are decreasing
inte (0,00); kNr(s,x) =kp(e) (r = p,q; € = 0) is independent of x, satisfying k,(e) = k, +
o(1) (e—~0%), and

(1+¢)/r

© 1 (1+e)/r
by Jok(m,t)(%) dt=0(1) (e=0%5r=p,q), (1.5)

1+e
:1m

then | T, =k, (r = p,q).

THEOREM 1.2. Suppose that p > 1, 1/p+1/q =1, and ky(0,%) (r = p,q; x>0)in (1.3)
satisfy condition (i) in Theorem 1.1. If a,y,b, > 0 and a = {ay},,_, € 1P, b ={b,},_, €14,
then one has the following two equivalent inequalities:

)

k(m n)amby < kyllall,|1bll g3
1/p (1~6)

(o] p
{ (Z m,n)am)} <kpllall,,

where the positive constant factor k(= [ o k(x,t) (x/)Y4dt) is independent of x > 0.

:

TaEOREM 1.3. Suppose that p > 1, 1/p+1/q =1, and k(e,x) (r = g x>0, £=0)
in (1.3) satisfy condition (ii) in Theorem 1.1. If an,b, = 0 and a = {ay},,_, € 1P, b =
{bp},_y €19, and IIaIIP,IIbIIq >0, T is defined by (1.1), and the formal inner product of
Ta and b is defined by

(Ta,b): i i (m,n)aub, = (a, Th), (1.7)
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then one has the following two equivalent inequalities:

(Ta,b) < Tl llall, b3

(1.8)
ITall, < I T, llall,

where the constant factor || T||, = J o k(x,t)(x/t) Yaq¢(>0) is the best possible.

Recently, Yang [2] also considered some frondose character of the symmetric kernel for
p =q = 2; Yang et al. [3—6] considered the character of the norm in Hilbert-type integral
operator and some applications.

Definition 1.4. If k(x,y) is a nonnegative function in (0,0) X (0,c0), and there exists
A > 0, satisfying k(xu,xv) = x *k(u,v), for any x,u,v € (0,00), then k(x, y) is said to be
the homogeneous function of —A-order.

In this paper, for keeping on research of the thesis in [1, 2], some frondose character of
the symmetric homogeneous kernel of —1-order satisfying condition (ii) of Theorem 1.1
is considered. One also considers two equivalent inequalities with the symmetric homo-
geneous kernel of —A-order. As applications, some new Hilbert-type inequalities with the
best constant factors and the equivalent forms as the particular cases of the kernel are
established.

For this, one needs the formula of the Beta function B(u,v) as (see [7])

B(u,v) = J:Wt-"ﬂdu —B(vu) (v >0). (1.9)

2. A lemma and a theorem

Suppose that the symmetric kernel k(x, y) is homogeneous function of —1-order. Setting
u=t/xin (1.3), one finds k, (e, x) isindependent of x > 0 and k,(¢) := [ o k(1,u)u~ 1+ dy

k (&x) (r=p,q). If kp := k (0,x) is a positive constant, then setting v = 1/u, one
obtains k; = [ o k(1,u)u="4du = [ §k(v,1)v="Pdv =k, >0, and k. (0,x) = ky (r = p,q).
Hence based on the above conditions, if for fixed x >0 and r = p,q, the functions
k(x,t)(x/t)"" are decreasing in t € (0,), then the kernel k(x, y) satisfies condition (i)
of Theorem 1.1 and suits using Theorem 1.2.

Lemma 2.1. Let p > 1, 1/p+1/q = 1, let the symmetric kernel k(x, y) be homogeneous
function of —1-order, and for fixed x >0, r = p,q, the functions k(x,t)(x/t)"" be decreas-
ingint € (0,00). If k(1,u) is positive and continuous in (0, 1], and there exist constant 1 <
min{l/p, l/q} and C = 0, such that lim,_o-u"k(1,u) = C, then for e € [0,min{p,q} (1 —
n) —1), = fo (L,u)u= 9" du are positive constants satisfying ky(e) = kp +0(1)
(e=0"; r = p q) and expression (1.5) is valid. Hence k(x,y) satisfies condition (ii) of
Theorem 1.1 and suits using Theorem 1.3.

Proof. For fixed x >0, € = 0, and r = p,q, the functions k(x, t)(x/t)(”e)/r = k(x,t)(x/
£)Vr (x/t)*" are still decreasing in t € (0,0). Since lim, o:u7k(1,u) = C and wk(1,u)
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is positive and continuous in (0, 1], there exists a constant L > 0, such that u"k(1,u) <
L (u € [0,1]). Setting u = 1/v in the following second integral, since k(1,1/v) = vk(v, 1),
one finds

1 (o)
0< kp(s) = J k(l, u)u*(lﬁ—s)/Pdu +J k(l’u)uf(1+s)/pdu

0 1
! 1

B J k(1,u)u P dy + J k(v, 1)y1+/p=14,
0 0
1

= J [u'/k(l’u)] [u—(Hs)/P—ﬂ + u(1+e)/p—y,_1]du

0
1 - B
<L (u—(1+s)/p—11+u(1+8)/P—’7—1)du=L[<l—E—l’l) +(£_77) ]
. q p p
(2.1)

Hence the integral k,(e) = [ o k(1,u)u=(*e/Pdy is a positive constant. Since by (2.1), one
obtains

1
0<|ky(e)—kp| = ’JOk(l,u)(u_(”‘g)/*"—u_l/‘l’+u(”‘€)/1f’_1 —u V) du

1
< J [wk(1,u)]| - rep=n _y=Vp-n 4 (te)/p=1-n _ 4 ~1/q—n |du
0
1
< LJ [ | u—(1+s)/p—r] _ u—l/p—n | + | u—l/q—q _ u(1+£)/p—1—11 | ]du (2.2)
0

: 1

L[H (== VP dy | + U (u Va1 — y(+e)/p=1=1y gy, ]
’ 0
1

G5 -G G - (5 ]

Then |k, (e) — kp|—0 (e—0%) and k, (&) = kp +0(1) (e—07). Similarly, k,(¢) is also a pos-
itive constant and k4(¢) = k; +0(1) = k, +0(1) (e—~0%). Hence k,(¢) is a positive con-
stant with k.(¢) = k, + 0o(1) (e—~0%; r = p,q). Since for ¢ € [0,min {p,q} (1 —#x) — 1) and
r = p,q, one obtains

= 1 1 m (L+e)/r had 1 1 t m (1+e)/r
0< mzzlmmjok(m,t)(t) dt=> m2+€,[ k(l,a> (7> dt
® 1l " £\ (e
_n;mMJo(m) k<l’%) (%) dt (2.3)

)

© 1 (! t>—(1+s)/r—r1 ¢ L )
S G) -
glmJ0<m m 1-(1+e)/r—n Z] m2-(+e)/r—n 0

m=

and then (1.5) is valid. The lemma is proved. O

Note. Inapplying Lemma 2.1, if k(1,u) is continuous in [0, 1], then one can set # = 0 and
does not consider the limit.



Bicheng Yang 5

If ky(x,y) is the homogeneous function of —A-order (A > 0), then k(x,y) = ky(x,
y)(x y) (172)A=1) 44 obviously homogeneous function of —1-order. Suppose that k(x, y) sat-
isfies the conditions of Lemma 2.1, setting w, (x) = x720-V (r = p»>q), since

Z z ky(m,n)a,b, = Z Z k(m,n)( wpp(m)am)(wq/q(n)bn),
n=1m=1 n=1m= . (2.4)

(o) o] P
> (wqp(n)<z kx(m,n)am) => [ k(m,n) wpp(m)am)] ,
m=1

m=1

by (1.8), one has the following theorem.

THEOREM 2.2. Let p > 1, 1/p+1/q = 1, let the symmetric kernel ky(x,y) be homog-
eneous function of —A-order (A > 0), and let the functions k(x, y) = ky(x, y)(xy)(l/z) A=1 at-

isfy the conditions of Lemma 2.1. If w,(x) = xX"20N (v = p.g), @, by 2 0, a = {am}y_, €
B, b= (b, €l such that llallpe, = (S5n®0Daf3" 5 0,16,

{30 n@20-Hpi v 0, then one has the following two eqmvalent inequalities:

[

> > ka(m,n)amby < kpllall po, 1610,
n=1m=1 (2.5)

o0 1-p ) py Up
> P X ki(m,m)an <kpllallpa,»
m=1

where the constant factor k, = [ k(1,u)u~"?dt is the best possible.

3. Applications to some Hilbert-type inequalities

In the following, suppose that p > 1, 1/p+1/q = 1, w,(n) = n'"/?3V (r = p,q), apm, b, >
0, a=f{ants, €, b=1{b}5, €, such that llall,,, = {35 0p(mab}’” >0,
”b”q,a)q ={> nzlwq( )bZ}l/q > 0, and one omits the words that the constant factors are
the best possible.

(a) Let ky(x,y) = (1/(x*+ y )M“)((x >0,0<1-2min{l/p,1/q} <A <1+4+2min{1l/p,
1/q}), and k(x,y) = (xy) -0z, /(x* +y°‘)’V“. Then for fixed x >0 and r = p,q,
(Get) M2/ (e 4 12V (/)T = (VDA /(g g )My (/) VAN e ecreas-
ing in t € (0,0). Since k(1,u) = u»1/2/(1+ )V is continuous in (0,1], there exists
n=(1/2)(1 = 1) <min{1/p,1/q}, such that lim, ¢+ u"k(1,u) = 1; setting t = u® in the
following, one obtains

K, - J‘°° 1 LA-D2-Vp g, lj‘” L miosnn-vpl-1g,
(1 + )A/(X 0 (1+t)/1/ot

ORI ) o)

(3.1)
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Then by (2.5), one has the following corollary.
CoROLLARY 3.1. The following inequalities are equivalent:

T Ma <kp(‘x)A”laHp,wp”b”q,wq;

n=1m= l(m“‘f' a)

Py VP (3.2)

{an/z )A-1) [Z ”} } <kp(a,M)llallpw,

(m* + n*)
In particular, (i) for « = 1, one has ky(1,A) = B(A+1)/2 - 1/p,(A+1)/2 - 1/q) and
00 ambn (/1‘{'1 1 A—}—l 1)
B P g wp 101l 03 3.3
n:1m:1(1’n‘f‘l”l)/1 2 p 2 q ||€l”p p” Hq . (3.3)
3 S " A+1 1 A+1 1
S i <B(7 p 2 7) wp> (3.4)
{nz—:ln L;l(m+n))‘] } 2 P 2 4 lallpw,

(ii) for a = A, one has k,(A,A) = (I/A)B((1/A) (A +1)/2 = 1/p),(1/A) (A + 1)/2 = 1/q))
and

e 1/A+1 1) 1/A+1 1
Zz_mwa L GRS i) (LI RECD

o o 1/p
S oo (5 _an ) p(L(HIN) LA Ly
= = mh A 2 plAN 2 q Py

(3.6)

(b) Let kx(x,y) = (In(x/y)/(x* = y*)) (0 <1-2min{1/p,1/q} <A <1+2min{1/p,
1/g}), k(x,y) = (In(x/y)/(x* - y*))(xy)(l/z)u*l). Since ln(l‘/x)/((t/x))L — 1) is decreasing
int € (0,00) (see [8]), then for fixed x >0 and r = p,q,

In (x/t) ()10 <x)1/r _ 20 In (t/x) (1)1/r+(1/2)(1)t) 5
Xt —th t (t/x)" —1 '
are decreasing in t € (0,00). Since k(1,u) = (Inu)u®V"2/(y* — 1) is continuous in
(0,1](k(1,1) = lim,—1k(1,u)), and (1 —A)/2 < min {1/p, 1/q}, there exists ¢ > 0, such that
n=(1/2)(1-1)+e<min{1/p,1/q}, and lim,_¢-u"k(1,u) = 0, then setting t = u* in the
following, and using the formula as (see [9])

) 2
J ln—tt“’lduz[ T ] =[B(a1-a)]" (0<a<]l), (3.8)
ot—1 sin an
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one obtains

® lnu Int
k. = J yA=D2=p g, 7[ A 12+ (1UN(1/g-1/2)-1 g4
P )our -1 AV)ot-1

[aed- oD

Then by (2.5), one has the following corollary.

(3.9)

CoRroLLARY 3.2. The following inequalities are equivalent:
S S n(m/m)agb, [1. (1 1/1 1\ 1 1/1 1\\T
7Bi 3\ " 5 )45 3 DY w (();
e < GG )haraG-2) et ot

1 (3.10)
3.10
> I [ ln(m/n)amr}
§ (p/2)(A-1) § S\ ) m

mh—
n=l "= (3.11)

NS TEER AR UR VAR ANY
A\2 A\g 2)2 A\p 2 Py

(c) Let ka(x, y) = 1/max {x*, y*} (0 < 1 —2min {1/p,1/q} <A < 1+2min{1/p,1/q}),
and k(x, y) = (1/max {x*, y*})(xy)?*"_Then for fixed x >0 and r = p,q,

1/p

1 1/r 1 1 1/r+(1/2)(1-1)
(xt)(l/z)(/l—l)<f) — 20D+ (,) (3.12)
max {x}, 4} t max {x}, A} \ ¢

are decreasing in t € (0, 00). Since k(1,u) = (u*12/max {1,u*}) (u € (0,1]) is continu-

ousin (0,1], there exists 7 = (1/2)(1 —A) < min{1/p,1/q}, and lim .o+ u"k(1,u) = 1, one
finds

0 1
k= J 1 U2 Vp gy, J

o max{l,ut} 0
(5 () ]

Then by (2.5), one has the following corollary.

LO-02=10p gy 4 J wu()tfl)/Z—/\fl/pdu
1
(3.13)

CoRrOLLARY 3.3. The following inequalities are equivalent:

© 2 by A-1 1P oa-1 1yt
>3 a (D) *(T*;) |allpa Il 31

,max {m*, nt} q

[e9) [ P l/p -1 —1
B In(m/n)a,, [(/\—1 1) (A—l 1) ]
(p/2)(A-1) W) 8m AT L2 AT
{§ n [§ x| A’”A}] } < 7 +q 3 +p lall po,-

m=1
(3.15)
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Remarks 3.4. (i) For p = q = 2in (3.3), (3.5), (3.10), and (3.14), setting w(n) = n'~* (0 <
A < 2), one has some Hilbert-type inequalities with a parameter (see [8, 10-12]):

g;mw(g ) ialaliblaas (316)
i iln% < Flalzallblsus (3.17)
i iW < (T) Nallalbllzas (3.18)
é f ﬁnfu} < Hlalulbl . (3.19)

(ii) For A =1 in (3.17), (3.18), and (3.19), one has the following base Hilbert-type
inequalities (see [9]):

a
z Z by , < rllallzllol;

nlml

1 / m n
S 3 InGm/manb, By 2l b1 (3.20)

n=1m=1

XZ

<4||a||z||b||z
max{
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