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Let ¢ be an analytic self-map and let u be a fixed analytic function on the open unit
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1. Introduction

Let B be the open unit ball in C", B = § its boundary, D the unit disk in C, dV the
normalized Lebesgue volume measure on B, do the normalized surface measure on S,
and H(B) the class of all functions analytic on B.

An analytic self-map ¢ : B—B induces the composition operator C, on H(B), defined
by C,(f)(z) = f(¢(2)) for f € H(B). It is interesting to provide a functional theoretic
characterization of when ¢ induces a bounded or compact composition operator on var-
ious spaces. The book [1] contains a plenty of information on this topic. Let u be a fixed
analytic function on the open unit ball. Define a linear operator uC,, called a weighted
composition operator, by uC, f = u-(f o ¢), where f is an analytic function on B. We can
regard this operator as a generalization of the multiplication operator M,(f) = uf and a
composition operator.

A positive continuous function ¢ on [0,1) is called normal if there exist numbers s
and t, 0 < s < t, such that ¢(r)/(1 — r)° decreasingly converges to zero and ¢(r)/(1 —r)"
increasingly tends to co, as r—1" (see, e.g., [2]).

For 0 < p < 00, 0 < g < o0, and a normal function ¢, let H(p,q,¢) denote the space of
all f € H(B) such that
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1 1/p
Hf”H(p,q,(p) = (JO qu(f;r)qip_(r)dr) < 00, (11)

r

where My (f,7) = ([s If(r()lqda(f))l/q, 0<r<l.

For 1 < p < 0, H(p,q,¢), equipped with the norm || - | g(p,q,¢)» is a Banach space. When
0<p<l, ||f||H(p,q,¢) is a quasinorm on H(p,q,¢), and H(p,q,¢) is a Frechet space but
not a Banach space. Note that if 0 < p = g < oo, then H(p, p,$) becomes a Bergman-type
space, and if ¢(r) = (1 — r)("“m’, y > —1, then H(p, p,¢) is equivalent to the classical
weighted Bergman space A} (B).

For «a > 0, we define the weighted space Hy’(B) = HY as the subspace of H(B) con-
sisting of all f such that || f{lge = sup,c5(1 Izlz)ulf(z)l < oo, Note that for « = 0, HY’
becomes the space of all bounded analytic functions H® (B). We also define a little ver-
sion of Hy’, denoted by H;,(B), as the subset of Hy® consisting of all f € H(B) such that
lim;~1-o(1 = |z1%)“| f(2)| = 0. It is easy to see that Hy) is a subspace of Hy’. Note also
that for a = 0, in view of the maximum modulus theorem, we obtain Hg,, = {0}.

For the case of the unit disk, in [3], Ohno has characterized the boundedness and
compactness of weighted composition operators between H® and the Bloch space %
and the little Bloch space %By. In [4], Li and Stevi¢ extend the main results in [3] in the
settings of the unit ball. In [5], A. K. Sharma and S. D. Sharma studied the boundedness
and compactness of uC, : Hy’ ([D))—-Af,7 (D) for the case of p > 1. For related results in the
setting of the unit ball, see, for example, [1, 6, 7] and the references therein.

Here, we study the weighted composition operators between the mixed norm spaces
H(p,q,¢) and HY (or Hyy). As corollaries, we obtain the complete characterizations of
the boundedness and compactness of composition operators between Bergman spaces
and H®.

In this paper, positive constants are denoted by C; they may differ from one occurrence
to the next. The notation a < b means that there is a positive constant C such that a < Cb.
If both a < b and b < a hold, then one says that a < b.

2. Auxiliary results

In this section, we give some auxiliary results which will be used in proving the main
results of the paper. They are incorporated in the lemmas which follow.

LeMMA 2.1. Assumethat f € H(p,q,¢)(B). Then there is a positive constant C independent
of f such that

I f ez(p.qe)
<C . .
| f(2)] < TR (2.1)
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Proof. By the monotonicity of the integral means, the following asymptotic relations:

¢(lzl) = p(Iwl),  we B(z,3(1—lzl)/4),
2.2
1-r=1-lzl, rel[(l+lz])/2,(3+z])/4], (22

and [8, Theorem 7.2.5], we have

(3+1zl)/4 »
Mg [, MBS ar

+lz)/2

(3+1z])/4 ¢p(r)

>M§(f,(1+|z|)/2)J

(+lzh2 1 =71 g (2.3)
> C(1-Iz1)"¢P (121) | f(2) |7,

from which the result follows. O

CoROLLARY 2.2. Assume that f € H(p,q,¢)(B). Then

lim (1-z]) )" (121) | f(2)] = (2.4)

lz|—=1—

Proof. It can be proved in a standard way (see, e.g., [9, Theorem 2]) that
rlj?}OHf - ﬁ||H(p,q,¢) =0, (2.5)

where f,(z) = f(rz), r € (0,1). Also since f € H(p,q,¢), by the monotonicity of the in-
tegral means, we have f, € H(p,q,¢), for every r € (0,1).
From this and by inequality (2.1), we have that for each r € (0, 1),

(112D (12 | F@)] < | f1@) [ (1= 1) 3 +CIlS = fllupge  (26)

From (2.5), we have that for every € > 0 there is an ry € (0, 1) such that

f = Fllapge <& 1€ lrol). (2.7)

If we take r = ry in (2.6) and employ (2.7) and the normality of ¢, the result follows. [J
LEmMA 2.3. For 3 > —1 and m > 1+ 3, one has

1 B
(1 — 7’) 1+p-m
T dr<C(1 - , 0<p<l 2.8
J, (e =c1-p) p (28)
The following criterion for compactness is followed by standard arguments.

LEMMA 2.4. The operator uCy, : H(p,q,¢)—~Hg (or HY —H(p,q,$)) is compact if and only
if for any bounded sequence (fi),cn in H(p,q,¢) (corresp. Hy ), which converges to zero
uniformly on compact subsets of B as k— oo, one has [|[uC fillge—0 as k—oo (corresp.
uCo ficllH1(p,q.6) 0 as k—o0).

In order to investigate the compactness of the operator uC, : H(p,q,¢)—H,), we need
the following lemma which can be proved similar to [10, Lemma 1].
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LEmMMA 2.5. Assume that K C Hyy isa closed bounded set. Then it is compact if and only if
limyg ;- OSUPfeK (1-1z1%) |f(Z)| =

3. The boundedness and compactness of uC, : H(p,q,¢)—Hg

In this section, we characterize the boundedness and compactness of the weighted com-
position operator uC, : H(p,q,¢)—~H;’.

THEOREM 3.1. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0< p, q <
oo, and ¢ is normal on [0,1). Then, uC, : H(p,q,¢)—~Hg is bounded if and only if

s (1-121)%|u(2) | <o, (3.1)

=8 (|9(2)]) (1- |p(z) )"

Proof. Suppose that the condition (3.1) holds. Then for arbitraryz€ Band f € H(p,q,¢),
by Lemma 2.1 we have

(1—121%) % u(2)|

PN
(1- 9 |")

(1= 12| (uC, f)(2)| = C If g (3:2)

9(2) |

Taking the supremum in (3.2) over B and then using condition (3.1), we obtain that the
operator uC, : H(p,q,¢)—H;’ is bounded.
Conversely, suppose that uC, : H(p,q,¢)—H,’ is bounded. For fixed w € B, take

(1 _ |W|2)t+l
d(lwl)(1- (z,w))" oL

By [8, Lemma 1.4.10], since ¢ is normal, and by Lemma 2.3, we obtain

[ £llErp.000

fu(2) = (3.3)

1 1 2\ p(t+1)
Y. Pr(r) . (1-[wl*) P (r)
_IOMQ(fW1r) l—rdr_CJ ¢P(|W|)(1—T|W|)p<t+l) 1—rdr

R e 17 S (o W N € el 1) K S (o 9
= d
C(L ¢ (Iwl) (1= rlw))? ™ 1= ”LW\ o7 (1w (1 — i) 177

<C(1- \wﬁ)"j

0 (1-rlw|

A=t e [P =Pt
)P(Hl)dr-kC(l—lwl ) lel( sEndr=C

(3.4)

1—rlwl)

Therefore f,, € H(p,q,¢), and moreover sup,, .l fullr(p,q.¢) < C. Hence we have

(1= 121%)* [u(z) fu (9(2) | <[[uCy fiu He = < Cl| full (p:0:9) uCl| < ClluCy||  (3.5)

for every z € B, and w € B. From this with w = ¢(2), (3.1) follows. O
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THEOREM 3.2. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0< p, q <
00, ¢ is normal on [0,1), and uC, : H(p,q,$)—H,’ is bounded. Then uC, : H(p,q,¢)—Hy’
is compact if and only if

| (1-1212)" | u(z) | _
m 2\n/q — "
@11 (|9(2)[) (1~ [(2)|")

(3.6)

Proof. First assume that condition (3.6) holds. Assume that (fi), ., is @ sequence in
H(p,q,¢) with sup, .l fkllH(p.q.9) < L and suppose that f;—0 uniformly on compact
subsets of B as k— co. We prove that [|uC, fi|lge —0 as k—oco.

First note that since uC,(H(p,q,¢)) < Hy, for f =1 € H(p,q,¢), we obtain uCy(1) =
u € HY. From (3.6), we have that for every ¢ > 0, there is a constant § € (0,1) such that
0 < |p(2z)] < 1 implies that

(1-1212) " u(z) |
3(lp()]) (1~ [g(2)]*)"

<¢/L. (3.7)

Let 6B = {w € B: |w| < §}. From (3.7), since ¢ is normal, and using the estimate in
Lemma 2.1, we have that

uCo fily
< sup (1-121")"u(@ filp@) | + sup (1-121*)"|u(2) fi(p(2)) |
¢(z)€dB 0<lo(z)|<1
- c(1- |Z|2)"‘|u(z)| (3.8)
< llullm jg&|fk(w)| +6<\?p(z)\<l¢(|¢(2)|)(l - ’(P(z)|2)n/q||ﬁ<||H(p,q,¢)
< llullgg sup | fe(w)| + Ce.
weSB

Since 6B is compact and by the assumption, it follows that limy_.. sup,,csz| fk(w)| = 0.
Using this fact and letting k—oco in (3.8), we obtain that limsup,_ , [[uCy fillg> < Ce.
Since ¢ is an arbitrary positive number, it follows that the last limit is equal to zero. There-
fore by Lemma 2.4, the operator uC, : H(p,q,¢)—~H is compact.

Conversely, suppose that uC,, : H(p,q,¢)—~Hy’ is compact. Let (zx)xen be a sequence
in B such that |¢(zr)|—1 as k—oco. If such a sequence does not exist, condition (3.6) is
automatically satisfied. Let fi(2) = fo(z)(2), k € N, where f,, is defined in (3.3). We know
that sup . |l fkllH(p.q.¢) < C and f; converges to 0 uniformly on compacts of B as k— co.
Since uC, is compact, we have limy . [[uCy fi gz = 0. From this and since

(1= 12?)" Ju(zp) |
o(lo(zi)]) (1 - |<p(zk)|2)”/‘1

< sug(l - |Z|2)a |u(2)| | fi(p(2)) | = ||”C<pfk||H;°’
(3.9)

condition (3.6) holds, finishing the proof of the theorem. O
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From Theorems 3.1 and 3.2, we easily obtain the following corollaries.

CoROLLARY 3.3. Suppose that ¢ is an analytic self-map of the unit ball, 0 < p, q < oo, and
¢ is normal on [0,1). Then the following statements hold true.
(a) The composition operator C, : H(p,q,¢)—~Hg is bounded if and only if

sup (1_|Z|2)a < 00
25 (| 9(2)]) (1- |g(z)|F)"

b) If C, : H(p,q,¢)—~Hy is bounded, then C, : H(p,q,$)—Hy’ is compact if and only
if

(3.10)

i (1-1z1?)"
v@1=1¢(|9(2)]) (1 - |p(z)] )™

CoROLLARY 3.4. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), and
0 < p < co. Then the following statements hold true.
(a) uCy : AP—~HY is bounded if and only if

(1-1212) " u(z) |

=0. (3.11)

sup 1/ (3.12)
5 (1= |g(a) )
(b) IfuC, : AP~ HZ is bounded, then uC, : AP —Hg is compact if and only if
1-1z12)% | u(z
lim ( l21) u ((+2>|/p - 0. (3.13)
lp(2) —|o(2) |

In particular, C, : AP —H® is bounded if and only if sup,.z|@(2z)| < L.

Recall that the B-Bloch space BF(B) = %P is the space of all f € H(B) such that
[ fllgs = 1£(0)] +sup,cp(1— Izlz)ﬁl%f(z)l < 00, where R f(z) = 1z](af/az])(z (see
[6]), and the little 5-Bloch space 973{)‘ (B) = %ﬁ is the space of all f € H(B) such that

limy; (1 — Izlz)ﬂ | f(z)] = 0. Using the following well-known asymptotic relatlonshlp:
[l £l = Il f llgges, @ > 0, we obtain that the next results hold true.

CoROLLARY 3.5. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0 <
P> q < o0, and ¢ is normal on [0,1). Then the following statements hold true.
(a) uCy: H(p,q,(/))—»%ﬁ, B > 1, is bounded if and only if

> (1-121%) 7|u(Z)|
5 (| p(2)]) (1- 9(2)]?)

(b) If uC, : H(p,q,(/))—»%ﬁ, B > 1, is bounded, then uC, :H(p,q,(/))—»%ﬁ is compact if
and only if

(3.14)

n/ q

(1-1212)f u(z)l
1m
v@1-1¢ (| (2)]) (1 - |p(2)|*)

i = = (3.15)
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4. The boundedness and compactness of uC, : H(p,q,¢)—~Hy)

In this section, we study the boundedness and compactness of the operator uC, : H(p,q,
¢)—Hgyp.
THEOREM 4.1. Suppose that ¢ is an analytic self-map ofthe unit ball, u € H(B),0< p, g <

o0, and ¢ is normal on [0,1). Then uC, : H(p,q,¢$)—Hg, is bounded if and only if condition
(3.1) holds and u € Hy),.

Proof. First assume that the operator uC, : H(p,q,¢)—Hy) is bounded. Then from the
proof of Theorem 3.1, it follows that (3.1) holds. Clearly uCy(1) = u €

Now assume that condition (3.1) holds and u € Hy}. Then in view of Theorem 3.1,
we have that the operator uC, : H(p,q,¢)—H,® is bounded. Hence it is enough to prove
that uCy(f) € Hy, for every f € H(p,q,¢).

From (2.4), we have that for every ¢ > 0 there is a § € (0,1) such that for § < |z| < 1,

3

(1-1212) ¢ (|2l)

On the other hand, since u € H, for the above chosen ¢, there is ¥ € (J,1) such that
forr<|z| <1,

| f(2)] < (4.1)

(1-121%) " u(z) | <e(1-8%)"1¢(3). (4.2)
From (4.1), we have that

(1-1z[?) | (2)]

(1- 1z u@) || flp(2) | <e (4.3)

(1= 9@ )" 6(|o)])

forr<|z| <land d < |gp(2)] < L.
On the other hand, combining (3.2) and (4.2), and using the fact that ¢ is normal, we
have

« 1-8%)(1-|z (z
(1 122)" Gy ) (0)| < CUZEVUZIBVNU@ o Cel g
(1-lo@ )" ¢(5)
(4.4)
when r < |z| <1 and |¢(z)| < 6. From (3.1), (4.3), and (4.4), the result follows. O

THEOREM 4.2. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0< p, g <
o0, ¢ is normal on [0,1), and uC, : H(p,q,¢)—H,’ is bounded. Then uC, : H(p,q,¢)—Hgyy
is compact if and only if

. (1-121?)" |u(z) |
-1 (|9(2) ) (1= [ (2)]?)

Proof. Taking supremum in (3.2) over the unit ball in H(p,q,¢), using (4.5), and apply-
ing Lemma 2.5, we obtain that uC, : H(p,q,¢$)—Hg) is compact.

T (4.5)
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Assume now that uC, : H(p,q,¢)—H, is compact. Then by Theorem 3.2, we have
that condition (3.6) holds, which implies that for every & > 0 there is an r € (0,1) such
that for r < |@(2)| < 1,

(1-121%)"|u(2) |
' 4.6
$(I9@ D1~ [p@ )7 " (46

On the other hand, we know that u € H},. Hence there is a 0 € (0,1) such that for
o<zl <1,

(1= 1213 u(z) | <e(1—r*)"1¢(r). (4.7)

Hence if |¢(z)| < r and 0 < |z| < 1, then from (4.7) and since ¢ is normal, we get

(L= 1zP)u@ | _(=r)(1=]zP)"]u)| (45)
ol ) (1-1o@ )"~ (N1 |p@2)|")" " ‘
From (4.8), and since for 0 < |z| < L and r < |@(2)| < 1, (4.6) holds, we get (4.5). O

5. The boundedness and compactness of uC, : HY —H(p,q,$)

In this section, we characterize the boundedness and compactness of the operator uC, :
Hy—H(p,q,9).

THEOREM 5.1. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0< p, q <
o0, and ¢ is normal on [0,1). Then uC, : H*—H(p,q,¢) is bounded if and only if uC, :
H*—H(p,q,¢) is compact if and only if u € H(p,q, ).

Proof. First note that every compact operator is bounded. Second, since f(z) =1 € H®,
from the boundedness of uC, : H* —H(p,q,¢), we have uCy(1) = u € H(p,q,¢). Hence
we should only prove that u € H(p,q,¢) implies the compactness of the operator uC, :
H®—H(p,q,¢). To this end, note that |uCy,(f)|H(p.q.¢) < Il flleo | ttll E(p,q.)> fOT every f €
H*®, which implies the boundedness of the operator uC, : H*—H(p,q,¢).

Now assume that (f;),cy is a sequence in H* such that sup, |l fille < L < 00 and
fk—0 uniformly on compacts of B. We show that limy_. [|4Cy ( fi) | 1(p,q.¢) = 0. Let

r/q
Ii(r) = (L lu(rQ) fi(@(r()) qua(()) , keN. (5.1)

Then since ¢ € H(B), we have that the set ¢(rS) is compact for every r € [0,1). Hence
u(r{) fi(p(r{))—0 uniformly on S, and consequently limy_. Iy (1) = 0, for every r € [0,1).
On the other hand, it is clear that I;(r) < LPMg(u,r) =g(r),r €[0,1), and since u €
H(p,q,9), it follows that g € £1([0,1),(¢?(r)/(1 — r))dr). Hence by employing the
Lebesgue dominated convergence theorem, we have

¢ (r)

1—-r

¢ (r)

1
= limI
dr= | il (r)T—

1
%{r?o||uC¢(fk)||£1(p,q,¢) = }Elj?o Jo Ii(r) dr =0. (5.2)

By Lemma 2.4, the compactness of uC, : H*—~H(p,q,$) follows. O



Stevo Stevi¢ 9

The case a > 0 is somewhat complicated and we do not have an equivalent condition
for the boundedness of uC, : Hy —H(p,q,¢) at the moment. Using the argument in the
proof of Theorem 5.1 and the family of test functions f,,(z) = (1 - (z,w)) %, w € B, we
get the following result. We omit the details of the proof.

THEOREM 5.2. Suppose that ¢ is an analytic self-map of the unit ball, u € H(B), 0 < «,
D> g < 0, and ¢ is normal on [0,1). Then the following statements hold true.

(a) IfuCy : HY —H(p,q, ) is bounded, then

/q
1 |u(rO) | )p ¢ (r)
su =do(0) dr < o0, (5.3)
e 90 (L 1= {p(rO),w) | L=
(b) The operator uC, : Hy' —H(p,q,¢) is compact if
1 q r/q P
| <f M@(()) AL BRI (5.4)
0 \Is (1-Jo(rO)[) L=r
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