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1 Introduction

Many issues in the social, physical, and biological sciences can be reduced to problems
using matrices that possess a unique structure owing to limitations. One of the most com-
mon situations is when the matrix K has nonpositive off-diagonal entries. The matrix K
can be written as follows:

K=sI-P, P>0. (1.1)

Here, P > 0 means that the matrix P is nonnegative.
Let R"™"(C"*") denote the union of n-by-# real (complex) matrices. Here, the conven-
tional notation is employed by setting

Zy =K = (ky) € R™",k; < 0,i 7}

The aim is to study a special subclass of matrices in Z,, called M-matrices.

For any matrix K of the form in Eq. (1.1), if s > p(P), the spectral radius of P, then K is
defined to be a nonsingular M-matrix. The set of nonsingular M-matrices is denoted by
M,.Let K € M,, and assume K = s] — P with s > p(P) and P > 0. It is known that g(K) = s —
p(P) is an eigenvalue of the matrix K with the minimum module [1], and g(K) is considered
to be the minimum eigenvalue of the M-matrix K.

M-matrices have been widely investigated and possess many appealing qualities [2, 3].
Research on the minimum eigenvalue is particularly important for an M-matrix and has
produced many novel findings. In practice, the minimum eigenvalues of the M-matrices
play an important role in evaluating the stability of a power system. Potential issues with
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the power system can be identified early by tracking and examining the minimum eigen-
values of the M-matrices, making it easier to obtain the proper solutions and increase the
stability and reliability of the system.

For two matrices A; = (a;;) € R and A, = (b;;) € ™", the Fan product of A; and A, is
denoted by A; x A, = (s;;), where

aiibi, i=j
S,‘j =

—a;b, i¥j.

The Fan product is a fundamental operation in the study of M-matrices. It plays a cru-
cial role in understanding the properties and characteristics of M-matrices. It is used to
analyze the interplay between the elements of two AM-matrices and study the properties
of the resulting matrix, such as eigenvalues, spectral radius, and invertibility. In previous
studies, the computation and estimation of the minimum eigenvalue of the Fan product
has become a popular research topic, and many results have been obtained [4—6].

Let A1,A; € M,,. The following classical result is proposed by Horn and Johnson [1]:

q(Ay x Az) > q(A1)g(Ay). (1.2)

The above inequality shows that the minimum eigenvalue of the Fan product A; x A, is
more than the product of the minimum eigenvalues of A; and A,.

As the class of M-matrices is closed under the Fan product, one can generalize the def-
inition of the Fan product from two to several M-matrices. For A; = (a;), A = (by), ...,
A,, = (my) € My, the Fan product of A, Ay, ..., A,, is denoted by Ay x Ay x - - x A, = (p),
where

aiibii - - - my, i=},
bij = o
—lagbi---myl|, i#j.

From the inequality in Eq. (1.2), one can observe that
q(A1x Ay x - % Ay) = q(A1)q(A2) - - q(A). (1.3)

Motivated by previous work [4—9], in this study, the lower bound of g(A; x Ay - - - xA,,)
was investigated further. The structure of the article is as follows.

In Sect. 2, a new lower bound on the minimum eigenvalue involving the Fan product
of several M-matrices is introduced. In Sect. 3, this result is further improved. These new
lower bounds generalize some earlier findings.

To verify the conclusions, a numerical test is described in Sect. 4, and these lower bounds
are compared.

2 New lower bound for g(A; x Ay % --- % A,,)
This section begins with a basic definition.
Definition 1 Let A € R™" with n > 2. If there exists a permutation matrix P that satisfies

PAPT:BC
o D)’
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where B and D are square matrices, A is considered reducible; if such a permutation matrix
P does not exist, A is irreducible.
For the M-matrices A; = (a;), A = (by), ..., A = (my) of order n and k = 1,2, one can

write
N =D;-AY,  Ny=D,-4¥, ...,  N,=D,-A%,
where

D, = diag(a/fl,alz‘z,...,afm), D, = diag(b kb, . bE ) oo

. koo k k
n = diag(m),, ms,, ..., my,),

and
A ) k= 1, A ) =1,
AI*AI; k=2, Az*Az, kIZ,
AD - Am k=
A, *A,,, k=2.
In addition, it is noted that
ﬂii>0, bii>0: ooy Wlii>0, i=1,2,...,l’l

Thus, D1, Dy, ..., D,, are all nonsingular. One can define
k _ k _ k _
J=pi'Ny, I =D'N, L TP =DyIN.

It is obvious that J (kl), ]X;), . ]Xj’ are nonnegative.
The following important lemmas must be remembered to arrive at the primary conclu-
sions of this work.

Lemma 1 [10] Let A € R"*" be an irreducible nonnegative matrix. The following facts
apply:

(1) There is a positive real eigenvalue that equals its spectral radius p(A).

(2) There is an eigenvector u > 0 satisfying Au = p(A)u.

Lemma 2 [10] If an irreducible M-matrix A € R"" and a nonnegative nonzero vector z
satisfy Az > kz, then q(A) > k.

Lemma 3 [11] Let ; = (ﬁj(l),ﬂ,(Z),...,,Bj(n))T >0,j=012,...,m If oj > 0 such that
Z;Zl % > 1, then

m

i]‘[ﬂj(nsli[{i Bi()] ]

i=1 j=1

B~
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Lemma4 [1] Let A = (a;) € R™" be a nonnegative matrix. For a > 0, A = (a?]‘.). Ifa>1,
then

p(A®) < p*(A).

Lemma 5 [10] Let A = (a;) € C"*" (n > 2). For any eigenvalue ) of the matrix A, there
must exist two unequal positive integers i, j satisfying the inequality

A —ail|A — a;] < Ri(A)R;(A),
where Ri(A) = 3y ; laik], Ri(A) = 34 laj|.
The first result of the lower bound for g(A; x Ay * - - - x A,,)) is shown below.
Theorem 1 Let Ay = (a;), Ay = (by), ..., A = (myy) € M,,. For k = 1,2, one obtains
gAL *Ag %+ % Ay) > [1- %(](k)) ; (] ) %(JXZ)] lrgiiéln(ﬂiibii M) (2.1)

Proof Define A = A; x Ay x - - - x Ay, This problem can be solved in two cases. First, A is
considered irreducible. One can then see that A;,A,,...,A,, are all irreducible. Therefore,

J& ne (k) . ]XZ are all irreducible and nonnegative for k = 1,2. From Lemma 1, there exist
m vectors
x=(x1,%2,...,%,)" >0, yz(yl,yz,...,yn)T>0, e z2=(z21,22).-,24) >0

that satisfy

T3 = p (), (2.2)

]X;)y(k) p(](k))y( ), (2.3)

T2 = pU4)2", (24)
where

xO= (K, L), 0= 0h0k ) L W= (L)

According to Egs. (2.2)—(2.4),

n

D laylxf = p () akx

Jj#i

Z 165155 = (L)) b

Jj#i

Z|mt/|kz = k )Wl{(lZf, i=1,2,...,}’l.

J#i
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Now, let w = (wy,wy,...,w,) € R", where w; = x;y;---z; >0 for all i = 1,2,...,n. For the
irreducible M-matrix A, according to Lemma 3,

n
(Aw); = a;iby; - - - muw; — Z laibi; - - - myjlwj

J#i
n
=a;b; - mw; — Z(|dij|xj) (163137 - - - (Imyl27)
J#i
» /n 3 " %
> aiibi; - - myw; — (Z |"th|kx/l'<> (Z |bz‘j|k3’j‘<) (Z |Wli;‘|kZ,]'(>
Jj#i J#i J#i

= aibii - mw; — pk (],E\kl))aiixip% (]X;))bii joee pk (L(‘k) Ymiiz;

= aiibii - - my[1 - P% (]fff)p% (]ﬁ@) e P% (]XZ)]Wi' (2.5)
By Lemma 2 and the inequality in Eq. (2.5),

qAL x Ay -+ % Ay) = [1- p%(flgﬁ))p% (],E;kz)) : "p%(jg(rl)]ﬂiibii”'mii

>[1- pi (]f;kf)p% ) - - pk ($2)] min (@bii - - - my).

1<i<n

In the following, it is assumed that the matrix A is reducible. Let H = (/;;) be the n-by-#

permutation matrix with
hip=hyg=-=hy1,=hn =1,

the remaining /;; = 0. A sufficiently small positive number ¢ is chosen such that A, — eH,
Ay—¢€H, ..., A, — eH are irreducible nonsingular M-matrices. Substituting A; — eH, A; —
eH,..., A, —eH for Ay, A,,...,A,, in the irreducible case, and then by setting ¢ — 0, the

conclusion holds by continuity theory. O

Next, two special cases are considered. By setting m = 2, k = 1 in Theorem 1, the con-

clusion is obtained as follows.

Corollary 1 Let Ay = (a;), Ay = (by) € M, then

q(A1 % Az) = [1 - p(Ja,)pUa,)] lminn(ﬂiibii)~ (2.6)

<i<

This is the result of Theorem 4 in a previous report [4]. Let m = k = 2, then, Theorem 1
yields the following corollary, which is the conclusion of Theorem 2.7 of Li [5].

Corollary 2 Let Ay = (a;), A = (by) € M, then

q(Ay *Az) > [1- p% (/,5123)/)% (],5122))] min (a;;b;;). (2.7)

n
1<i<m

As a result, the conclusions of Theorem 4 in an earlier report [4] and Theorem 2.7 in
other work [5] are contained in Theorem 1 of this study.
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Remark 1 From Lemma 4, one can get
1 1
P22 (I15) < pUa)PUay)-
This shows that

[1-p2 ()02 ()] min (@ibi) = [1 = pUis,)pUy)] min (aibi).

n
=n
Therefore, the lower bound in the inequality in Eq. (2.7) is superior to the lower bound in

the inequality in Eq. (2.6).

3 Improved lower bound for g(A; * Ay % --- % Ap,)
In this section, a second lower bound is proposed for g(A; x Ay * - -- x A,,), which is an
improvement of the lower bound in Sect. 2.

Theorem 2 Let Ay = (a;), Ay = (by), ..., A = (myy) € M,,. For k = 1,2, one obtains

q(Al *Az* s *Am)

1
: 2
> ngn 3 {ﬂiibu‘ <my + by — [(a,-,-bii - my; — ajibj; - - - )
i7

1
+ Waibi - ma)agy - my)pk (1) pk 1) - p% (150)]7 ). (3.1)

Proof Define A = A; x Ay x - - x A,,. To illustrate this issue, two aspects are considered.
First, it is assumed that A is irreducible. One can see that A;,A,,...,A,, are all irreducible.
In addition, ]X?, ]X;), e X;), are all irreducible and nonnegative for k = 1,2. In terms of
Lemma 1, for k = 1,2, there exist

u= (U1, ..., )" >0, v=(,Ve...,v) T >0, e t=(tnta.. b)) >0
that satisfy
Tau® = p(7))u®, (3:2)
JOWO = p (180, (3.3)
fﬁk,lt(“ = p(a)e, (3.4)
where
u® = (u’{, ulz‘,...,uﬁ)T, & = (V’l‘,vlz‘,...,vﬁ)T, cees t® = (tf, tlz(,...,tlrf)T.

According to Egs. (3.2)—(3.4), we arrive at
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by 5
> e g,

p#i i
n k ¢k

Imipl"t, ®Y, ko
Zt—kzp(]Am)mii’ i=12,...,n.
p#i i

Now, the following is defined:

Py = diag(uy, uz, ..., Un), P, = diag(v1,va,...,Vu), e

Pm = diag(tl, 12,005 lf,,,).

Clearly, Py, Py, ..., Py, are nonsingular. Let
~ aiill; ~ b.v;
A1:P11A1P1:<L>’ AZZPEIAZPZZ( 7 1)) oo

U; Vi

- miit:
A, =PlA,P =( ‘“),

i

and let
Ay xAyx- %Ay, =K = (k).
From the definition of the Fan product of several M-matrices, one obtains

a;ibi; - - - myj, i=j,

j= ajjuj byv; myjti
I Y L N
= b 17

It is assumed that P= PPy ---P,, and P"1(A; x Ay x--- %A, ) P=K' = (klfj). One obtains

1 .
K - m(ﬂn’bii cmg)uVic ot = agby - my, L=
i ajjuj bi/"’i mijtj

1 ..
m(—mijbij'"mzj|)MjVj"'tj ===~ t—i" i7].

Thus, we have

P YA %Ay x - xA,)P=A1 %Ay %% A,,.
This implies that
q(Al *Az L *Am) = q(Al *Az *oee *Am)

In addition, according to Lemma 3, one obtains

n

Ri(Al *Az‘k e *Am) = Z
pr#i

Aiply bipVp — Miply

up Vi ti
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1 1 1
< " |ﬂip|ku],; k - |bip|kV1]; k - |mip|kt,]; k
< () (o Pt (o

v Y pri Vi pri i
= aibi - mpk (](k)) ; (]X;)) o pk (/;(‘kyl) (3.5)
Similarly, one obtains
Ri(f:‘l *AgneewAy) < ajibj; - - ml/pk (] ) %(]Az) o %(]ng,:,)' (3.6)

As q(;ll *A2 'EE *Am) is an eigenvalue of;{l */12 ko *Am, it follows from Lemma 5 that

there exist two unequal positive integers i, j that satisfy

|q(A1 *Az L *Am) _ﬂiibii' . Wlqu(fh *Ag L *Am) —ﬂjjbﬁ .. -Wl}']‘}

< Ri(Al *Az L R *Am)Rj(Al *Az *x ok Ay,
Combining the inequalities in Egs. (3.5) and (3.6), one obtains

|q(A1* Ay - % Ap) — aiibii - mii| |q(Ay x Ay % - % Ayy) — by - - |

2 2 2
<(aibi; - - - my;)(ajbj; - - - mj) p* (ff(; ) k (](k)) -k (]Xil) (3.7)
AsO<q(A; xAyx---xA,,) <ayb;; - - mj, one can obtain

[q(A1 % Ax %+ % Ap) — aiii - - mii | [q(AL % Ay % -+ - % Ayy) — ajby; - - ]

2 2 2
< (aibii- - mi)azby - my)pk (J§ ) k (](k)) pk (/Xil) (3.8)
From the inequality in Eq. (3.8), we acquire

(AL % Ay -5 Ay)

—

2
Ealiy {ﬂiibii i+ ajiby - -y — [(ﬂiibii <+ my = ajbj - - - my)

N

2 (k)Y 2k 2 0 ()\13
+ Uaibi - mi) @by - my)pk (1)) o (14)) - p* (0) ]}
o1
> min 5 {ﬂiibii oMyt ajjbjj s Wll‘]' — [(aiibii s My — ﬂ]jbﬂ s lej)z

i

1
b iy my)pk Ui))F ) -+ pF 040))° ).

Now, considering that the matrix A; x Ay x - - - x A,, is reducible, one can prove similarly

by following the proof of Theorem 1. O

Remark 2 A novel proof of Theorem 1 is introduced. According to the Gerschgorin theo-
rem [10],

|q(A % Ay %+ % Ay) — by - 1| < Ry(Ay x Ay %+ % Ayy).
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Combining the inequalities in Eq. (3.5) and

0<q(Ar*xAyx---xAy,) <ayb;---my,

one obtains

1 1 1
aiihii - my; — q(AL x Ay % - x Ay) < ajbii - - - mypk (L(\k))p" (L(‘];)) <Pk (/X:,)

1

This indicates

qAL * Ay %+ % Ay) > ayibyi - - |1 - pt (]ﬁ(\ﬁ))p% (L(‘I;)) o pk (]XZ)]
>[1- pt (]X?)P% (],E{;)) - pf (L(‘IZ)] 1I£iignn(a”bﬂ ).

The following corollary is a special case of Theorem 2 by setting m =2, k = 1.

Corollary 3 Let Ay = (a;), A = (by) € M, then

.1 1
q(A1%xAz) > min 5 {aibii + ajbj —[(aibi; — agby)* + daibuaybyp®Ja, ) p*Uay)]? ). (3.9)

This is the direct result of Theorem 2 of Liu [6]. Setting m = k = 2 in Theorem 2, one
can obtain the following conclusion.

Corollary 4 Let Ay = (a;), A = (by) € M, then
.1 1
q(Al *xAy) > HLI;}/H 5 {ﬂiibii + ﬂj,‘bjj - [(ﬂiibii = a,,»b,;)z + 461,‘,‘1955611']'191'//) (]1221))/)(]/&22))] 2 } (3.10)

This happens to be the conclusion of Theorem 2.8 in an earlier report [5]. Therefore,
the results of Theorem 2 in another report [6] and Theorem 2.8 in the earlier report [5]
are contained in Theorem 2 of this study.

Remark 3 According to Lemma 4,

p(UD)0(L) < 0*Ua) 0% Uay)-

This implies that the lower bound in the inequality in Eq. (3.10) is superior to the lower
bound in the inequality in Eq. (3.9).
Next, the two lower bounds for g(A; * Ay x - -- x A,,;) in Theorem 1 and Theorem 2 are

compared.

Theorem 3 Let Ay = (a;), Ay = (by), ..., Awm = (my) € M, then

q(Al *Az *oee e *Am)

1

: 2

> m;n 5 {@iibii - - mi; + ajbyj - - mj; — [(@iibii - - mi; — ayby; - - - my)
i#
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+ by mi) by - my)pf (1) p (1)) -+ %(](121)]%}

> [1-pt 1)k (1) - p% (10)] min (@b - mi).
Proof It can be assumed that

[1-pt (1)1 ﬂk)) P U0 @i+ mi)
L) ok b

(]Az) ,0( )](“11 j+ - )

P (]Am)(ﬂu ii M) + (@ - my; = by - - - my).
Then, one obtains

(@iibii - - - mi; — ayibyj - - - Wl/j)2
+ by mi)agby - my)pf (1) E U) -+ 0% (1)
<(aubii- - my — agby - - my)* + Nayby -+ mii)zp; (]Al )P (] ) % (]XZ)
+ by - my)pt (/151]?);0% (]X;)) .- pf (],E\Iii)(ﬂ/jb/j oo = agby - my)

1 1 1
= @by - - - mj — aibyi - - - mys + 2aiby - - mi) p* (L(tkl))ﬁﬁ (]X;)) e pk (]212)]2, (3.11)
which, together with the inequalities in Eqgs. (3.1) and (3.11), leads to

qAy * Ay x---xA,,)

1

: 2

> m;n 3 {aiibii my + ajby - — [(aﬁbﬁ - my; — ajibj; - - - )
i7)

1
+ by mi)agby - my)pf (1) pF (1)) -+ pF (110)]7)

1
> m;n 2 {diibii My + ﬂ}'/'bj]' cee le]‘ — [dﬁbjj cee lej - ﬂiibii e Wll‘l‘]
7]

~ Aaibii - mi)pk () ok I8) - 0¥ ()}

= [1 - ,0{" (]X?),O% (]I(Akz)) te )0% (]XZ)] min (“u i * mii)-

1<i<

Therefore, the conclusion is proved. O

Page 10 of 12
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4 Numerical example
In this section, a concrete example is used to verify the findings. Three M-matrices are

considered:
4 -1 -1 -1 1 -0.5 0 0
-2 5 -1 -1 -0.5 1 -0.5 0
Aq=(a;) = , A, = (b)) = ’
e P 2= (by) 0 -05 1 -05
-1 -1 -1 4 0 0 -0.5 5
5 -1 -2 -1
-3 5 -1 -1
A =(C;;) =
3 (l}) 0 -3 8 -1
0 0 -3 8

By direct calculation, one obtains

pUa,) =07652,  p(Ja,) =0.8090,  p(Ja,) = 0.6666,
p(17)=02287,  p(17)=04045,  p(/))=02490,

gA) =1,  q(A,)=0.1910,  g(As3)=1.9199.
(1) In terms of Corollaries 1 and 3, one gets
q(A1 *x Ay) > 1.5238.
According to Corollaries 2 and 4, we acquire
q(A; x Ay) > 2.7834.
However, from the inequality in Eq. (1.2) in a previous study [1], one can only obtain
q(A1 * Az) > q(A1)q(A2) = 0.1910.

In fact, g(A; x A;) = 3.2296.
(2) From calculation, g(A; x Ay x A3) = 19.7097. Applying Theorem 1, one obtains

q(Ay * Ay x A3) > [1 = p(a,) pUa,)pUas)] min (a;bicii) = 11.7469

T
and
a(A1 Ay x 43) = [L= 02 (1)) 02 (717) 0 (2)] min (aibicy) = 16.9646.
Utilizing Theorem 2, one obtains

1
q(A1x Az x A3) > min 5 {aibiici + aybje; — [(aubiicii — aybjc;)?

1
+ daibici)azbjey) p* Uay) p*Uay)p° Uay) ]} = 12.9400
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and
.1 2
q(A1 x Ay x A3) > min 5 {aibici + agbjc; — [(aibici — agbjcy)
i
@Y, (1O, (1D)12
+ daibici)ajbjicy)p(a,) pUa, ) pUas)]* } = 18.2849.

However, according to the inequality in Eq. (1.3), one only gets

g(A1 * Ay x A3) > q(A1)q(A2)q(A3) = 0.3667.

The result is trivial. One can see from the example provided that, in certain instances, the

results are more accurate than earlier results.

5 Conclusions
For the Fan product of M-matrices Ay, Ay, ..., A, two new inequalities on the lower bound
of (A x Ay x - - - x A,,) were proposed. The derived new lower bounds generalize some
previous results.
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