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Abstract
In this paper, we study the weak-type regularity of the Bergman projection on
n-dimensional classical Hartogs triangles. We extend the results of Huo–Wick on the
2-dimensional classical Hartogs triangle to the n-dimensional classical Hartogs
triangle and show that the Bergman projection is of weak type at the upper endpoint
of Lq-boundedness but not of weak type at the lower endpoint of Lq-boundedness.
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1 Introduction
Let � ⊆ C

n be a bounded domain and dV the Lebesgue measure on �. Denote by L2(�)
the space of square-integrable functions and A2(�) the subspace of the square-integrable
holomorphic functions. It is easy to verify that Aq(�) is a closed subspace of Lq(�) for
any 1 ≤ q < ∞ by the mean value formula and the Hölder inequality. Considering the
case q = 2, there exists an orthogonal projection P� from L2(�) onto A2(�) which can be
represented as an integral operator

P�(f )(z) =
∫

�

f (w)K�(z, w) dV (w)

for any f in L2(�), where K�(z, w) satisfies K�(w, z) = K�(z, w), which is called the Bergman
kernel function. Moreover, by Riesz representation theorem, the function K�(z, w) is
unique. The orthogonal projection P� from L2(�) onto A2(�) is called the Bergman pro-
jection. Let P+

� be defined by

P+
�(f )(z) =

∫
�

∣∣K�(z, w)
∣∣f (w) dV (w),

which is called the absolute Bergman projection; see [11]. The theory of Bergman spaces
can be dated back to [2] in the early 1950s, where the first systematic treatment of the
subspace of the square-integrable holomorphic functions on � was given. Since then, a
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lot of papers in this area have appeared. An important problem in Bergman space theory
is to study the mapping properties of P, i.e., which functional spaces or classes are pre-
served by P. The boundedness of P on L2(�) can be easily deduced from the definition
of P. We naturally consider the question of the boundedness of P on Lq(�) for 1 < q < ∞,
which is not an easy problem to solve. As far as we know, the first to characterize the
Lq-boundedness were Zaharjuta and Judovič (see [23]). By using of the estimates of the
Bergman kernel, many authors have reached the conclusion that the Bergman projection
is bounded on the Lq space for all 1 < q < ∞ on a large class of smooth pseudoconvex do-
mains of finite type, including all finite-type domains in C

2, finite-type convex domains,
strongly pseudoconvex domains, and finite-type domains with locally diagonalizable Levi
form. See [4, 10, 12, 17–19] for more details. Nevertheless, it is worth noting that the
Bergman projection is not Lq bounded for all 1 < q < ∞ on the domains with serious sin-
gularities at boundaries in general; see [6]. But the Bergman projection is Lq-bounded on
strongly pseudoconvex domains with C2 boundary; see [15].

Let T be a linear operator on Lq(�). If there exists a constant c > 0 such that

∣∣{z ∈ � :
∣∣Tf (z)

∣∣ > λ
}∣∣ ≤ c

‖f ‖q
Lq(�)

λq

for any f ∈ Lq(�) and any λ > 0, then we say that T is of weak-type (q, q). This paper focuses
on the weak-type regularity of the Bergman projection for n-dimensional classical Hartogs
triangles. Let D be the unit disk and define the n-dimensional classical Hartogs triangle
Hn (n ≥ 2) as follows:

H
n :=

{
(z1, . . . , zn) ∈D

n : |z1| < · · · < |zn| < 1
}

.

In general, there exist two ways to obtain the Lq-regularity of the Bergman projection.
One is to choose a proper test function by Schur’s lemma; see [28]. The other is to use
the weak-type estimate of the Bergman projection to obtain the Lq-boundedness. Both
techniques are very effective in getting the Lq-regularity. Unfortunately, we cannot get the
weak-type regularity at the endpoints of Lq-boundedness from the Schur’s test. Thus this
paper mainly adopts the second method.

The Lq-boundedness of the Bergman projection on Hartogs triangles has been stud-
ied for many years by different authors. It follows from the work of Deng–Huang–Zhao–
Zheng [8] that the Bergman projection acting on L1(D) is of weak-type (1, 1). However, for
the two-dimensional case, Huo–Wick [11] proved that the Bergman projection is not of
weak-type (1, 1). From this, we can see that dimensionality may have an effect on the weak-
type regularity of the Bergman projection. Besides, according to Chakrabarti–Zeytuncu
[3], the Bergman projection is Lq-bounded if and only if q ∈ ( 4

3 , 4) over the classical Har-
togs triangle H⊂ D

2 which is given by

H :=
{

(z1, z2) ∈ D
2 : |z1| < |z2| < 1

}
.

Later, this result is also covered by the work of Edholm–McNeal [9]. Huo–Wick [11] and
Christopherson–Koenig [7] have characterized the weak-type regularity of the Bergman
projection of the classical Hartogs triangle H and the rational power-generalized 2-
dimensional Hartogs triangles Hm

n
(Hm

n
:= {(z1, z2) ∈ D

2 : |z1|m < |z2|n < 1}), respectively.
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For related work on 2-dimensional classical Hartogs triangle H, refer to [20, 21]. A similar
result for the harmonic Bergman projection on the punctured unit ball B \ {0} in R

3 was
proved by Koenig–Wang [13]. It has been proved by Chen [5] that the Bergman projec-
tion is bounded on Lq if and only if q ∈ ( 2n

n+1 , 2n
n–1 ) over the n-dimensional (n ≥ 2) classical

Hartogs triangle H
n, where

H
n :=

{
(z1, z2, . . . , zn) ∈D

n : |z1| < |z2| < · · · < |zn| < 1
}

.

This result is also generalized to the n-dimensional (n ≥ 2) generalized Hartogs triangles
by Bender–Chakrabarti–Edholm–Mainkar [1] and Zhang [24]. See also [16, 22, 25–27]
for related work on generalized Hartogs triangles. Inspired by their work, we would like to
study the weak-type regularity of the Bergman projection over the n-dimensional (n ≥ 2)
classical Hartogs triangle H

n at the endpoints.
The following two theorems are the main results in this paper, which will be proved in

Sects. 2 and 3, respectively.

Theorem 1.1 The Bergman projection on the n-dimensional (n ≥ 2) classical Hartogs tri-
angle Hn is not of weak-type ( 2n

n+1 , 2n
n+1 ).

Theorem 1.2 The Bergman projection on the n-dimensional (n ≥ 2) classical Hartogs tri-
angle Hn is of weak-type ( 2n

n–1 , 2n
n–1 ).

We generalize the result of the 2-dimensional case which is developed by Huo–Wick [11,
Theorems 4.1 and 4.2]. Our proof of Theorem 1.1 mainly relies on the Bergman projec-
tion of the multiparameter function z2

a2 |z2|–b2p′ · · · zn
an |zn|–bnp′ for proper p′, ai, bi, where

i = 2, . . . , n. And we will prove Theorem 1.2 by showing thatHn is biholomorphically equiv-
alent to D× (D∗)n–1(D∗ := D \ {0}) and P+

Dn is Lq-bounded for 1 < q < ∞.
The paper essentially follows the order established in this Introduction.
Throughout this paper, we will use the notation A � B, which is an inequality up to a

constant: A ≤ cB for some constant c. The relevant constants in all such inequalities do
not depend on any relevant variable. If A � B and B � A hold simultaneously, then we say
A ≈ B. We denote the Lebesgue measure of a Borel set by the notation | · |.

2 Failure of weak-type estimate of the Bergman projection at lower endpoint
In this section, we will prove that the Bergman projection P on H

n is not of weak-type
( 2n

n+1 , 2n
n+1 ). To get started, we set q := 2n

n+1 and abbreviate PHn to P. We just need to construct
a function fλ ∈ Lq(Hn) such that

∣∣{(z1, z2, . . . , zn) ∈H
n :

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣ > λ

}∣∣ ≥ cλ

‖fλ‖q
Lq(Hn)

λq ,

where cλ is a constant related to λ and satisfies cλ → ∞ as λ → ∞.
The following lemma gives an orthogonal basis of A2(Hn), which plays a major role in

this section.

Lemma 2.1 ([24, Lemma 4.1]) For n ≥ 2, we define

χ :=

{
τ = (τ1, . . . , τn) ∈ Z

n : τ1 ≥ 0,
j∑

i=1

τi + j ≥ 1, j = 2, . . . , n

}
.
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Then {zτ : τ ∈ χ} is an orthogonal basis on A2(Hn), where τ = (τ1, . . . , τn) are multiindices
and zτ := zτ1

1 · · · zτn
n .

Now, let us start with the proof of the theorem of this section.

The proof of Theorem 1.1 For λ > 0, we define

fλ(z1, . . . , zn) = z2
a2 |z2|–b2p′

z3
a3 |z3|–b3p′ · · · zn

an |zn|–bnp′
,

where p′ = p
p–1 denotes the conjugate index of p and p > 1 is a constant associated to λ,

ai ∈ N∪ {0} and bi ∈R for i = 2, . . . , n.
Let us calculate |P(fλ)(z1, z2, . . . , zn)| as follows:

P(fλ)(z1, z2, . . . , zn)

=
∫
Hn

∑
τ1≥0

τ1+τ2≥–1
...

τ1+τ2+···+τn≥1–n

w2
a2 |w2|–b2p′ · · ·wn

an |wn|–bnp′z1
τ1 w1

τ1 z2
τ2 w2

τ2 · · · zn
τn wn

τn

‖w1τ1 w2τ2 · · ·wnτn‖2
L2(Hn)

dV (w1, w2, . . . , wn). (2.1)

By using polar coordinates, one can easily get that

∫
Hn

w2
a2 |w2|–b2p′ · · ·wn

an |wn|–bnp′
w1

τ1 w2
τ2 · · ·wn

τn dV (w1, w2, . . . , wn) �= 0

if and only if

τ1 = 0 and τk = –ak

for k = 2, 3, . . . , n.
It follows from Lemma 2.1 that

–a2 – · · · – ak ≥ 1 – k (2.2)

for k = 2, . . . , n.
We can take a2 = a3 = · · · = an = 1 satisfying (2.2). Hence, one may compute ‖fλ‖q

Lq(Hn) as
follows:

‖fλ‖q
Lq(Hn)

=
∫
Hn

∣∣z2
a2 |z2|–b2p′

z3
a3 |z3|–b3p′ · · · zn

an |zn|–bnp′ ∣∣ 2n
n+1 dV (z1, z2, . . . , zn)

=
∫

|zn|<1
dV (zn)

∫
|zn–1|<|zn|

dV (zn–1) · · ·
∫

|z1|<|z2|

∣∣z2|z2|–b2p′
z3|z3|–b3p′

· · · zn|zn|–bnp′ ∣∣ 2n
n+1 dV (z1)
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...

=
∫

|zn|<1
dV (zn)

∫
|zn–1|<|zn|

2n–3πn–2|zn–1|(n–2–Bn–1p′) 2n
n+1 +2(n–2)|zn|(1–bnp′) 2n

n+1∏n–2
k=2((k – 1 – Bkp′) 2n

n+1 + 2k)
dV (zn–1)

=
∫

|zn|<1

2n–2πn–1|zn|(n–1–Bnp′) 2n
n+1 +2(n–1)

∏n–1
k=2((k – 1 – Bkp′) 2n

n+1 + 2k)
dV (zn)

=
2n–1πn∏n

k=2((k – 1 – Bkp′) 2n
n+1 + 2k)

,

provided that

(
k – 1 – Bkp′) 2n

n + 1
+ 2k > 0 for k = 2, . . . , n, (2.3)

where Bk =
∑k

i=2 bi for k = 2, . . . , n.
We can also simplify |P(fλ)(z1, z2, . . . , zn)| in (2.1) even further as follows:

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣

=
∣∣∣∣
∫
Hn

|w2|–b2p′ |w3|–b3p′ · · · |wn|–bnp′z2
–1 · · · zn

–1

‖w2–1 · · ·wn–1‖2
L2(Hn)

dV (w1, w2, . . . , wn)
∣∣∣∣. (2.4)

Now let us estimate

∥∥w2
–1 · · ·wn

–1∥∥2
L2(Hn)

and

∫
Hn

|w2|–b2p′ |w3|–b3p′ · · · |wn|–bnp′
dV (w1, w2, . . . , wn)

separately.
A simple calculation gives

∫
Hn

∣∣w2
–1 · · ·wn

–1∣∣2 dV (w1, w2, . . . , wn)

=
∫

|wn|<1
dV (wn)

∫
|wn–1|<|wn|

dV (wn–1) · · ·
∫

|w1|<|w2|

∣∣w2
–1 · · ·wn

–1∣∣2 dV (w1)

= πn. (2.5)
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Likewise, one could just as easily get

∫
Hn

|w2|–b2p′ |w3|–b3p′ · · · |wn|–bnp′
dV (w1, w2, . . . , wn)

=
∫

|wn|<1
dV (wn)

∫
|wn–1|<|wn|

dV (wn–1) · · ·
∫

|w1|<|w2|
|w2|–b2p′ |w3|–b3p′

· · · |wn|–bnp′
dV (w1)

...

=
∫

|wn|<1
dV (wn)

∫
|wn–1|<|wn|

2n–3πn–2|wn–1|2(n–2)–Bn–1p′ |wn|–bnp′

∏n–2
k=2(2k – Bkp′)

dV (wn–1)

=
∫

|wn|<1

2n–2πn–1|wn|2(n–1)–Bnp′

∏n–1
k=2(2k – Bkp′)

dV (wn)

=
2n–1πn∏n

k=2(2k – Bkp′)
, (2.6)

provided that

2k – Bkp′ > 0 for k = 2, . . . , n, (2.7)

where Bk =
∑k

i=2 bi for k = 2, . . . , n.
Combining (2.4)–(2.6), one obtains

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣ =

2n–1

|z2||z3| · · · |zn|∏n
k=2(2k – Bkp′)

. (2.8)

Then it follows from (2.8) that

∣∣{(z1, z2, . . . , zn) ∈H
n :

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣ > λ

}∣∣
=

∫
{(z1,z2,...,zn)∈Hn : 2n–1

|z2||z3|···|zn|∏n
k=2(2k–Bk p′) >λ}

dV (z1, z2, . . . , zn)

≥
∫

{(z1,z2,...,zn)∈Hn : 2n–1
λ

∏n
k=2(2k–Bk p′) >|zn|n–1}

dV (z1, z2, . . . , zn). (2.9)

Here, the appropriate parameters Bk (2 ≤ k ≤ n) and p′ will be chosen to ensure that

2
(λ

∏n
k=2(2k – Bkp′)) 1

n–1
< 1 (2.10)

holds. Then

(2.9) =
∫

|zn|< 2

(λ
∏n

k=2(2k–Bk p′))
1

n–1

dV (zn)
∫

|zn–1|<|zn|
dV (zn–1) · · ·

∫
|z1|<|z2|

dV (z1)

=
22nπn

n!(λ
∏n

k=2(2k – Bkp′)) 2n
n–1
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≈ 1∏n
k=2((k – 1 – Bkp′) 2n

n+1 + 2k)

∏n
k=2[(k – 1 – Bkp′) 2n

n+1 + 2k]

(λ
∏n

k=2(2k – Bkp′)) 2n
n–1

≈ ‖fλ‖q
Lq(Hn)

λq

∏n
k=2((k – 1 – Bkp′) 2n

n+1 + 2k)

λ
4n

(n–1)(n+1) (
∏n

k=2(2k – Bkp′)) 2n
n–1

. (2.11)

Substituting p′ = p
p–1 into

∏n
k=2((k–1–Bkp′) 2n

n+1 +2k)

(
∏n

k=2(2k–Bkp′))
2n

n–1
in (2.11), we get

∏n
k=2((k – 1 – Bkp′) 2n

n+1 + 2k)

(
∏n

k=2(2k – Bkp′)) 2n
n–1

=
(p – 1)2n ∏n

k=2((k – 1 – Bk
p

p–1 ) 2n
n+1 + 2k)

(
∏n

k=2(2k(p – 1) – Bkp)) 2n
n–1

=
(p – 1)n+1 ∏n

k=2(((k – 1 – Bk) 2n
n+1 + 2k)p – 2n

n+1 (k – 1) – 2k)

(
∏n

k=2((2k – Bk)p – 2k)) 2n
n–1

. (2.12)

Here one needs to choose appropriate Bk for k = 2, . . . , n to make sure that the following
is true:

(k – 1 – Bk)
2n

n + 1
+ 2k > 0, (2.13)

2k – Bk > 0. (2.14)

From (2.13) and (2.14), it is easy to see that

(2.12) ≈
(p – 1)n+1 ∏n

k=2(p –
2n

n+1 (k–1)+2k
(k–1–Bk ) 2n

n+1 +2k
)

(
∏n

k=2(p – 2k
2k–Bk

)) 2n
n–1

=
(p – 1)n+1 ∏n

k=2(p – 2nk+k–n
–nBk +2nk+k–n )

(
∏n

k=2(p – 2k
2k–Bk

)) 2n
n–1

. (2.15)

We can take Bk = 2k – 1 for k = 2, 3, . . . , n and p = 2n + λ–δ with δ ∈ (0, 1) to be chosen
shortly. Substituting Bk = 2k – 1 and p = 2n + λ–δ into the left-hand sides of (2.3), (2.7),
(2.10), (2.13), and (2.14), we obtain

LHS of (2.3) =
(
k – 1 – Bkp′) 2n

n + 1
+ 2k

=
(k – 1)(p – 1) – (2k – 1)p

p – 1
2n

n + 1
+ 2k

= 2
n(k – 1)(p – 1) – (2k – 1)pn + k(n + 1)(p – 1)

(p – 1)(n + 1)

= 2
n – k + kλ–δ

(p – 1)(n + 1)
> 0,

LHS of (2.7) = 2k – Bkp′ =
2(n – k) + λ–δ

p – 1
> 0,

LHS of (2.10) =
2

(λ
∏n

k=2(2k – Bkp′)) 1
n–1
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=
2

( λ1–δ

2n–1+λ–δ

∏n–1
k=2( 2(n–k)+λ–δ

p–1 )) 1
n–1

< 1 as λ → ∞,

LHS of (2.13) = (k – 1 – Bk)
2n

n + 1
+ 2k =

2k
n + 1

> 0,

LHS of (2.14) = 2k – Bk = 1 > 0.

So (2.3), (2.7), (2.10), (2.13), and (2.14) are satisfied.
Substituting Bk = 2k – 1, p = 2n + λ–δ into (2.15) and combining (2.9), (2.11), (2.12), and

(2.15), one has

∣∣{(z1, z2, . . . , zn) ∈H
n :

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣ > λ

}∣∣

�
‖fλ‖q

Lq(Hn)

λq

(2n – 1 + λ–δ)n+1λ–δ
∏n–1

k=2(–1 + n
k + λ–δ)

λ
4n

(n–1)(n+1) λ
–2nδ
n–1 (

∏n–1
k=2(2n – 2k + λ–δ)) 2n

n–1
. (2.16)

When λ tends to ∞, we can estimate (2.16) as follows:

(2.16) ≈ ‖fλ‖q
Lq(Hn)

λq λ
–δ+ 2n

n–1 δ– 4n
(n–1)(n+1) .

If we choose

–δ +
2n

n – 1
δ –

4n
(n – 1)(n + 1)

> 0,

i.e.,

δ >
4n

(n + 1)2 ,

then λ
–δ+ 2n

n–1 δ– 4n
(n–1)(n+1) → ∞ as λ → ∞.

Note that 4n < (n + 1)2 since n ≥ 2. So one can choose δ ∈ ( 4n
(n+1)2 , 1) such that

∣∣{(z1, z2, . . . , zn) ∈H
n :

∣∣P(fλ)(z1, z2, . . . , zn)
∣∣ > λ

}∣∣� ‖fλ‖q
Lq(Hn)

λq λ
–δ+ 2n

n–1 δ– 4n
(n–1)(n+1)

and λ
–δ+ 2n

n–1 δ– 4n
(n–1)(n+1) → ∞ as λ → ∞.

We complete the proof. �

3 Proof of weak-type estimate of the Bergman projection at upper endpoint
In this section, set q := 2n

n–1 and abbreviate PHn to P. We will show that the Bergman projec-
tion is of weak-type ( 2n

n–1 , 2n
n–1 ). Let us begin with some preliminaries. The Bergman kernel

on Dn is given by

KDn (z, w) =
1

πn ∏n
k=1(1 – zkwk)2 ,

where

z = (z1, z2, . . . , zn) ∈D
n and w = (w1, w2, . . . , wn) ∈ D

n.
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It is easy to see that the mapping (z1, z2, . . . , zn) �→ ( z1
z2

, z2
z3

, . . . , zn–1
zn

, zn) is a biholomorphism
from H

n onto D × (D∗)n–1. From the biholomorphic transformation formula in [14], we
get

KHn (z, w) = det

(
∂( z1

z2
, . . . , zn–1

zn
, zn)

∂(z1, . . . , zn)

)
KD×(D∗)n–1

(
z1

z2
, . . . ,

zn–1

zn
, zn;

w1

w2
, . . . ,

wn–1

wn
, wn

)

× det

(
∂( w1

w2
, . . . , wn–1

wn
, wn)

∂(w1, . . . , wn)

)

=
1∏n

k=2 zk
KDn

(
z1

z2
, . . . ,

zn–1

zn
, zn;

w1

w2
, . . . ,

wn–1

wn
, wn

)
1∏n

k=2 wk

=
1

πn(
∏n

k=2 zk)(
∏n

k=2 wk)(1 – znwn)2 ∏n–1
k=1 (1 – zk wk

zk+1wk+1
)2

, (3.1)

where

z = (z1, z2, . . . , zn) ∈H
n and w = (w1, w2, . . . , wn) ∈ H

n.

The following lemma is a crucial technique of proving Theorem 1.2 and stated as follows.

Lemma 3.1 The absolute Bergman projection P+
Dn is Lq-bounded for 1 < q < ∞.

Proof Let f ∈ Lq(Dn) (1 < q < ∞), z = (z1, z2, . . . , zn) ∈ D
n and w = (w1, w2, . . . , wn) ∈ D

n. A
simple calculation gives

P+
Dn (f )(z)

=
∫
Dn

∣∣KDn (z, w)
∣∣f (w) dV (w)

=
∫
Dn

f (w1, w2, . . . , wn)
πn ∏n

i=1 |1 – ziwi|2 dV (w1, w2, . . . , wn)

=
∫
D

1
π |1 – znwn|2 dV (wn)

∫
Dn–1

f (w1, w2, . . . , wn)
πn–1 ∏n–1

i=1 |1 – ziwi|2
dV (w1, . . . , wn–1). (3.2)

Now let us complete the proof in several steps.
Step 1. Set

g̃n(wn) := gn(z1, . . . , zn–1, wn)

=
∫
Dn–1

f (w1, w2, . . . , wn)
πn–1 ∏n–1

i=1 |1 – ziwi|2
dV (w1, . . . , wn–1). (3.3)

Substituting (3.3) into (3.2), one obtains

(3.2) =
∫
D

g̃n(wn)
π |1 – znwn|2 dV (wn).

From [11, Lemma 2.2], P+
D

is Lq-bounded for 1 < q < ∞.
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Then
∫
Dn

∣∣P+
Dn (f )(z)

∣∣q dV (z1, . . . , zn)

=
∫
Dn–1

∫
D

∣∣∣∣
∫
D

g̃n(wn)
π |1 – znwn|2 dV (wn)

∣∣∣∣
q

dV (zn) dV (z1, . . . , zn–1)

�
∫
Dn–1

∫
D

∣∣g̃n(zn)
∣∣q dV (zn) dV (z1, . . . , zn–1). (3.4)

Step 2.
Set

g̃n–1(wn–1) := gn–1(z1, . . . , zn–2, wn–1, zn)

=
∫
Dn–2

f (w1, w2, . . . , wn–1, zn)
πn–2 ∏n–2

i=1 |1 – ziwi|2
dV (w1, . . . , wn–2). (3.5)

Substituting (3.5) into (3.3), one has

g̃n(zn) =
∫
D

g̃n–1(wn–1)
π |1 – zn–1wn–1|2 dV (wn–1).

Since P+
D

is Lq-bounded for 1 < q < ∞ by [11, Lemma 2.2], one gets

(3.4) =
∫
Dn–1

∫
D

∣∣∣∣
∫
D

g̃n–1(wn–1)
π |1 – zn–1wn–1|2 dV (wn–1)

∣∣∣∣
q

dV (zn–1) dV (z1, . . . , zn–2, zn)

�
∫
Dn–1

∫
D

∣∣g̃n–1(zn–1)
∣∣q dV (zn–1) dV (z1, . . . , zn–2, zn).

Repeat the above process until Step (n – 1).
Set

g̃2(w2) := g2(z1, w2, z3, . . . , zn)

=
∫
D

f (w1, w2, z3, . . . , zn)
π |1 – z1w1|2 dV (w1).

It is easy to see that

∫
Dn

∣∣P+
Dn (f )(z)

∣∣q dV (z1, . . . , zn)

�
∫
Dn–1

∫
D

∣∣g̃2(z2)
∣∣q dV (z2) dV (z1, z3, . . . , zn)

=
∫
Dn–1

∫
D

∣∣∣∣
∫
D

f (w1, z2, z3, . . . , zn)
π |1 – z1w1|2 dV (w1)

∣∣∣∣
q

dV (z1) dV (z2, . . . , zn)

�
∫
Dn

∣∣f (z1, z2, z3, . . . , zn)
∣∣q dV (z1, . . . , zn).

We complete the proof. �

Now let us prove the main theorem of this section.
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The proof of Theorem 1.2 Let f ∈ Lq(Hn). Then

‖f ‖q
Lq(Hn) =

∫
Hn

∣∣f (z1, z2, . . . , zn)
∣∣ 2n

n–1 dV (z1, z2, . . . , zn)

=
∫
Dn

∣∣∣∣∣f
( n∏

k=1

zk ,
n∏

k=2

zk , . . . , zn

)∣∣∣∣∣
2n

n–1
∣∣∣∣∣

n∏
k=2

zk
k–1

∣∣∣∣∣
2

dV (z1, z2, . . . , zn)

=
∫
Dn

∣∣∣∣∣f
( n∏

k=1

zk ,
n∏

k=2

zk , . . . , zn

) n∏
k=2

zk
k–1

∣∣∣∣∣
2n

n–1 n∏
k=2

|zk| –2k+2
n–1 dV (z1, z2, . . . , zn).

Define

g(z1, z2, . . . , zn) = f

( n∏
k=1

zk ,
n∏

k=2

zk , . . . , zn

) n∏
k=2

zk
k–1.

One can easily obtain

g ∈ Lq

(
D

n,
n∏

k=2

|zk| –2k+2
n–1 dV

)

and

‖g‖
Lq(Dn ,

∏n
k=2 |zk | –2k+2

n–1 dV )
= ‖f ‖Lq(Hn).

By using (3.1) and variable substitutions, one gets

∣∣Pf (z1, . . . , zn)
∣∣

=
∣∣∣∣
∫
Hn

f (w1, . . . , wn)KHn (z1, . . . , zn; w1, . . . , wn) dV (w1, . . . , wn)
∣∣∣∣

=

∣∣∣∣∣
∫
Dn

f

( n∏
k=1

wk , . . . ,
n∏

k=n–1

wk , wn

)
KHn

(
z1, . . . , zn;

n∏
k=1

wk , . . . ,
n∏

k=n–1

wk , wn

)

×
n∏

k=2

|wk|2k–2 dV (w1, . . . , wn)

∣∣∣∣∣

=
∣∣∣∣
∫
Dn

f (
∏n

k=1 wk , . . . ,
∏n

k=n–1 wk , wn)
∏n

k=2 |wk|2k–2

πn(
∏n

k=2 zk)(
∏n

k=2
∏n

i=k wi)(1 – znwn)2 ∏n–1
k=1 (1 – zk wk

zk+1
)2

dV (w1, . . . , wn)
∣∣∣∣

=
∣∣∣∣
∫
Dn

f (
∏n

k=1 wk , . . . ,
∏n

k=n–1 wk , wn)
∏n

k=2 wk
k–1

πn(
∏n

k=2 zk)(1 – znwn)2 ∏n–1
k=1 (1 – zk wk

zk+1
)2

dV (w1, . . . , wn)
∣∣∣∣. (3.6)

In a similar way, a simple calculation implies

∣∣∣∣PDn (g)
(

z1

z2
, . . . ,

zn–1

zn
, zn

)∣∣∣∣
=

∣∣∣∣
∫
Dn

g(w1, . . . , wn)KDn

(
z1

z2
, . . . ,

zn–1

zn
, zn; w1, . . . , wn

)
dV (w1, . . . , wn)

∣∣∣∣
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=

∣∣∣∣∣
∫
Dn

f

( n∏
k=1

wk , . . . ,
n∏

k=n–1

wk , wn

)

×
∏n

k=2 wk
k–1

πn(1 – znwn)2 ∏n–1
k=1(1 – zk wk

zk+1
)2

dV (w1, w2, . . . , wn)

∣∣∣∣∣. (3.7)

Comparing (3.6) with (3.7), it is easy to see that

∣∣Pf (z1, z2, . . . , zn)
∣∣ =

|PDn (g)( z1
z2

, . . . , zn–1
zn

, zn)|∏n
k=2 |zk| .

Hence we can evaluate |{(z1, z2, . . . , zn) ∈H
n : |P(f )(z1, z2, . . . , zn)| > λ}| as follows:

∣∣{(z1, z2, . . . , zn) ∈H
n :

∣∣P(f )(z1, z2, . . . , zn)
∣∣ > λ

}∣∣
=

∫
{(z1,z2,...,zn)∈Hn :|P(f )(z1,z2,...,zn)|>λ}

dV (z1, z2, . . . , zn)

=
∫

{(z1,z2,...,zn)∈Hn :
|P
Dn (g)( z1

z2 ,..., zn–1
zn ,zn)|∏n

k=2 |zk | >λ}
dV (z1, z2, . . . , zn)

=
∫

{(z1,z2,...,zn)∈Dn : |PDn (g)(z1,z2,...,zn)|∏n
k=2 |zk |k–1 >λ}

n∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn)

=
∫

{(z1,z2,...,zn)∈Dn :|zn|≤ 1
2 and |P

Dn (g)(z1,z2,...,zn)|∏n
k=2 |zk |k–1 >λ}

n∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn) (3.8)

+
∫

{(z1,z2,...,zn)∈Dn :|zn|> 1
2 and |P

Dn (g)(z1,z2,...,zn)|∏n
k=2 |zk |k–1 >λ}

n∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn). (3.9)

Now we just need to prove (3.8) �
‖f ‖q

Lq(Hn)
λq and (3.9) �

‖f ‖q
Lq(Hn)
λq . To this end, it is sufficient

to show
∫

{I1: |PDn (g)(z1,...,zn)|∏n
k=2 |zk |k–1 >λ}

n∏
k=2

|zk|2k–2 dV (z1, . . . , zn) �
‖f ‖q

Lq(Hn)

λq (3.10)

and

∫
{I2: |PDn (g)(z1,...,zn)|∏n

k=2 |zk |k–1 >λ}

n∏
k=2

|zk|2k–2 dV (z1, . . . , zn) �
‖f ‖q

Lq(Hn)

λq . (3.11)

Here,

I1 :=
{

(z1, z2, . . . , zn) ∈D
n : |zj1 | ≤

1
2

, . . . , |zjm | ≤ 1
2

, |zjm+1 | >
1
2

, . . . , |zjn–1 | >
1
2

, |zn| ≤ 1
2

}
,

where the set of the numbers j1, . . . , jn–1 is an any fixed rearrangement of 1, 2, . . . , n – 1 and

I2 :=
{

(z1, z2, . . . , zn) ∈D
n : |zt1 | ≤

1
2

, . . . , |zts | ≤
1
2

, |zts+1 | >
1
2

, . . . , |ztn–1 | >
1
2

, |zn| >
1
2

}
,

where the set of the numbers t1, . . . , tn–1 is an any fixed rearrangement of 1, 2, . . . , n – 1.
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Let us begin with (3.10). For |zn| ≤ 1
2 , one has

∣∣KDn (z1, z2, . . . , zn; w1, w2, . . . , wn)
∣∣ =

1
πn ∏n

k=1 |1 – zkwk|2

≈ 1
πn–1 ∏n–1

k=1 |1 – zkwk|2

and

∣∣PDn (g)(z1, z2, . . . , zn)
∣∣ =

∣∣∣∣
∫
Dn

g(w1, w2, . . . , wn)
πn ∏n

k=1(1 – zkwk)2 dV (w1, w2, . . . , wn)
∣∣∣∣

≤
∫
Dn

|g(w1, w2, . . . , wn)|
πn ∏n

k=1 |1 – zkwk|2
dV (w1, w2, . . . , wn)

�
∫
Dn–1

∫
D

|g(w1, w2, . . . , wn)|dV (wn)
πn–1 ∏n–1

k=1 |1 – zkwk|2
dV (w1, w2, . . . , wn–1)

= []P+
Dn–1

(∫
D

∣∣g(w1, w2, . . . , wn)
∣∣dV (wn)

)
(z1, z2, . . . , zn–1)

= P+
Dn–1 (G)(z1, z2, . . . , zn–1),

where G(w1, w2, . . . , wn–1) =
∫
D

|g(w1, w2, . . . , wn)|dV (wn). Then there exists a constant C
such that

LHS of (3.10)

≤
∫

{I1:
|P+
Dn–1 (G)(z1,z2,...,zn–1)|

∏n
k=2 |zk |k–1 >Cλ}

n∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn)

=
∫

I′1
dV (z1, z2, . . . , zn–1)

∫
{|zn|≤ 1

2 and (
|P+
Dn–1 (G)(z1,z2,...,zn–1)|

Cλ
∏n–1

k=2 |zk |k–1 )
1

n–1 >|zn|}

n∏
k=2

|zk|2k–2 dV (zn)

�
∫

I′1
dV (z1, z2, . . . , zn–1)

∫ (
|P+
Dn–1 (G)(z1,z2,...,zn–1)|

Cλ
∏n–1

k=2 |zk |k–1 )
1

n–1

0
r2n–1

n–1∏
k=2

|zk|2k–2 dr

�
∫

I′1

|P+
Dn–1 (G)(z1, z2, . . . , zn–1)| 2n

n–1

(λ
∏n–1

k=2 |zk|k–1) 2n
n–1

n–1∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn–1), (3.12)

where

I ′
1 :=

{
(z1, z2, . . . , zn–1) ∈ D

n–1 : |zj1 | ≤
1
2

, . . . , |zjm | ≤ 1
2

, |zjm+1 | >
1
2

, . . . , |zjn–1 | >
1
2

}
.

For |zj1 | ≤ 1
2 , |zj2 | ≤ 1

2 , . . . , |zjm | ≤ 1
2 , |zjm+1 | > 1

2 , |zjm+2 | > 1
2 , . . . , |zjn–1 | > 1

2 , it is easy to see that

∣∣KDn–1 (z1, z2, . . . , zn–1; w1, w2, . . . , wn–1)
∣∣ =

1
πn–1 ∏n–1

k=1 |1 – zkwk|2

≈ 1
πn–m–1 ∏n–1

k=m+1 |1 – zjk wjk |2
.
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In order to estimate (3.12), we need to simplify |P+
Dn–1 (G)(z1, z2, . . . , zn–1)| as follows:

∣∣P+
Dn–1 (G)(z1, z2, . . . , zn–1)

∣∣

=
∫
Dn–1

∫
D

|g(w1, w2, . . . , wn)|dV (wn)
πn–1 ∏n–1

k=1 |1 – zkwk|2
dV (w1, w2, . . . , wn–1)

≈
∫
Dn–m–1

∫
Dm+1 |g(w1, w2, . . . , wn)|dV (wj1 , wj2 , . . . , wjm , wn)

πn–m–1 ∏n–1
k=m+1 |1 – zjk wjk |2

dV (wjm+1 , wjm+1 , . . . , wjn–1 )

= P+
Dn–m–1

(∫
Dm+1

∣∣g(w1, w2, . . . , wn)
∣∣dV (wj1 , wj2 , . . . , wjm , wn)

)
(zjm+1 , zjm+2 , . . . , zjn–1 )

= P+
Dn–m–1 (G1)(zjm+1 , zjm+2 , . . . , zjn–1 ), (3.13)

where G1(wjm+1 , wjm+2 , . . . , wjn–1 ) =
∫
Dm+1 |g(w1, w2, . . . , wn)|dV (wj1 , wj2 , . . . , wjm , wn).

Substituting (3.13) into (3.12), one obtains

∫
I′1

|P+
Dn–1 (G)(z1, z2, . . . , zn–1)| 2n

n–1

(λ
∏n–1

k=2 |zk|k–1) 2n
n–1

n–1∏
k=2

|zk|2k–2 dV (z1, . . . , zn–1)

≈
∫

I′1

|P+
Dn–m–1 (G1)(zjm+1 , . . . , zjn–1 )| 2n

n–1

(λ
∏n–1

k=2 |zk|k–1) 2n
n–1

n–1∏
k=2

|zk|2k–2 dV (z1, . . . , zn–1)

≈
∫

I′1

|P+
Dn–m–1 (G1)(zjm+1 , . . . , zjn–1 )| 2n

n–1

(λ
∏m

k=1,jk �=1 |zjk |jk –1) 2n
n–1

m∏
k=1,jk �=1

|zjk |2jk –2 dV (z1, . . . , zn–1)

�
∫
Dn–m–1

G′
1

q

λq

∫
Dm

m∏
k=1,jk �=1

|zjk |
2(n–jk )

n–1 –2 dV (zj1 , . . . , zjm ) dV (zjm+1 , . . . , zjn–1 ), (3.14)

where G′
1 := |P+

Dn–m–1 (G1)(zjm+1 , . . . , zjn–1 )|.
Note that 2(n–jk )

n–1 –2 > –2 since jk ≤ n–1, so
∫
Dm

∏m
k=1,jk �=1 |zjk |

2(n–jk )
n–1 –2 dV (zj1 , . . . , zjm ) < ∞.

Hence,

(3.14) ≈
∫
Dn–m–1

G′
1

q

λq dV (zjm+1 , . . . , zjn–1 )

=
‖P+

Dn–m–1 (G1)‖q
Lq(Dn–m–1)

λq . (3.15)

By Hölder’s inequality, one gets

∫
Dn–m–1

G1(wjm+1 , . . . , wjn–1 )q dV (wjm+1 , . . . , wjn–1 )

�
∫
Dn–m–1

∫
Dm+1

∣∣g(w1, w2, . . . , wn)
∣∣q dV (wj1 , wj2 , . . . , wjm , wn)

dV (wjm+1 , wjm+2 , . . . , wjn–1 )

= ‖g‖q
Lq(Dn) ≤ ‖g‖q

Lq(Dn ,
∏n

k=2 |zk | –2k+2
n–1 dV )

= ‖f ‖q
Lq(Hn). (3.16)
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Hence,

G1 ∈ Lq(
D

n–m–1). (3.17)

Combining (3.12), (3.13), (3.14), (3.15), (3.16), (3.17), and Lemma 3.1, we have

LHS of (3.10) �
‖P+

Dn–m–1 (G1)‖q
Lq(Dn–m–1)

λq

�
‖G1‖q

Lq(Dn–m–1)

λq

�
‖f ‖q

Lq(Hn)

λq .

This gives (3.10).
Now only (3.11) remains to be dealt with. Let

|zt1 | ≤
1
2

, . . . , |zts | ≤
1
2

, |zts+1 | >
1
2

, . . . , |ztn–1 | >
1
2

, |zn| >
1
2

.

Similarly, the set of the numbers t1, . . . , tn–1 is an any fixed rearrangement of 1, 2, . . . , n – 1.
Then

∣∣KDn (z1, z2, . . . , zn; w1, w2, . . . , wn)
∣∣ =

1
πn ∏n

k=1 |1 – zkwk|2

≈ 1
πn–s|1 – znwn|2 ∏n–1

k=s+1 |1 – ztk wtk |2
. (3.18)

It follows from (3.18) that

∣∣PDn (g)(z1, z2, . . . , zn)
∣∣

=
∣∣∣∣
∫
Dn

g(w1, w2, . . . , wn)
πn ∏n

k=1 |1 – zkwk|2
dV (w1, w2, . . . , wn)

∣∣∣∣

�
∫
Dn

|g(w1, w2, . . . , wn)|
πn–s|1 – znwn|2 ∏n–1

k=s+1 |1 – ztk wtk |2
dV (w1, w2, . . . , wn)

≈
∫
Dn–s

∫
Ds |g(w1, w2, . . . , wn)|dV (wt1 , wt2 , . . . , wts )

πn–s|1 – znwn|2 ∏n–1
k=s+1 |1 – ztk wtk |2

dV (wts+1 , wts+2 , . . . , wtn–1 , wn)

= P+
Dn–s

(∫
Ds

∣∣g(w1, w2, . . . , wn)
∣∣dV (wt1 , wt2 , . . . , wts )

)
(zts+1 , zts+2 , . . . , ztn–1 , zn)

= P+
Dn–s (G2)(zts+1 , zts+2 , . . . , ztn–1 , zn), (3.19)

where G2(wts+1 , wts+2 , . . . , wtn–1 , wn) =
∫
Ds |g(w1, w2, . . . , wn)|dV (wt1 , wt2 , . . . , wts ).

Hölder’s inequality now leads to

∫
Dn–s

G2(wts+1 , . . . , wtn–1 , wn)
2n

n–1 dV (wts+1 , . . . , wtn–1 , wn)

�
∫
Dn–s

∫
Ds

∣∣g(w1, w2, . . . , wn)
∣∣ 2n

n–1 dV (wt1 , wt2 , . . . , wts ) dV (wts+1 , wts+2 , . . . , wtn–1 , wn)
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= ‖g‖q
Lq(Dn) ≤ ‖g‖q

Lq(Dn ,
∏n

k=2 |zk | –2k+2
n–1 dV )

= ‖f ‖q
Lq(Hn). (3.20)

So G2 ∈ Lq(Dn–s) and let G′
2 := P+

Dn–s (G2)(zts+1 , zts+2 , . . . , ztn–1 , zn).
Together with (3.19), one has

LHS of (3.11) ≤
∫

I2

( |PDn (g)(z1, z2, . . . , zn)|
λ

∏n
k=2 |zk|k–1

) 2n
n–1 n∏

k=2

|zk|2k–2 dV (z1, z2, . . . , zn)

�
∫

I2

G′
2

2n
n–1

(λ
∏n

k=2 |zk|k–1) 2n
n–1

n∏
k=2

|zk|2k–2 dV (z1, z2, . . . , zn)

≈
∫

I2

G′
2

2n
n–1

(λ
∏s

k=1,tk �=1 |ztk |tk –1) 2n
n–1

s∏
k=1,tk �=1

|ztk |2tk –2 dV (z1, z2, . . . , zn)

=
∫

I2

G′
2

2n
n–1

λ
2n

n–1

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (z1, z2, . . . , zn). (3.21)

Note that 2(n–tk )
n–1 – 2 > –2 since tk ≤ n – 1, so

∫
Ds

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (zt1 , . . . , zts ) < ∞. (3.22)

Then

(3.21) ≤
∫
Dn

G′
2

2n
n–1

λ
2n

n–1

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (z1, z2, . . . , zn)

=
∫
Dn–s

G′
2

2n
n–1

λ
2n

n–1
dV (zts+1 , zts+2 , . . . , ztn–1 , zn)

×
∫
Ds

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (zt1 , zt2 , . . . , zts )

≈
∫
Dn–s

G′
2

2n
n–1

λ
2n

n–1
dV (zts+1 , zts+2 , . . . , ztn–1 , zn). (3.23)

From Lemma 3.1 and (3.20), it follows that

(3.23) �
‖G2‖

2n
n–1
Lq(Dn–s)

λ
2n

n–1

�
‖f ‖q

Lq(Hn)

λq .

We complete the proof of the weak-type ( 2n
n–1 , 2n

n–1 ). �

Remark 3.2 It is necessary to divide the proof of Theorem 1.2 into two parts, (3.8) and

(3.9). The ways to prove (3.8) �
‖f ‖q

Lq(Hn)
λq and (3.9) �

‖f ‖q
Lq(Hn)
λq are different and not inter-

changeable.
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(i) If the method of proving (3.9) �
‖f ‖q

Lq(Hn)
λq is applied to the proof of (3.8) �

‖f ‖q
Lq(Hn)
λq ,

there will be errors.
When |zn| ≤ 1

2 , let us consider

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2

in (3.21). One obtains

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 = |zn|–2
s–1∏

k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2.

Then

∫
Ds

s∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (zt1 , . . . , zts )

=
∫
Ds–1

s–1∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (zt1 , . . . , zts–1 )
∫
D

|zn|–2 dV (zn).

It is easy to see that

∫
Ds–1

s–1∏
k=1,tk �=1

|ztk |
2(n–tk )

n–1 –2 dV (zt1 , . . . , zts–1 ) < ∞

and
∫
D

|zn|–2 dV (zn) = ∞.

Hence, (3.22) will not hold.

(ii) After a simple calculation, we also find that the method of proving (3.8) �
‖f ‖q

Lq(Hn)
λq

cannot be applied to the proof of (3.9) �
‖f ‖q

Lq(Hn)
λq .
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2 . Ann. Math. (2) 129(1),
113–149 (1989)

19. Phong, D.H., Stein, E.M.: Estimates for the Bergman and Szegő projections on strongly pseudoconvex domains. Duke
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