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1 Introduction

The variational inequality problem (VIP) was developed by Stampacchia [1] in 1964, and
it provides useful mathematical tools for investigating interesting issues like game theory,
economic equilibrium mechanics, partial differential equations, and optimization theory;
see [2—8]. Due to their active role and significance in nonlinear analysis, VIPs are currently
growing in both theory and practice; for examples, see [8, 9]. The variational inequality
problem (VIP), one of the significant problems, has drawn the interest of numerous math-

ematicians throughout the years. One can define VIP as finding 7* € Q such that

(L(?*),p - 7’*) >0 forallpeQ, (1.1)
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where L is a nonlinear mapping. The set of solutions of the VIP is represented by VIP(Q, L).
One of the most often used methods for studying VIPs is the projection method, which
can be applied to demonstrate the equivalence between fixed points and VIPs.

In 1994, Censor and Elfving [10] introduced the split feasibility problem (SFP) for mod-
eling inverse problems. SFP identifies a point in a closed convex subset of a Hilbert space
such that the image of that point under a particular bounded linear operator belongs to
a closed convex subset of a different Hilbert space. Currently, SFPs are implemented in
a number of fields, including signal processing [11], computer tomography [12], image
restoration [13, 14], and intensity modulated radiation treatment (IMRT) [12, 15]. Re-
cently, numerous authors have presented various split-type problems; see [11, 12, 15] for
significant developments in this direction or related topics. In 2005, Censor et al. [12] pro-
posed multiple-sets split feasibility problems (MSSEPs), which have applications in the
inverse problem of intensity-modulated radiation therapy. In 2009, Censor and Segal [16]
proposed split common fixed point problems (SCEFPPs) to generalize the split feasibility
problem, the convex feasibility problem, and the multiple-sets split feasibility problem.
For more related problems, see [17-23].

The split equality problem (SEP) was firstly proposed by Moudafi [24] in 2013. Par-
tial and asymmetric relationships between the variables of two spaces are permitted by
SEP. Moudafi [25] studied the split equality fixed point problem (SEFPP), which involves
strongly nonexpansive mapping. Additionally, Moudafi and Al-Shemas [26] proved a weak
convergence result and proposed the simultaneous iterative method. One can see the
above-mentioned iterative approaches need the norm of the bounded linear operators
[lA]l and ||B]|. Calculating the norm of a bounded linear operator can be difficult in some
situations. Lopez et al. [27] provided a valuable solution to this numerical challenge. In
2014, Zhao [28] improved the result of Moudafi [16, 24, 25]. By considering the step size
that does not need previous knowledge of the operator norm and obtained the weak con-
vergence result for quasi-nonexpansive mappings. A significant convergence result involv-
ing quasi-nonexpansive mappings for solving the split common fixed point problem was
demonstrated by Shehu et al. [29] in 2017. The split equality variational inequality prob-
lem (SEVIP) has been extensively studied and used to solve many real-world issues, in-
cluding modeling intensity-modulated radiation therapy treatment planning [30]. Mathe-
matically, SEVIPs are very general since they include common solutions of the variational
inequality problem [31], split equality zero point problem [32], split equality feasibility
problem [33], and common zeros of mappings [34]. SEVIP is stated as a problem of find-
ing (7*,5%) € Q1 x Q, such that

(7,5%) € VIP(Q1, L) x VIP(Q3,L”) and AF* = Bs", (1.2)

where A, B are bounded linear operators, Q;, Q, are nonempty closed convex subsets of
H, and H,, respectively, and L* : H; — Hy, L : Hy — H, are nonlinear operators.

In 2014, Wu et al. [35] proposed the multiple-sets split equality fixed point problem
(MSEFPP) stated as a problem of finding (7*,5*) € H; x H, such that

N P
7 e \Fix(S), 5" €()|Fix(Uy) and AF =B, (1.3)
k1=1 ko=1
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where S, : Hy = Hi, Uy, : Hy — H, are nonlinear operators with 1 <k; <N, 1<k, <P
and A, B are bounded linear operators. MSEFPP includes the multiple-sets split equality
problem (MSEP), the split equality fixed point problem (SEFPP), the multiple-sets split
feasibility problem (MSFP), the split equality problem (SEP), and many others; see [36].
MSEFPP had a significant impact on the growth of various fields including signal process-
ing and image restoration.

Variational inclusion problems had a significant impact on the growth of many fields
including mathematical programming, optimal control, mathematical economics, varia-
tional inequalities, game theory, complementarity problems, etc. In 2011, Moudafi [33]
studied the split monotone variational inclusion problem (SMVIP). SMVIP is to find
7™ € H such that

0eK(¥) and 0e()T(AF), (1.4)
i=1

where A is a bounded linear operators, K : H; — H; and T : H, — H, are set-valued
maximal monotone mappings. The general split equality variational inclusion problem
(GSEMVIP) was studied by Chang et al. [37] in 2014, generalizing the SMVIP. GSEMVIP
is stated as finding (v*,5*) € H; x Hj such that

0Oe(Ki(¥), 0e()Ti(s*) and A7 =Bs". (1.5)
i=1 i=1

The set of solutions to the GSEMVIP is represented by 2. Chang et al. [37] proved a strong
convergence theorem for GSEMVIP. In 2017, Latif and Eslamian [38] introduced a method
to find the common solution of three split equality problems, namely variational inequal-
ity, equilibrium, and fixed point problems of nonexpansive semigroups. In 2019, Kazmi
et al. [39] proposed an iterative method to find the common solution of three split equal-
ity problems, namely variational inclusion, generalized general variational-like inequality,
and fixed point problems for quasi-nonexpansive mapping.

The inertial extrapolation methods were extensively used as an acceleration technique.
The researchers used inertial extrapolation to build numerous iterative algorithms. The
critical characteristic of inertial extrapolation is that the following iteration is determined
using the results of the previous two iterations. The efficiency of its original (non-inertial)
algorithms, like [40, 41], has been significantly enhanced by inertial approaches, as demon-
strated by numerical studies. As a result, a lot of research is currently focused on exploiting
inertial extrapolation to improve current methods (see [42, 43] and the references therein).

Suppose that Hy, H,, and Hj are real Hilbert spaces. Assume that A : H; — H3 and B:
H, — Hj are two bounded linear operators. Suppose that {K;}°, : H; — 2M1 and (T}
H, — 2™ are maximal monotone mappings. Let Sk, : Hy — Hi and Uy, : Hy — H, be
demicontractive operators such that / — S, and I — Uy, are demiclosed at zero for 1 < k; <
N, 1 < ko < P with constants 0 < ki, <1 and 0 < ¢, < 1, respectively, where x = max iy,
and ¢ = max ¢y,. Define Sg;, = Sk;( mod N)+1 and Uy, = U, mod p)+1. Let L;‘ :Hy — Hi, L}y- :

H, — H, be c]?‘, (:]y -inverse strongly monotone mappings, respectively, ¢* = minj_; 5, , M{c;‘}
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and & = minjzl,z,,,,,M{c}’ }. We represent the required solution set by I', where
N o) M
I ={x" e [ Fix(Sk) N[ )& (©0) N[ VIP(L}, Q)
k=1 i=1 j=1
M [e%e} M
y* € () Fix(Ui,) N[ (T 7'(0) N[ VIP(L], Q) such that Ax* = By* t.  (L.6)

ko=1 i=1 j=1

2 Preliminaries

In this study, we take H to be a real Hilbert space with the inner product (.,.) and the cor-
responding norm ||.||. For weak and strong convergence of {x,} to x*, we use the notations
x, — x* and x, — x*. Assume that Q is a nonempty, closed, and convex subset of a Hilbert
space H. The collection of all fixed points for mapping U/ is denoted by Fix(L]).

Definition 2.1 Suppose that I/ : H — H is a mapping. Then U is called
(i) contraction if A € [0, 1) such that

|Uu—Uv| <Allie—v| foralli,veH;
(ii) A-demicontractive if there is A € [0, 1) such that

U —v)* < |lia—v)|* + A|ia— Uu||*> forall z e H and v € Fix(U);
(iii) w- inverse strongly monotone (ism) if there is @ > 0 such that

(Ui - U, —v) > &| Ui - Uv|> forallir,v € H.

Definition 2.2 Suppose that I/ : H — 2/’ is a mapping. Then U is called

(i) monotone if
(F—t,u-v)>0 forallr,teH,iuelrvelt

(i) maximal monotone if it is monotone and the graph G(UI) is not properly contained

in any other monotone mapping, where
G(U)={(xy) € H x H:y e U®)}.

Lemma 2.3 [44] Let H be a real Hilbert space, then
(i) 2(7,2) = I71> + 12> = IF = 21> = |7 + £l|*> = 711> = |£])* for all 7, t € H;
(i) 17+ 20?2 < 7I1? +2(t, 7 + t) for all 7,t € H;
(ili) llotoTo + 017y + €aFa||*7 =
aoll7oll* + ar [I71]1* + aa |72 )1* = ctoeer Fo — 71 [|* — ot | Fo — 7o ||* — cxaty |71 — 7| for
7eH, ;€[0,1],i=0,1,2,and ¥ > jo; = 1.

Lemma 2.4 [45] The metric projection P satisfies:
() z=Pou iff (u—2,z-7) <0forally,z€ Qand u € H;
(ii) ||Poit —z||*> < |l —z||*> - ||Pquu — t||* forallu € H and z € Q.
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Lemma 2.5 [46] Suppose that U : H — H is a k-demicontractive operator and U, := (1 —
M + AU for any A € (0,1 — k), where k < 1, then for v* € Fix(U) and v € H

|T.6) = ||* < |7 -7 |* = 2(1 = = )17 - Tv)*. (2.1)

Lemma 2.6 [47] Suppose that {s,} is a bounded sequence in a Hilbert space H,
limy,— o0 IS+1 = Sull = 0, and z* € wy(s,). Then there is a subsequence {s,,} of {s,} such
that m( mod N) + 1=iands,,, — z*, whereic{1,2,...,N}.

Lemma 2.7 [48] Assume that {s,} is a sequence of real numbers and there is a subsequence
{ni} of {n} satisfying s,, < su..1forall k € N. Then there is a nondecreasing sequence {m;} C
N such that m; — oo and satisfies

Sm; S Sm1 and  8; < Syi1, (2.2)
where i € N and m; = max{k < i:s; < Sg41}-
Lemma 2.8 [49] Assume that {s,} C [0,00), {t,} C (—00, 00), and {w,} C [0,1] such that
Sp1 < (1 —wy)s, + wut, VneN, (2.3)
where Y o2 w, = 00 and limsup,,_, . t, <0, then lim,_, o s, = 0.

Lemma 2.9 [50] Assume that L : H — 2" is a maximal monotone mapping, T > 0, and
JE is the resolvent mapping of L defined by J- = (I + tL)™'. Suppose that L~(0) # ¢. Then
(= JEr, JEr* — q) > O for all ¥* € H, © > 0 and g € L™1(0).

Lemma 2.10 [51] Let L : Q — H be a mapping and r* € Q. Then, for b> 0, 7* € VIP(Q, L)
iff ¥* = Po(I — bL)7*, where Py is the metric projection of H onto Q.

Lemma 2.11 [52] Let L; : Q — H be a cj-ism mapping with ¢ = min;. . alc;}, where j =
1,2,..., M and ()%, VIP(Q, L)) # ¢, then ()" VIP(Q, L;) = VIP(Q, Y"1/, ¢;L;), where 0 < b; <
1 foreveryj=1,2,...,M and Zj\fl =1

Lemma 2.12 [53] Let U : Q — Q be a u-demicontractive mapping and Fix(U) # ¢, then
Fix(U) is closed and convex.

Inspired and motivated by ongoing research in this direction, we study a new inertial si-
multaneous cyclic iterative algorithm to find the common solution of three split equality
problems, namely the finite family of variational inequalities, infinite family of variational
inclusion, and multiple-sets fixed point problems for demicontractive operators. The pro-
posed algorithm does not require prior knowledge of the operator norm, and we demon-
strate our algorithm’s strong convergence under some mild circumstances. We also dis-
cuss how our findings can be used to solve the problem of intensity-modulated radiation
therapy (IMRT). In addition, we provide a numerical example to illustrate the numerical

behavior of the suggested method and to compare it with different methods.
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3 Main results

Let H,y, Hy, H; be Hilbert spaces, Q; and Q; be closed convex subsets of H; and Hj, re-
spectively. Assume that ¥ : H; — Hi, ¥ : Hy — Hj are A1, Ay contractions mappings
with A = max{\q,A,} and A : H; — Hj3 and B : H, — Hj3 are two (nonzero) bounded linear
operators. Let A* and B* denote the adjoint of A and B respectively. Let L;‘ :H, — Hj, L;' :
H, — H, be B cly -inverse strongly monotone mappings, respectively, ¢* = min;_15, m{c;’}
and ¢ = minjzlysz{cjy}. Suppose that {K;}%°, : H; — 2t and {T;}%°, : Hy — 22 are maxi-
mal monotone mappings. Let S, : H; — H; and Uy, : H, — H, be demicontractive oper-
ators such that I — Sy, and I — Uy, are demiclosed at zero for 1 < k; <N, 1 <k, < P with
constants 0 < ki, < 1 and 0 < ¢, < 1 respectively, where k = max«y, and ¢ = max ¢x,.

Define Sk, = Sk;( mod N)+1 and Uk, = Ugy( mod P)+1-

Algorithm 3.1 Consider O<a < v} <2c¢*,0<b< v < 2¢” for some a,b € R, bf, b]y €(0,1)
fOI' ] = 1127-~~1M; {8}1}7 {I'Ln};{nn,i}: {Un} C [('_iré] C (01 1)1 a, € (8;1 - ¢ - 8)1 ﬂ € (0’ 1),
> > T < o0 and {«,} C [k,k], where 0 <k <k, § >0, d and & € R. Choose xp,x; € Q
and y, such that 0 < y,, < y,,, where

B ifx, =x,1 and y,, = y,-1
1P ) o (3.1)
min o £ i otherwise.

Compute

Wi =X + V(Xn — %p-1),
tn = Yn + Vnn = Yn-1),
B = a1 () + (1= 0,) Py (I = v Y0 DXL )wy,
Xnr1 = Onhtn + Wu((1 = an)hy + anSy(hy))

+ 35 Wiy, (n = pu(A*(Ay — Bvy))),
Vi = 0, Y2 (¥) + (1 = 0,)Po, (I = vy, Z; 1byLy n
Yne1 = 0V + (1 = an)vy + @y, (vy))

+ 3 iUy (Vn + pu(B*(Ahy — Bvy))),

where the stepsize p,, is given as

c ( 2||Ahy, — Bv,|? )
Pn €, —€)
lA*(Ahy, — Bv,)) |1* + || B*(Ahy, — Bvy)||?

n € A and € > 0 otherwise p, = p,and the index set A = {n; Ah, — Bv,, # 0}.

Remark 3.2 Assume that the solution set I" is nonempty, then {p,} in Algorithm 3.1 is well
defined; see [54].

Lemma 3.3 Let the solution set Q2 be nonempty, {x,} and {y,} be bounded sequences. Sup-
pose that |1l — I3 (I = pu(H*H)l) | = O, [ty = wyll = 0, [V = tsll = O, a5 = w,ll — O,
and |y, — t,|l = 0. Then I* = (x*,y*) is a solution of Problem (1.5) iff I* = (K T’)(I -
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pu(H*H))I* for every 6; > 0 and p, >0, wherei > 1, n € N,

H=[4 -B], H*=[:4;*j|,

| A4 —AB| ST ](,
-B*A BB : Jo' |

Proof Now, we have to show that [* = (x*,y*) € Q For this we have to show for i > 1,

K’ (I on(H*H))I*. Suppose that [* # ], (K‘ (1 pn(H*H))I*. As {x,} and {y,} are
bounded, take subsequences {x,,} of {x,} and {y,,q} of {y,,} such that x,, — x* € H; and
Yn, = ¥* € Hy. Additionally, from given conditions, there are subsequences {/,,} {wy,},
{v,,q}, and {tnq} respectively such that h,,q — X%, Wi, — x*, Vng = y*, and bny = y*. Define

1, = (hy, vy,). Using the given condition, we have
qlggo ”l"q - (](S,Ki‘Ti) (] = Pngq (H*H)l”q)) ” =0. (3'3)

Now, using Opial’s condition and equation (3.3), we get

hmmf”l —l*||<hm1an (KT (1 on(H*H))*||
q— 00
< timinf| Ly, = /5" (I = pa(H*H))L, |
q*)

timinf |51 (1= o, (HH)) iy =" (1 = pu(HPH))I|

< lim inf[2,, - 2,

which is a contradiction. Hence [* = K’ T (I - p,(H*H))I* for i > 1.

Conversely, assume that [* = K T (I pu(H*H))I*. Subsequently,

& =3 — pa(A*(Ax" ~ By")))

; (3.4)
¥ =5 O + pu(B*(Ax* — By"))).

As the solution set is nonempty, K;(0) and 7;*(0) are nonempty. Using Lemma 2.9 and
equation (3.4), we have

(o — (&* = pu(A*(Ax* = By*))), 21 —x*) > 0 forall x; € K;1(0),
which implies

(Ax* - By*,Ax; - Ax*) >0 forallx; € K;(0). (3.5)
Similarly,

(Ax* - By*,By* —Byl) >0 forally, € T[l(O). (3.6)
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Adding equations (3.5) and (3.6), we have

(Ax* — By*,Ax, — Ax* + By* — By1> >0 forallx; € K;(0)and y; € T;%(0). (3.7)
On simplifying

|Ax* — By* ||2 <(Ax* — By*,Ax; — By;) forallx; € K;'(0) and y; € T;(0).

As the solution set is nonempty, let /' = (¥',') € Q for each i > 1. Therefore, ' € K;*(0)
and ¥ € T;1(0) and Ax’ = By'. Taking x; = #' and y; =y in equation (3.7), we have

|Ax* - By*| =0,
which implies Ax* = By*, and using Ax* = By* in equation (3.4), we have

=y (x%)

(3.8)
7 =J 0%),

which implies 0 € K;(x*) and 0 € T;(y*) for all i > 1. Hence, [* is the solution of Problem
(1.5). O

Theorem 3.4 Let the sequence {(x,,y,)} be generated by the iterative Algorithm 3.1 and a
solution set I be nonempty. Suppose that the following conditions are satisfied:

. M M
() D567 = Z;:lb;/ =1, 32 v <00, Yo% v < 00,
O<a<v; <2, 0<b<v) <2 forsomea,belRR;

(11) Tn = O(Un)’ lim,;, ;_Z =0, lim, 0, =0, Z;ﬁl Oy = 00;
(i) 8+ py + Yooy Mmi =1 forn >0,
then the sequence generated by the iterative Algorithm 3.1 converges strongly to (r*,5*) € I'.

Proof Firstly, we will show that the sequence {(x,,y,)} is bounded. Take (¥*,5*) € I'. Let
1 * 2 *
Uy =hy — pu(A*(Ah, —Bv,)) and  u, =v, + p.(B*(Ahy, — Bv,)), (3.9)
then using Lemma 2.3, we estimate

o6 =71 = 10 = pu(A* (Al ~ Bv) =7
= iy = 7| + 02| A*(ARy = BV, | = 2pu{h — 7, A*(Ah, — Bv,))
= ||y = 7| + 02| A* (AR, - Bv,)|* - 2p,4(Al,, — AT, Ah,, — Bv,))
= iy = 7| + 02| A (AR = Bv) |* = pu| AR, — A7

— Oull Ay = Bvy|* + pu | By, - A7 (3.10)
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and

Jogs =571 = lvu =51 + 03 | B* (A~ BU)|* = | B, B5°

— pull Al — Bv,|1? + p, | Al - Bs*|*. (3.11)
As Ar* = Bs* and adding equations (3.10) and (3.11), we have

e e U
= [ =7 1"+ [va=5°1" + o7 (A" AR = Bua)|* + [ B* (Al = Bv) )
— 20, l|ABy — By, |
= [ = 7" + [va =5 = o[ 201 ARy — B, 1? — pu(|A* (AR, — Bv,) |
+ Bk, - Bu)| )]
< V=77 + v =5 = pue(|A* (AR, - Bv)|* + | B* (AR, - Bv,)|?)  (312)

< [ =7+ =5 (3.13)

M
Let z), = Po, (I - vj; }_.7, bYL;

As r* € VIP(L, Q1). Also, from the definition of inverse strongly monotone and from

biLY)w, and z2 = Pq, (I — vy, Z}Afl b;’Lf)t,,,
condition (i), we have

2

M M
|2 -7 \}2 = || Pg, (1 —F Z bj‘Lj‘) w, — Pg, (1 -V Z bj‘L;‘) 7

j=1 j=1
M M 2
< (1 —Ey bfL;‘) Wy — (1 —Ey b}‘Lf) 7
J=1 J=1
M 2
= || (W =) =2 Y bF(Lfw, — LF)
j=1

M
< w=7|* =202 3" b¥{w, — 7, Lw, - Li7)
j=1

M

+ 35 ()? | Lrw, - L
j=1
M M
< wn =7 =202 Y bret | Low — L7 P+ S b () [ Liw - L7
j=1 j=1
M
< w7 * =2 > b (28— v7) || Liw, - L7 (3.14)
j=1

< Jwa 7" (3.15)

Page 9 of 31
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Similarly,
M
||z -3 || = |tn || —v Z 2c3' |Lytn Lys*” (3.16)
j=1
<t -5 (3.17)

Adding equations (3.14) and (3.16), we have

M
s =717+ =517 < =721+ =57 = v D5 2" = wi) | = 7|

j=1
M

~w Y B (20 - v)) | Lt - L5 (3.18)
j=1

< [wa =7+ e -5 (3.19)

Asr* e VIP(L;‘, Q1), we have

2

-7 =

M M
Py, (1 —Ey b;‘L;‘) w, - Po, (1 —Ey b;‘L;‘) 7
j=1 j=1

M
< <z; -7, ( —v beLx> < v b;‘L;f) F*>
j=1

M M
( - V;me) - (1 U;Zb;L;f) P

2

2
(3.20)

M
— | (&= wa) + 03 DB (L wa) = L (7))
j=1

Using I —v Z/ 1 b7 L7 is nonexpansive and on rearranging the terms, we have

M 2
= < = = 22— i (vzzb;f) |50 L)

j=1

M
+208 Y b (wy — 23, L (wy) - LF (7))

=1

2 2 M

<o 7= [ = w20 3B = 2 [ - ) - B21)
j=l

Similarly,

M
|22 =517 < |t =5" = |22 -t + 200 3B |t - 2| [} &) - L) (5") . (322)
j=1

Page 10 of 31
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Adding equations (3.21) and (3.22), we have
lan =717+ lzn =517 < Jwa =7 * + |t =5 = |2n —wal* = |22~ 1"

M
207 35w =23 [0 — 2 ()|

j=1
M
+20) Y B ta -2 | |1 (6) - L] (%) |- (3.23)
j=1
Using equation (3.2), we get
”Wn -7 ” = ”xn + Yy —xy1) = 7° ”
= “xn -7 ” + Vull®n —%p1ll- (3.24)
Similarly,
“tn - §* || S H_yn - «E* || + Vn”yn _yn—l ” (325)

Aslim,_, ;—’:’ = 0, there is M; > 0 such that 7, < 0,M;. Using equations (3.24) and (3.25)
and using Minkowski’s inequality, we get

(Jwa =717 + |t =5*[)2

1
< ([0 =7 * vl = 2uca 1) + (|0 = 5| + Yol = 3ua 1)) 2

[T

1
It =7+ [y =552 + Y1260 = %t 12 + 19 = 9t 1%)

IA

IA

(
(
(o =71+ =5*%)* + 5
(

o = 7% + [ = 5°%) % + 0. (3.26)

IA

Now, using Lemma 2.5, we have

1Sy () = 7 |* = | (1 = @)t + @nSu(h)) =7

= ”hn _;* ”2 _dn(l —ay _K/q)”sn(hn) _hn ”2

< B =] = (1 = = 1) | Sullt) = (3.27)
< | -7 (3.28)

and
| Uy @) =5 [” = v =5 = @01 = @ = ) | Uin(v) = va]|* (3.29)

Using Lemma 2.3, condition (iii), and equation (3.27), we have

2

|2
k
[ =" =

5nhn + Un ((1 - ﬂn)hn + unSn(hn)) + Z nn,i]é? (Mi) - ;*
i=1
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< 8n||hn _7_"*”2 + Mn(”hn -7 ”2 —a,(1-a, _K)”Sn(hn) _hn”2)

o0
S ) -7
i=1
o0 o0
- (I—an) TRETC S e
i=1 i=1

— (L = = )| Sulln) = | (3.30)

Similarly,

o 00
I 51" < (1 _Znn,z‘) o5+ 3 -5
i=1 i=1
= tntn(1 = an = ) | Un(v) = v (3.31)

Adding equations (3.30), (3.31) and using equation (3.13), we have

s =71 + pmn =57

o0 o0
< (1 - an>(th =1 =5 1) + 2ol oy =7+ e =51
i=1 i=1

~ nan(l—a, - @) ” U (Vi) = vy ”2 ~ nan(1 = a, - «) ”Sn(hn) ~hy ||2
E ”hn _;*”2 + ||Vn _E*Hz - I‘Lnﬂn(l —ay _(;b)Hun(Vn) _VnHZ
— 1t (1 = @ = )| Sula) = | (3:32)

<=7 1"+ Jva =57 (3.33)
Using equations (3.2), (3.18), and (3.33), we estimate

s =7 + s =57
< =71+ vn -5
= |owvn(en) + (1 = 0)zh = 7| + | outralyn) + (1 - 0)22 - 57
<ol yi) =7 | + W =0 |2 =7 + ou |2 0) -5

+(1-0,)]22 -5 (3.34)

<ou([[valen) =7 [ + [¥20) -5[) + 1 "’”(lw ol R R

M M
—E B2 )| Lwn - L - v Y B (22— 02) | L)t - L5 Hz) (3.35)
j=1 J=1

<ou([vr ) =7+ 9200 =5 %) + [wa = 7"+ =57 (3:36)

Page 12 of 31
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As A = max{\i, Ay}, using equations (3.2), (3.19), (3.26), and Minkowski’s inequality, we
have

([ =71 + Jva=5°[)2

= (ot () + (L= o)zt — 7| + [outralm) + (1 — o) —5°|)
< ((ou]vr@@n) =7 + @ = o) 2, = 7*[)* + (ou] waly) -5
+1-o)|2-5]))

< ((oal[ 10 =7 + (1= ) i =7 )+ (@[ 200 -]
+=o) |6 -5°])7)
<ou([9as) ~7 [+ 20w - ) F + @ =) (w7 + -5
<ou((lvate) = v () | + i () =7 1) + ([200) — v2(5")|
+[ua) -5 [))
+ Um0 (lxn =77 + Ja =) +0u1)

< ou([ ¥ = () + 1020) = 25 12) 2 + (Juna(7) - 7
+va () -5 )2
s (@m0 ([0 =7+ [ =5 D)2 + 0y
<ou((2 w71 + 23 -5)
(1) -7+ a6 -517))
+ =) (=7 + [ 5) 2 + 0

1
< (1=, =2) (v =7 + Iy =5*)?
1

vou([a(7) = 7| + |2 (5*) =5 )% + ouiy. (3.37)

Using equations (3.23), (3.33), and (3.34), we estimate

e I e 1 L i (et

< oY1) =72 + [2ly) -5 )

”L”“Uw—wwwm—?W4m-ww
5 M
N2t 20 S B - 2 ) - L) |
j=1

)

M
+ 200 b=z | |17 6n) - 1 °)

-1
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< ou([vaen) =7 | + | way) = 5°)°) + Jwa = 7|

=5l -wal” - 2 - o]

M
#2053 b = 2 | | L Ow) — L3 ()|
j=1

M
EEDIA EEA | AR HEY)

I (3.38)
j=1
From Lemma 2.3 and equation (3.28), we have
0o 2
|%ne1 —7* ||2 = || 8uhtn + pn((1 = @iy + anSp(hy)) + Z n,,,i]éf" (uy) - 7*
i=1
<éu ||hn -7 ||2 + iy ”(1 —a)h, + a,S,(h,) -7 ||2
o0
+ Z nn,i H]él(l (lx[i) - ’_"* HZ - anﬂn ”hn - (1 - an)hn - ansn(hn) HZ
i=1
=80 il =Ty () |
i=1
(e @]
< Sull = 71" el =7 4 D iy () = 7|
i=1
- (Snﬂnan th - Sn(hn) Hz - 8;1 Z Nn,i th —]é? (lzti[) H2
i=1
oo o0
< (1—217;”) =7+ Yl 7
i=1 i=1
2 = 2
- 8nﬂnan th - Sn (hn) H - (Sn Z Mn,i th —]éfi (M,%l) || (339)
i=1

o0 oo
< (1 -y nm) [ ] Il (3.40)
i=1 i=1

Similarly,

o0 o0
ra=e 1= (1-Lona )l sT s D2
i=1 i=1

2

oo
- (Snﬂnan || Vi — un(Vn) H2 - 871 Z nn,i H Vn _]91} (M,%,) || (341)

i=1

S oo
< (1 - Z Un,i) v - 5* H2 + Z M|l = 5 ”2 (3.42)
i=1 i=1

Page 14 of 31
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Using equation (3.13) and adding equations (3.39) and (3.41), we get
o0 o0
a7+ =71 = (1= ) 7 Sl
i=1 i=1
o0 o0
' (1 -2 ””") lvn =5+ 3 muuy -5
i=1 i=1

- 8nﬂnan(th - Sn(hn) “2 + ” un(vn) —Vu ”2)

-aznm =) [ + D 2) - wal)
5 (1-znn,i)<||hn-f*||2 e -5 P)

i=1
T (L P

=1

- Snﬂnﬂn(“hn - Sn(hn)”Z + ” U (Vi) = vy ”2)
-5 an (= Ty ()1 + Vg (1) = vl

S e R R

- (Sn//«nan(th - Sn(hn) “2 + H un(Vn) —Vu “2)
~ 5, an Vs =T () |* + 10 (2) = vall?)  (3.43)

< =717+ =5 (344)

Using equation (3.12) and adding equations (3.40) and (3.42), we get

||xm_;*||2+||y,m_g*||2§( an)nh P Y-
*(”ZW)an—s*||2+Znn,fuuz—s*uz
i=1 i=1
o0
< (1= 2 )= T
i=1
> 2
S P ¢ D5
i=1

— pue (| A* (AR, = Bv,) | + | B*(Ah, - Bv,)|))

<=7+ a5

- Z nn,ipne ( HA*(Ahn - BVn) H ?

i=1
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+ | B*(Ah, - Bv,)|?). (3.45)

From equations (3.37) and (3.44), we have

1
(wss =717+ e =5°1%)?

< (=7 + a5
1
< (1=0u@ =) (e =7|* + |3 =52
1
2

tou(lva () =7+ [92(67) =57 + oty

1
< max{ ([l =7+ 3. =5°") 2,

() 7+ ) -5 ) +M1]}- (3.46)

Hence {x,} and {y,} are bounded. Subsequently, {w,}, {¢,}, {#,}, and {v,} are also bounded.

||Wn -7 “2 = “xn + yn(xn _xn—l) -7 “2
= ”xn -7 H2 + 2Vn(xn —Xn-1,Wn — ;*)
< Joon =7 + 20l — 2 i = 7|

< Hx,, -7 Hz +21, ||wy, — || (3.47)

Similarly,

It =517 < |9 = 5| + 22 £ - 5. (3.48)

Adding equations (3.47) and (3.48), we have

[ =77+ flew =51 < o =77 =57 + 2w = 7] + e =571 3:49)

From equation (3.2), we have

[ =71 = ot ) + (1 = )2k~ 7
=0z ) =7 + -0z, - [
+20,(1 = o) (Y1 (%) = 7, 25, — )
= 62|y () = 7| + (1= 0,)? |2 = 7 |* + 200(un () = 7, 2L = 7)
=20V (%) — 75,25, — 77)

<02 [¥rtm) 7 + (- 02 |2} -7
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+ 20, (Y1 () — 1 (7), 21 = 7) + 20, (yn (7*) - 7, 2}, = 77)
2021 Gen) = 7| | 2L - 7|
< o2[Yr6en) 7% + (1 = 02|22 =7
209 - 1 () |24~ 7]
20,11 (7) - 7,28 - 7+ 202 s) -7 2 - 7|
<02t 7 + A= 02 ] ~7 |7 + 20,0 [, =7 2 -7
+20,(Y1 (7*) = 7, 2L = 7) + 202 ||y () - 7 || 2% - 7|
< 02| Wi ) =7 |* + A= 0| 2k = 7| + o (s — 7
|2k =7 ) + 20u{vn (7) - 7,21 - )

+ 20, |1 (o) =7 |2, = 7] - (3.50)
Similarly,

[vn=5°1" < R 920) = 5°[* + =02 5 =5 + ouka(yn 5"
+a=5"17) + 2002 (57) -5, - 5)

+20, Y2 0) =5 [ 25 - 57 (3.51)
Adding equations (3.50) and (3.51) and using equations (3.18) and (3.49), we get

[ =71+ Jvu =5
<or (Vi) -7 [+ [v200) -5])
+ (=0 (2, =7 + 2 =5[) + o (e =7
|y =51) + oun(lon -7 [ + |2 -5 )
+20,((Y1 (7°) = 7,2, = ) + (¥ (5") = 5%, 25, = §))
+20, ([ ) =7 |-z =7 + [9200) = 57 [ 25 = 5°))
< (120 - 20) (fou =7 + |y =5°17) + 525
+20,((1 () - 72 - ) + (92(57) - 5,22 )
) (3.52)

+27,((1 - o) + O'n)\)(”Wn -7 || + ||t,, -5
where

My = supf [ =7+ 3 =5+ [va) = 7]
neN

[ Walm) = 5|7 + 2| (@) = 7| 22 - 7| (3.53)
+2] () = 5|z - 57 }- (3.54)
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Hence,

Jsowss =7+ ymar =5 < (1200 = 0)a) (Jan =7 + [ =5°[)

2 ”1(1_)‘) —x% —x —x
+ h(2(<1{/1(7 )—r ,zi—r )

(2 =507 =5 ) + 4 2 =+ =5
+ oan), (3.55)
which gives
Pt < (L=dy)py + sy, (3.56)

where p, = ||, — 7% + ||y, = 5*11%, dy = 20,(1 = 1) and

_ 1 —x —x ok oF ra ¥
o s [ ) 727 )27

# 42 (= + |12 =5 +0an]'
On
Case 1. Assume that there exists N € N such that {p, } is decreasing for n > N. As {p, } is

bounded and monotonic and subsequently convergent, as lim,_, 0, = 0 and t, = 0(0,,),
using equations (3.35), (3.43), (3.49), we have

”xn+1 - ”2 + ||yn+1 -5 ||2 = O'n(”lpl(xn) -7 ||2 + “ Vo (yn) — 5" ||2) + ||x,, -7 ||2
P XA | E e I P
= Suttntin (|| n = Su) > + v = Un(w)|?)

=80 > i Fn = Ty ()| + %), (357)
i=1

Ty (u47) = va
which implies

o0
80 3 i ([ =T () [* + 1o (2) = va ) < 0| 91@) = 7[* + [ 20) - 5°)
i=1
+ a7 1"+ =5
= (Itwrs =7 + [y =5[)
+ 200w = 7| + [t -5*].  (3.58)

Taking limit » — oo in equation (3.58) and using condition (ii), we get

im [, 785 (s)] = lim |7 (u2) = v =0. 659)

n—0o0
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From equations (3.32), (3.35), and (3.49), we get

”xn+1 -7 ”2 + ”yn+1 -5 H2 =< Un(” 1pl(xn) -7 H2 + ” WZ(yn) -5 ”2)

# =7 =5+ 20w 7

+ ”tn -5 ||] — Unan(l —a, - ¢) ” U (Vi) = Vi ||2

— nan(l—a, - K)”Sn(hn) - hy ”2»
which implies

1nttn(L = @ — Bi) | Un (V) = v, |*
+ (1= @y =) [ Sultn) = |
<oulvate) 7| + [920m) -5
=717+ =517 = (fow =7

e =57+ 25w 7]+ e -]
Taking limit » — oo in equation (3.60) and using condition (ii), we get
lim || Uu(va) = va| = lim |[Su(h) = | = 0.
n—00 n—00

From equations (3.35), (3.45), and (3.49), we have

00
Z nn,ipne(”A*(Ahn — Bvy) ”2 + ”B*(Ahn — Bvy) ||2)
i=1

< (1) =7+ 920 -5 [7) + [~
=5 = (s =7 + s =5°P)

+ 20 [ wa =77 + £ - 57]-
Taking limit # — oo in equation (3.63) and using condition (ii), we get
lim ||A*(AR, ~ Bv,)| = lim [ B*(Ah, ~Bv,)| =0
As A and B are bounded linear operators and hence
Jim [lAR, = Bv,|| =0.

From equations (3.34), (3.35), and (3.49), we get

M M
vﬁz (26"—1} )HL w, — L"r* || +v) Z 20y—vy |Lytn Lys* ||
j=1 j=1

< ou(|¥r16) =7 + |20 -5

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

Page 19 of 31



Batra et al. Journal of Inequalities and Applications (2024) 2024:40

S I P e (e

=52+ 20w =7 + -] 6.60
Taking limit » — oo in equation (3.66) and using conditions (i) — (ii), we get

lim || Lfw, - Li7*| = lim |L]t, - L)s*|| =0, where1<j<M. (3.67)

n—00 n—00

From equations (3.35), (3.38), and (3.49), we get

|2k = wal* + |22 - ta]”
< ou([[W16en) = 7| + [20m) =5|)%) + s = 7

# o =51 = (s =7+ lywa =5°[) + 22w =7

M
=51+ 208 S0 - 2L [ w) — L2 ()|
j=1
M
+ 200 Y B [t - 2] |1 (en) - 1) (57) . (3.68)
j=1

Taking limit # — oo in equation (3.68) and using equation (3.67) and using condition (ii),

we get
lim ||zi - Wy || = lim Hzfl —t, H =0. (3.69)
n—00 n—00

From equation (3.2), we have

17 = wall < 0| Y1) = i | + (1 = 0) | 23, = Wi | (3.70)
Similarly,
”Vn - tn” E Oy H WZ(yn) - tn ” + (1 - Un) ||Z3 - tn || (371)

Taking limit # — oo in equations (3.70) and (3.71), using equation (3.69) and lim,,_, o 0, =

0, we get
lim ||k, —w,| = lim ||v, — ¢, =0. (3.72)
n—oQ n—oQ

From equation (3.2), we have

%041 = B ll < Sl — bl + Mn((l = an)|lhy = hall + ay ||Sn(hn) ~hy ||)
+ 2 mnallJy (14,) = B
i=1

= WUnln ”Sn(hn) - hn || + Z Mn,i H]éll (u;%,) - hn ” . (373)

i=1
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Similarly,

00
1yine1 = vall < unan “ U (Vi) = vy ” + Z nn,i”];? (ui) —Vn “ (3.74)

i=1

Taking limit #» — 0o in equation (3.73) and (3.74), then using equations (3.59) and (3.62),

we get
lim |[x,41 = Byl = im [|y,41 = vl = 0. (3.75)
n— 00 n—0o0
Also,
”Wn _xn” = yn”xn — Xn-1 ” =Ty (376)
Similarly,
12 = Yull < T (3.77)

Since 1, = 0o(0,,) and lim,,_, o, 0,, = 0, we have
lim |[wy, —x,[l = lim ||£, - y.| = 0. (3.78)
n— 00 n— 00

Using equations (3.72), (3.75), and (3.78), we get

lim (%, = %410l = im ||y, = yui1ll = 0. (3.79)
n—0oQ n—0oQ
Moreover,

1A%y — Bynll < |A%y — Ahpl + | Al — Bvyl| + | Bvy — Byl

< A% = Bull + |ARy = Byl + 1BV = Yl (3.80)
By equations (3.65), (3.72), and (3.78), we get
lim ||Ax, — By,|| = 0. (3.81)
n— o0

As A and B are bounded linear operators, therefore, Ax,, — Ax* and By,,, — By*. Clearly,
it follows from weak semicontinuity of norm that

|Ax* - By*| < 122 inf (A%, — Byy,|| = 0. (3.82)

This implies Ax* = By*. Subsequently, (x*,y*) € I'. Fix an index k; € {1,2,...,N}. As the
pool of index is finite and lim,,_, o ||, — %,,_1|| = 0, from Lemma 2.6, one can find a subse-
quence {x,,, } of {x,} such that x,,, — x* and m,( mod N) + 1 = k;. Using equations (3.72)
and (3.78), we get /1, — x*. Additionally,

1im || Sk, (im,) = B, || = 1im || Sy, (Bin,)) = P, | = O (3.83)

q—> 00 q—> 00
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and I — S, is demiclosed at zero for each k € {1,2,...,N}, which implies x* €
ﬂ?ﬁ _1 Fix(Sk,). Similarly,

qll)l’l;o ” ukz(v”’q) ~ Vmg ” = qlingo|i umq(vmq) ~Vmg ” =0, (3.84)

and I — Uy, is demiclosed at zero for each k; € {1,2,...,P}, which implies y* €
ﬂf:zzl Fix(Uy,). As {x,} is bounded, take a subsequence {x,,} of {x,} such that x,, —
x* € H;. Additionally, from the boundedness of {/,}, {w,} and from equations (3.72)
and (3.78), there are subsequences {h,,}, {wy,,} respectively such that h,, — x* and
Wy, — . Suppose that x* ¢ ﬂ]]\fl VIP(Ql,L;‘). Then, from Lemmas (2.10) and (2.11), we
have x* ¢ Fix(Pq, (I — vy Zj\fl b;‘Lf)). Using Opial’s condition and equation (3.69), we esti-
mate

liminf”w,,q —x* || < liminf
q—> o0 q—> o0

M
Wy, — Po, (1 " Z bfo) x*

j=1

< liminf

q—> 00

M
Wi, — Pq, (1 -V ij‘Lf) Wi,

Jj=1

M M
+liminf| Pg, (1 —ve Y bfo) Wy, = Po, <1 —ve Y b;L;c) "
q— 00 j:l j:l
< lim inf”w,,q —x* H, (3.85)
g—> 00

which is a contradiction. Thus x* € Fix(Pq, (I — vy Zj\fl b}“Lf)). Similarly, {y,} is bounded,
take a subsequence {y,, } of {y,} such that y,, — y* € H,. Additionally, from the bounded-
ness of {v,}, {£,} and from equations (3.72) and (3.78), there are subsequences {v,,} {t,,}
respectively such that v,, — y* and t,, — y*. Suppose that y* ¢ ﬂjfl VIP(QZ,L;' ). Then,
from Lemmas (2.10) and (2.11), we have y* ¢ Fix(Pq,(I - v, Z;fl blny)). Using Opial’s con-
dition and equation (3.69), we estimate

liminf”tnq -5 < liminf
q— 00 g— 00

M
j=1

< liminf

q— 00

M
tn, — Po, (1— uyijLf) b,
j=1

+ liminf
q— 00

M M
Po, (1 —v, Zb}Lj)rnq - Py, (1 -, beLf)y*
j=1 J=1

) (3.86)

< liminf|,, —y*
q— 00

which is a contradiction. Thus y* € Fix(Pg, (I — v, Z]Afl b]y L; )). Using equation (3.59), we
get

im |4, — U™ (I = puy (H*H) i, )) | = 0. (3.87)

q—> 00
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Now, using Lemma 3.3, [* € Q. As w;,, — x* and £,, — y*, from equation (3.69), we esti-
mate z,qu — x* and zﬁq — y*. Using Lemma 2.4, we get

limsup(z), — 7, Y1 (7*) = 7) + (2, — 5%, ¥ (5*) - 5*)

n—00

= limsup(z, — 7, y1(F) = 7*) + (2, =5 ¥2(5") - 57)

q—> 00

= limsup(x* — 7%, ¥y (7*) — 7) + (y* — 5%, ¥ (5*) - %)
q—> 00

<o. (3.88)

Aslim,_, o 0, =0and lim,_, o, 2 - = 0, using equation (3.88), we get limsup,,_, ., 5, <0, and
using Lemma 2.8, we have

lim p, = hm ||x,, -7 || + ||yn - Hz =0, (3.89)

n—00

which implies 1im,,_, o ||, — 7[> = lim,_ o0 [|yx — || = 0. Thus x,, — 7* and y,, — 5*.
Case 2. Suppose that there is a subsequence {p,,} of {p,} such that

Pngs1 = Pn, forallgeN.

Hence, by Lemma 2.7, there is a nondecreasing sequence of natural numbers {n;} C N
such that n; — oo as [ — oo, we have

pnﬁl 2]_9;«1[
and
D1 = Pr. (3.90)

This with equation (3.63) gives

o0
Znnbipnle(”A*(Ah"z _BV”I)||2 . ”B*(Ah"z _BV"1)||2) (3‘91)
i=1

<o ([vr6en) = 7[” + [¥2) - 5°]%)

+ Py = Pt + 26 [ W, =7 + |6, =5[] (3.92)
Taking limit / — oo, using lim;_, . p,, = 0 and €,, = 0(p,,), we get
|A*(Ahy,, = Bvy,)| = | B*(Ahy, — Bvy)| =0. (3.93)

Similarly,

M M
v be(%’” - vy )| L wn, - L7 I?+v IZ (28 = v} )| Lt - L)5* &
j=1 j=1
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< o ([ V1) = 7| + [¥20) - 57
+ Py — D1 + 2€nz[Hwnl -7 ”

+ [, = 5] (3.94)
Taking limit / — 00, using lim;_. . p,; = 0, condition (i), and €,, = 0(p,,), we get
fim |Lfwn, - L7 = fim |L}t,, - L]s*|| = 0. (3.95)

Similarly, we can prove

lim ”Ziz, — Wiy H = lim ||z,211 —ty || = lim ||wy,, —%,, || =0 and (3.96)
l—o00 -0 l—o0

lim ”tn[ _y”l” = lim ”xn[ _xnl+l|| = lim ||J’n, _yn[+1|| =0. (397)
-0 l—00 [—00

Using the same justification as in Case 1, we can prove

lim [ A%y, — By, || = lim | A*(Ah,, — Bv,,)| = 0 (3.98)
[—00 I—00
and  lim |Uy,(vi,) = v, | = lim || Sy, (1)) = g, || = 1im (|72, = wy, || = O (3.99)
l—00 -0 -0
and = lim |B*(Ahy, — Bvy,)| = lim ||v,, — £yl = O. (3.100)
l—o00 =00

Again, following the same steps as in Case 1, we obtain

limsuplz,, — 7, ¥1(F) - 7) + (25, = 5%, ¥ (5*) —5*) < 0. (3.101)

l—o00

Additionally, from equation (3.56), we obtain
Pl < (1- dn[)]_?nl + dnlgnl» (3.102)
which implies

dnl}_?nl Sﬁnl _[_7;1[+1 + dnlgnl
<dy5y. (3.103)
Asd,, >0, we have p,, <5,,. Subsequently,

1
oo =7+ o 5" <

~2(1-2) [((Wl(?*) —7,2h -7
+ <w2 (3*) — §*,Zil _ §*>)

+ 4%(”%:1 -7 || + ||tn, -5 ||) + Gnle]. (3.104)
ny

Aslimy_, o 0y = 0, limy_, o % = 0 and from equation (3.101), we obtain p,, — 0 as [ — oo.

Also using equation (3.102), we get p,,.1 — 0 as [ — oo. Subsequently, from equation
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(3.90), we get py,+1 > pi. This implies limy_oo p; = 0 ie. [lx — x*[|% + Iy — ¥*[|*> — O as
[ — o0, which implies x; — 7* and y; — s*. d

Remark 3.5

(i) Izuchukwu et al. [55] established a strong convergence theorem for finding a
common solution to two types of split equality problems, namely fixed point
problem and finite families of variational inequalities problems. In this paper we
proved a strong convergence theorem for finding a common solution to three types
of split equality problems, namely infinite families of variational inclusion
problems, finite families of variational inequalities, and a multiple-sets fixed point
problem. Hence, our result is more desirable than Izuchukwu et al. [55] results.

(i) Theorem 3.4 generalizes the findings of Kazmi et al. [56] from the common
solution of a multiple-sets split equality fixed point problem and a split equality
variational inequality problem to a infinite family of split equality variational
inclusion problems, a multiple-sets split equality fixed point problem, and a finite
family of split equality variational inequality problems.

(iii) Theorem 3.4 improves and generalizes the result of Guo et al. [57] from the
common solution of a split equality variational inclusion problem and a finite
family of fixed point problems to an infinite family of split equality variational
inclusion problems, a finite family of split equality variational inequality problems,
and a multiple-sets split equality fixed point problem. Further, our result generalize
the Guo et al. [57] result from nonexpansive mapping to more generalized
demicontractive mappings.

4 Applications

Intensity-modulated radiation therapy Intensity-modulated radiation therapy (IMRT) is
a cutting-edge radiotherapy technology that treats cancer while minimizing the amount
of normal tissue exposed to radiation in the treatment area. IMRT has recently garnered
much attention, as evidenced by [15, 58]. We often utilize an optimization technique to
minimize the objective function of radiation beam weights, and radiations with varying
intensities are transmitted into the body of patients while building IMRT.

The primary goal of IMRT is to deliver a sufficient dosage to the areas that require radi-
ation therapy, known as planned target volumes (PTV), while limiting the amount given
to other areas, known as organs at risk (OAR). To achieve a clinically appropriate dose dis-
tribution, we primarily evaluate the radiation dosage absorbed by irradiated tissue based
on the distribution of beamlet intensities and the radiation intensity given by all beam-
lets when planning IMRT. Furthermore, we consider the irradiated object’s physical and
biological features. While the restrictions on the deliverable radiation intensities of the
beamlets are represented in the intensity space, the space whose elements are the deliv-
erable radiation intensities of the beamlets, and the limits on the dose received by each
voxel of the body are represented in the dose space. The intensity space and the dosage
space are Euclidean spaces for vectors.

We employ volumetric modulated arc therapy (VMAT) and study two external sources/
treatment equipment, the Varian and the Elekta. Here, we compare one dose space and
two intensity spaces. We split the entire patient volume into J-voxels j = 1,2,...,J, beam
into K-beamlets, k = 1,2,..., K. Assume that aj > 0 is the dose absorbed at jth as a result
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of unit intensity from kth beamlet, x; > 0 is the intensity of k beamlet, and c; denotes the

dose absorbed by jth voxel given as

K
G = Zajkxk. (4.1)
k=1

We represent A as a dose influence matrix with nonnegative entries aj;. In the dose space,
we will set a lower bound on the dose delivered to PTV and an upper bound on the dose
delivered to OAR. Suppose that A; denotes anatomical structures that are Q + R in number,
where A; are PTVs fors=1,2,...,Qand A; are OARs fors=Q +1,Q +2,...,R. Let [ and
us; be lower and upper bound doses for jth voxel, and some upper bound constraints are

given as

Jmaxs = {t €R 1ty <, j € Al (4.2)
the lower bound constraint

Jmins = {t €R 1 [, < t;,j € A}, (4.3)

the equivalent uniform dose (EUD) constraint L, : R — R given as

Uy(0) = [Ai[ Z(ti)%il % (4.4)

s JEAs

Assume that A and B are influenced matrices, X, and Y, are nonnegative constraints, Xj,,
ki=1,2,...,N,and Yy,,k, = 1,2,..., P, are the beamlet intensity vectors that satisfy the nth
constraint for Varian (V) and Elekta (E) machine respectively. Consider the multiple-sets

split equality problem of finding

N M
Find 7 € X, N (ﬂ Xkl), seY,n <ﬂ Ykz) such that A7 = Bs. (4.5)

k1=1 ko=1

Thus, the main objective of IMRT is to find an intensity r that is closest to the entire
radiation intensity space in the Varian machine and an intensity 5 that is closest to the
entire radiation intensity space in the Elekta machine, these both machines transmit an
equal dose to the tumor. As we know that 7* € Fix(Pq) if and only if x € Q, where P is the
metric projection defined on a closed convex subset Q of Hilbert space H.

Take S, = PXm)(,- (ky = 1,2,...,N) and Uy, = Py,ny, (k2 = 1,2,...,P) in Algorithm 3.1.
For the multiple-sets split equality problem, we obtain the following cyclic iterative algo-

rithm.

Algorithm 4.1 ConsiderO<a < v} <2¢%,0<b< v, < 2¢ for some a,b € R, b}“, bf €(0,1)
for j = 1,2,..., M, {8} {1tn}, (i} {0} C [d,€] C (0,1), a, € (5,1 - ¢ - 8), B € (0,1),
Y o Tn < 00, and {k,} C [k,&], where 0 <k <k, 8 >0, d, and & € R. Choose xg,%1 € Q
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and y, such that 0 < y,, < y,,, where

B B ifx, =x,-1 and y, = y,1 (46)
Vn = . T . . .
i i P11 otherwise.

Compute

Wi = Xy + V(¥ — X-1),
tn = Yn + YnOn = Yn-1),
By = 01 (%) + (1= 0)Po, (I = vE Y2, L)y,
X1 = Sphn + (1 = an)hy + anPx, x, (1))

+ 05 iy (= pu(A*(Ahy — Bvy)))),
Vi = 02 () + (1= 0)Poy (I = viy Y, b L))t
V1 = 8nV + (1 = @n)Vy + a@nPy, v, (V)

+ Z?:H nn,i(];i (Vn + pn(B*(Ah,, — Bvy)))),

(4.7)

where the stepsize p, is given as

c 2||Ahn _BVn”Z
€, —€),
& lA*(Ahy, — Bv,) 1> + || B*(Ahy, — Bvy)||1?

n € A and € > 0 otherwise p,, = p, and the index set A = {n; Ah, — Bv,, #0}.

As we know, metric projection is firmly nonexpansive, and thus 0-demicontractive. As
a result, using Algorithm 4.1 and the proof described in Theorem 3.4, we can obtain the
strong convergence result for approximating the solution of the multiple-sets split equality
problem (4.1).

It is not always possible to find an intensity that meets all of the constraints. In this case,
we find a solution that is as close to all of the constraints as possible. To do so, we consider
the following proximity function:

N P

a a 1

£,9)= 53 WP r = I+ S5 3 IPracorgs =i + 5 1Ar = B (4.8)
k1=1 ka=1

The multiple-sets split equality problem (4.1), on the other hand, can be written as the

minimization problem

min f(r,s). (4.9)

reRN seRP

5 Numerical example
In this section, we give a numerical example to compare the convergence of the algorithms
given in [32, 37] to Algorithms 3.1.

Example 5.1 Let Hy = H, = H3 = R?* be the set of real numbers. Assume that

Qi = Qo= {(b1,b5,£3,82)" €R*: 1 + b — 3l + 4 > 0}

Page 27 of 31
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Table 1 Comparison of Alg 3.1 with Eslamian Alg [32] and Chang Alg [37]

Algorithm [teration number Time (seconds)
Alg 3.1 22 0.0596
Eslamian Alg 49 0.9678
Chang Alg 187 1.5156

Table 2 Numerical analysis of Alg 3.1 for different cases

Cases Iteration number Execution time in seconds
1 17 0.0596

21 0.1051
3 37 0.9043

Table 3 Numerical analysis of Alg 3.1 for different values of p;

O [teration number Execution time in seconds
0.2 21 0.0596
04 23 0.1051
06 27 0.9043
0.8 47 1.0099

Let A,B: R* — R* be two bounded linear operators created from a normal distribution
with unit variance and mean zero. Consider 11 : R* — R* and v, : R* — R* as two con-
traction mappings such that ;(x) = 55 and ¥, (x) = & for all x € R*. Further, we take two

demicontractive mappings S, and L[k1 :R* > R* such that Sy, (x) = ;{’:ix, Uy, (x) = zﬁ,
where k; = ky = 1, % = (x1,%0,%3,%4)7. Take i = 1, and K; : H; — 2" and T} : H, — 2/

are defined as K (x) = A*A(x) and T1 (x) = B*B(x). Take J = 20. Let L’F and Ly be defined by

y L‘+2 x X 1 _ 4 1 X _ L =24
L; ) = andL ) = w1th b = + NIV b]y 5+ NN and Vi =550 v = L. Obviously,
2_
the solutlon set ' is nonempty as 0 el.Leté, = ﬁ, Wy = 22, N1 = %, 0, = ﬁ,

a, = ﬁ, and the step size 7, = ,,is Choose g8 = 0.5 and initial Values x=1(0.1,0.1,0.1,0.1)7,
y=(0.2,0.2,0.2,0.2)7. We set E,, = ||, — %_1]| + ||¥x — ¥u_1ll < 107* as a stopping criterion
and plot the graphs of errors E, over the number of iterations #. Furthermore, we provide
numerical data for various values of 7,, and the following values of xy and x;.

Case 1: x = (0.01,0.01,0.01,0.01), x; = (0.02,0.02,0.02,0.02);

Case 2: %o = (0.1,0.1,0.1,0.1), 1 = (0.2,0.2,0.2,0.2);

Case 3: w9 = (1,1,1,1), %1 = (2,2,2,2).

Tables 1-3 and Figs. 1-3 present the numerical results.

6 Conclusion

In this paper, we have proposed a new inertial simultaneous cyclic iterative algorithm with
a method for a finite family of split equality variational inequality problems, an infinite
family of split equality variational inclusion problems, and a multiple-sets split equality
fixed point problem for demicontractive operators in infinite dimensional Hilbert spaces.
The proposed algorithm includes several well-known methods such as the cyclic method,
the inertial method, the viscosity approximation method, and the projection method. We
prove strong convergence of the proposed algorithm. This result extends and unifies vari-
ous known results in the literature. Finally, we give a numerical example to justify the main
convergence theorem.
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Figure 1 Comparison of Alg 3.1 with Eslamian Alg [32] and Chang Alg [37]
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Figure 2 Numerical analysis of Alg 3.1 for different cases
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Figure 3 Numerical analysis of Alg 3.1 for different values of p;
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