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1 Introduction
Let K be a nonempty, closed and convex subset of a real Hilbert space # endowed with
the inner product (-, -) and induced norm || - ||. Let £ : # — J be areal single-valued non-

linear mapping. Then the variational inequality problem (VIP) is formulated as follows:
find g* € K such that (Eq*,z - q*) >0forallz e K. (1.1)

VIP (1.1) is a very important tool in optimization theory and other fields of applied math-
ematical sciences (see [2, 5, 9, 10, 12, 13, 15] and references therein). The notion of varia-
tional inequality can be traced back to the Italian mathematician Stampacchia [28]. It was
used as a tool for modeling problems in mechanics (the VIP was also independently for-
mulated by Fichera [13]). The theory of variational inequalities is a crucial one in studying
a wide range of problems in pure and applied sciences in a simple, natural and unified
framework. There is a known relationship between the VIP and the fixed point problem
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(FPP). Finding the solution of VIP (1.1) is the same as finding the solution of the FPP:
find ¢* € K such that g* = P (q* - ,uﬁq*), (1.2)

where 0 < 1 € R and Px is a metric projection of # onto K. There are several algorithms
for finding the solution of VIP (1.1). Predominant among these are the projection algo-
rithms. Projection algorithms leverage on projections onto the feasible set XC or onto some
related sets in order to iteratively obtain a solution. Simplest among these methods is the
gradient projection technique by Goldstein [16]:

K cRr”, 0, 2),
qo € §€(0,7%) 13)

qn+1 = P)C(qn - Eﬁqn): n=>0,

where L is pt-strongly monotone and L-Lipschitzian and Py is a metric projection of R”
onto C. It has been established that the sequence {g,} constructed by (1.3) converges
uniquely to the solution of VIP (1.1). The stringent hypothesis associated with the cost
operator in (1.3) limits application and efficiency of this gradient method. To mitigate
this, many researchers have attempted to weaken some conditions on the cost operator L.
For instance, Korpelevich [19] and Antipin [4] proposed and analyzed the extragradient
method (EM) for approximating the solution of VIP (1.1) in finite-dimensional Euclidean
spaces when the associated operator £ is monotone and Lipschitz continuous. They pro-
posed the iterative method

qoeH, ¢€(0,7)
zn = Prc(gn — £ Lqn), (1.4)
qn+1 = P)c(% - gﬁzn)r n>0.

They proved that the sequence {g,} generated by (1.4) converges weakly to the solution
of VIP (1.1) in a finite-dimensional space. The iterative EM has been extensively studied
and extended by many researchers. Authors like He et al. [18], Nadezhkina and Taka-
hashi [21], Noor [22], Popov [25], and many others extended EM to infinite-dimensional
real Hilbert spaces with better conditions on the cost operator L, for instance when L is
pseudo-monotone or quasi-monotone. One copious defect of the EM is the calculation of
orthogonal projections onto the feasible set K twice per iteration. This can pose a serious
deficiency if the feasible set /C is structurally complex. Thus, to overcome this drawback,
in 2011, Censor et al. [6] proposed an improved iterative method termed the subgradi-
ent extragradient method (SEGM); among its main objectives are reducing the number
of projections onto /C per iteration and achieving convergence under certain conditions
in infinite-dimensional Hilbert spaces. The authors achieved the first objective by replac-
ing the second projection in (1.4) with projection onto constructible half-space x,. The
iterative algorithm is as follows:

qo € H, t€(0,7),

zu = Prc(qn — $ Lgn),

Xn=1{q € H :(qn—LGn —2n,q — 2u) <0},
Gn1 =Py, (qn — ¢ L2,), n=0.
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The authors established that the sequence {g,} generated by (1.5) converges weakly to the
solution of VIP (1.1) under some conditions on the algorithm parameters. Due to the gain
of SEGM (1.5), the iterative method witnessed several modifications (see [6—8, 33] and
references therein) with some conditions imposed on the algorithm parameters which
guaranteed strong convergence in infinite-dimensional Hilbert spaces.

Also, to mitigate the drawback associated with the EM, Tseng introduced another vari-

ant of the EM known as Tseng’s EM [37]. The iterative algorithm is as follows:

Zy = Prc(qn — MLqy),
Gn+1 = 2n — MLz — Lq,), n>0,

(1.6)

where A € (0, %) and the underlying operator £ is maximally monotone. Tseng’s EM has
enjoyed several modifications and extensions by many authors (see [30-32, 36, 39, 41, 42,
44, 45] and references therein).

Recently, researchers have devoted their studies to improving the rate of convergence
of iterative methods. One of the techniques of achieving faster convergence is by the in-
troduction of an inertial term into the iterative scheme. This has been shown to be an
efficient technique for accelerating the convergence of such iterative methods. The iner-
tial technique emanated from a discrete analog of a second-order dissipative dynamical
system which is known for its efficiency in improving the convergence rate of iterative
methods. The well-known Polyak heavy ball algorithm [24] in convex optimization, which
is an inertial extrapolation process for minimizing a smooth convex function, is the first
such method. This popular technique has been used by many authors in different methods
for approximating the solution of VIP (1.1) and other related optimization problems (see
[1, 2, 8, 20, 27] for details).

Recently, Gang et al. [14] proposed the following modified Tseng extragradient iterative
algorithm for solving VIPs in real Hilbert spaces when the underlying operator is pseudo-

monotone and non-Lipschitzian:

qo.q1 € H,

tn = Gn + On(qn — qn-1),

Zn = Prc(ty = 2 L(t0)), (L.7)
Tn = Zn = (L) = L(21)),

Gni1 = Buf (@) + (L= Bu)rn, n>1,

where the step size A, is updated using the Armijo line search rule. The authors show that
under some conditions, the sequence {g,} generated by (1.7) converges strongly to the
unique solution of (1.1).

We have noticed that many modified Tseng extragradient iterative algorithms mostly
entail that the cost operator L is either monotone and Lipschitzian or pseudo-monotone.
Now a pertinent question arises: Can we propose a modified Tseng extragradient algo-
rithm with a more robust cost operator £, say, a modified Tseng extragradient method
when the cost operator is quasi-monotone? And can we extend the iterative method to

solving the FPP when the underlying operator is quasi-nonexpansive?
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Motivated by the work of Gang et al. [14] and many others in this direction, we give affir-
mative answers to these questions. We propose a modified Tseng extragradient algorithm
for approximating the solution of quasi-monotone VIPs with a fixed point constraint of
quasi-nonexpansive mappings in the framework of real Hilbert spaces. Our algorithm is
a viscous iterative one that has an inertial extrapolation term incorporated and is embel-
lished with relaxation. In this work, the cost operator L is assumed to be quasi-monotone
instead of the usual condition that £ is monotone, as in [37], or pseudo-monotone, as
in [14] and most literature. We obtain strong convergence results for the sequence con-
structed by this method under some mild assumptions on the algorithm parameters. Fi-
nally, we give some numerical examples to demonstrate the applicability and efficiency of
our proposed method.

2 Preliminaries

In this section, we will recall some definitions and present results that will help us in our
convergence analysis in the subsequent section. Let J¢ be a real Hilbert space and let K be
a nonempty, closed and convex subset of #. For every g € J there exists a unique nearest
point in K denoted by Pxg such that

g - Prcqll = inf{liq - 2| : z € K}.

Py is termed the metric projection of # onto K and is known to be nonexpansive. More-
over, Py is associated with the following characterization.

Lemma 2.1 ([18]) Let P : # — K be a metric projection of # onto K. Then the following
hold:
(i) IPxq - Pxsl* < (Pxq - Pxs,q —5s), Vg, € H;
(i) z=Pxq ifand only if (g—z,5s-2z) <0,Vs € K;
(iii) [lg — Prcsl® + |1Pxcs —sl|I*> < lg - sl Vg € #,s € K.

Definition 2.1 ([43, 44]) Let J¢ be real Hilbert space and let KC be a nonempty, closed and
convex subset of . Let F : # — J be a real single-valued mapping. Then F is said to
be:
(a) a-Lipschitz continuous if there exists « > 0 such that
IFq-Fsl <alg-sll, Vq,seH;
(b) nonexpansive if
IFg—Fsll <lg-sll. Vq,se€H;
(c) quasi-nonexpansive if the fixed point set of F, F(F), is nonempty and
IFg-pl < llg-pl, VqeHtpecF(F)

(d) B-contraction if there exists 8 € [0, 1) such that

| Fq—Fsll <Blig-sll, Vq,seHt.
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Definition 2.2 ([34]) Let G : #¢ — J€ be a real single-valued operator and let C be a
nonempty, closed and convex subset of #. Then G is said to be:

(i) y-strongly monotone on K if there exists y > 0 such that
(Ga-Gs,q=s)=yla-sl’, Vagsek;
(ii) monotone on K if
(Gg—-Gs,q—s)>0, Vq,sek;
(iii) pseudo-monotone on K if
(Gg,s-q) >0 — (Gs,s—q)>0, Vqsek;
(iv) quasi-monotone on K if
(Gq,9-s)>0 — (Gs,q-s)>0, Vgsek;

(v) sequentially weakly continuous if for each sequence {g,} that converges weakly to a
point g* € # the sequence {Gg,} converges weakly to a point Gg*.

Lemma 2.2 ([38]) Let H be a real Hilbert space with i,v € # and o € R. Then the fol-
lowing hold:
(@) 20, v) = l® + 112 = e = vl = Nl + v lI> = el® = vl
(i) [l =vlI* < llpel® +2{v, v = p);
(iii) [lepe + (1= )]|* = lpl® + (1 - @) |[v]I* — (1l — )| = v]|*.

Lemma 2.3 ([17, 46]) Let KC be a nonempty, closed and convex subset of a Hilbert space
H and let L : H — H be an L-Lipschitzian and quasi-monotone operator. Let z € K. If for
some q* € KK we have (L(z),q"* — z) > 0, then at least one of the following must hold:

(L(q%),q" —2)=0 or (L(z),q4"-2)<0, Vq*'ek.

Lemma 2.4 [26] Let {¢,,} be a sequence of positive real numbers. Let {8,} and {p,} be se-
o0

quences in (0,1) with Y 3, = 0o. Suppose that ¢, satisfies the inequality
n=1

Gl < (1 =8,)¢y + 8,00, VYneN.

If limsupp,, < 0 for every subsequence ¢, of ¢, satisfying the condition likm inf(¢y, 1 —
—00

k—o00
¢n) =0, then lim ¢, = 0.
n—00

3 Main results

Throughout this work, we shall use g, — g* (respectively g, — g*) to denote that the
sequence {q,} converges strongly (respectively weakly) to a point g* as n — co. For the
purpose of convergence analysis of our method, we shall make the following assumptions.
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Assumption 3.1 Suppose that:

(B1) the real Hilbert space #¢ has a nonempty, closed and convex subset K;

(B2) the operator £ :H — # is quasi-monotone, £o-Lipschitzian and sequentially
weakly continuous;

(B3) T :Jt — H is a quasi-nonexpansive mapping which is semiclosed at the origin
such that F(T) # ¥, S;: # — H is a sequence of nonexpansive mappings and
h: # — H is a A-contraction;

(B4) the solution set of VIP (1.1) VI(K, L) # @ and I" := VI(IC, L) N F(T) #&;

(B5) the control sequences {o,,} and {&,} are positive real sequences in (0, 1) with {o,,}

satisfying the property lim o, =0, >0, = 00, with §, = o(o,).
n—0o0

n=1

Algorithm 3.2 [nitialization: Choose ¢, >0, A € [0,1), 0 € [0,1], g0, g1 € H.
Iterative process steps: Given the iterates g,_; and g, for each n > 1, choose 6, such that
0<6, <60,, where

€n

9_,, = min{@, _
”qn —Qn—1||

}, if g, # q,—1; otherwise, set 0,=0.
Step 1: Set n = 1. We calculate the iterate g1 as follows:
Wy = qu + 0u(Sign = Siqn-1),
and we compute
Zn = Prc(Wy = §uLwy).

If z,, = wy, stop; z, is the required solution. Else, execute step 2.
Step 2: Compute

Gni1 = 0nh(qn) + (1 = 04) T pns
where

Pn=2n = 5n(L2n = LWy),
and update {¢,} as follows:

min{Zmel, £, if Lw, 7 Lz,

Cne1 = (3~1)

S otherwise.

Set n:=n+ 1 and return to Step 1.

Remark 3.3 We first highlight some novelties of Algorithm 3.2 with respect to others in
the literature.
(i) In [14, 44], the authors introduced modified Tseng extragradient-type algorithms
for solving VIPs in the framework of real Hilbert spaces. We observed that their

Page 6 of 21
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iterative methods used a class of pseudo-monotone operators, while in this work
we propose a modified inertial Tseng extragradient algorithm for solving VIPs in
real Hilbert spaces when the associated operator is quasi-monotone and there is a
fixed point constraint of quasi-nonexpansive mappings. It can be observed that the
class operators considered in this work are more general and include some
important classes of operators; specifically, the class of quasi-monotone operator
includes strongly monotone operators, monotone operators, pseudo-monotone
operators, and others (see [23] for more details).

(i) In the proposed algorithm, the self-adjustable step size condition
Cni1 € min{%, ¢y} applied in Algorithm 3.2 is very simple and does not
possess any inner loop, unlike the line search technique employed in [14, 33], which
uses inner loops and might consume additional computation time for determining
the step size. It also does not require prior knowledge of the operator norm || L]|.

(iii) The proposed method involves inertial and relaxation terms, which are vital in
improving the rate of convergence for solving VIP (1.1).

(iv) The proof of our convergence analysis (that is, strong convergence of Theorem 4.6)
does not follow the usual “two cases approach” as seen in many papers handling
optimization problems (see [3, 11, 27, 29, 44]).

4 Convergence analysis

Lemma4.1 (See for instance Lemma 3.1 in [40]) The sequence {¢,} generated by Algorithm
3.2 is monotonically nonincreasing and bounded below by min{%, Lo}. Moreover, || Lz, —
Lw,ll < # 1z —wall, Vi = 1.

n+l

Proof From the construction of the sequence {¢,}, it is obvious to see that {¢,} is monotone
decreasing. Since the operator L is £o-Lipschitz continuous, we have for Lw,, # Lz,

tlzn =wall _ mllzn —wall - w

1Lz, — Lw,ll — Lollzy — wall - zO.

By induction it is clear that {¢,} is bounded below with lower bound min{%, Zo}. Since
every nonincreasing monotone sequence that is bounded is convergent, it follows that the
limit of {¢,} exists and we can denote this by

lim ¢, =¢>0. (4.1)

Lemma 4.2 Let {p,}, {z,} and {w,} be sequences generated by Algorithm 3.2 under As-
sumption 3.1. Then {p,} satisfies the inequality

lon=a|” < [|wa—a|” = (1 = 42) 20 — wall*. (4.2)

Proof Letg* € I". Using the definition of p,, in Step 2 of Algorithm 3.2, Lemma 2.1, Lemma
2.3 and Lemma 4.1, we have

”pn -q" ”2 = ”Zn = &u(Lzy — Lw,) = q* ”2

= Hzn - q* Hz + Cy%”*czn - »Cwn”z - 2;n<zn - q*7 ,CZ;,, - ,CW,,)
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2
= ”Zn ~ Wyt Wy —q" ” + g;f”[:Zn - EWWHZ - 2§n<zn -q", Lz, — ﬁwn)
2
= [wa =" " + llzn = wall® + 2{wn = 4", 20 = wi) + ¢ 11 L20 = L)
- 2§n(zn - q*: £Zn - £Wn)
2
= [ =" + 12w = Wil = 2(20 = W 20 = Wir) + 220 = 4> 20 — W)
+ C;«%ll‘czn - L:Wn”z - zé-n(zn - q*r ['Zn - ['Wn>
2
= ”Wn -q" ” + [z, - Wn||2 -2z, - Wn”2 + 2(Zn -q" 20— Wn>
+ gy?”ﬁzn - £Wn||2 - 2Cn(zn - q*r EZ,, - EW")
2
= |wa = q*||” = llza = wall* + 2{zn = 4", 20 = W) + £ 1 L2 — Ly
—28ulzn — q*, L2y — Lwy)
2
= ”Wn -q ” —llzn - Wn||2 + 2<Zn -4, 2n - Wn) + ;V%HEZ}’I - Ewn”z
- 2{;1(52”, Zn = 61*> + 2§n<£wn: Zn — q*)
2
= “Wn - 51* || - ”Zn - Wn||2 + Z(Zn Wyt é‘nﬁwmzn _q*>
+ §3||£Zn - EW,,||2 - 2§n<£Zn: Zn — q*>'
Since L is quasi-monotone on K and z, € I, by Lemma 2.3 we have
(Lznzu—q*) = 0. (4.3)
Using the characterization of the metric projection in Lemma 2.1, we obtain
(wn -2y — LWy, 2, — q*) > 0. (4.4)
With the help of (4.3) and (4.4), we get
2 2
”pn -q ” = ”Wn -q" ” —llzn - Wn||2 + C,fllﬁzn - Ewn||2- (4.5)
Also, from our adaptive step size (3.1),

CPN L2y — Lwyl” < 12 N1z — wall (4.6)

Combining (4.5) and (4.6),

|0 = |” < [|wn =2 = 120 = Wl + %112 = i)

= Jwa—a*||* = (1 = 1?2 — wall? 4.7)
<[wi-aI" (48)
which yields the desired result. O

Lemma4.3 Let {q,} be a sequence generated by Algorithm 3.2 under Assumption 3.1. Then
{g,} is bounded.
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Proof Let g* € I'. Then from the definition of (w,) in Algorithm 3.2, we have

|wn =" = |@n + 64(Sidn — Sign-1) ~ 4"

0y
= ”qn -q" ” + Ung_ Sign — Sign-1|l (4.9)
)
<\ -a*| + w(a—”llqn - qn_1||>.

Since fr—ZHq,, — g1l < 5—:, from which by assumption (B5) it follows that )E‘L‘o%”q" -

qn-1ll = 0, the sequence {i—z lgn—qn-111} isbounded. Thus, there exists a real constant K7 > 0
such that Z—’:{ lgn — gu-1ll < Ky for all » > 1. Hence,

||wn -q || < ||q,, -q" || +0,K;. (4.10)

Now, using the definition of sequence {g,.1} in Algorithm 3.2, Lemma 4.2 and (4.10), we
deduce

|gns1 = a" | = |ouh(qn) + (1 = 0.)Tpa - 7|,
= |ou[h(gn) - a*] + Q- 0)[Tpn - q*]|
<ou|h(gn) -q*| + A =0,)|Tpu—q*|
<ou|h(gn) - q*| + A -0n)|pn— "
= 0u||i(qn) = h(q*) + h(q") —q* | + (1 = o) |pu — 47|
< | hlgn) = 1(q") | + 0u|[H(q") 4" [ + A = o) [ pn — 77|
<20 gn~q" [ + 0u|i(q") — 4" || + A = o) | pu — 7"
< 20| gn = q" [ + 0u|n(q") = 47| + A = o) [wn — * |
<20 gn = q" | + 0u|n(q") = a* | + A = o)l — " + 0wk ]
= (1-0u(1=2)|lgn = q*|| + 0u|1(q") - ¢*|| + 0,(1 - 0:);
=(1-0u@=2)|gn-q"[ + ou[|1(q") — 4" | + A - ow)K1]

Ih(g*) — q*|l +I<1}

< (== R)a -+, T

< max{g. -, (1) [ (") - '] + Ki ]} @)

Thus, by induction

||q,,—q* || §max{Hq1—q* ,(1—%)’1[||h(q*)—q* || +K1]}, Vn>1. (4.12)
Since the sequence {||g, — g*||} is bounded, it follows that {g,} is bounded. Hence, {w,},
{z,}, {pn} and {T p,} are all bounded. O

Lemma 4.4 Let {z,} and {w,} be sequences generated by Algorithm 3.2 under Assump-
tion 3.1. Suppose {z,,} and {w,,} are subsequences of {z,} and {w,}, respectively, with {z,, }
converging weakly to a point q* € ¥ and llim Wy, — 2, | = 0. Then q* € VI(IC, L).
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Proof We know that z,,, = P¢(W,,, — {u, LWy, ). Hence, from the characterization of the pro-
jection operator (see Lemma 2.1), we get

Wiy = Eny LWy — 2Znyq — 2n,) <0, VgekK.
This implies

Wiy = Zngr @ — Zny) = Eng {LWnyr @ — 2n,) <0,

<ZW, ~Wnp g — an) < u, <£an’ q- Zn[> =, (‘Cwng! Wy — an) + &, (ﬁwan — Wy, )

and hence

1
—(Zny = Wiy @ — Zuy) + (LWpyr 2y — Wy ) < LWy, q — Wy,). (4.13)
ny

Since {z,, } converges weakly to a point g* € # and Zlim Wy, — 2, |l = 0, it follows that
—00
{wy,} and {Lw,, } are bounded sequences. We have established also from Lemma 4.1 that
Klim ¢y = ¢ > 0. So from (4.13), we obtain
—00

0< lilm inf(Lwy,,q —wy,) <limsup(Lw,,,q—w,,) <oo, Vqek. (4.14)
— 00

{—o00

We observe that

(EZVI@’ q- an> = (Ean'q — Wy, + Wy, — an)
=(Lzy, — LWy, + LWy, q — Wy,) + (L2, Wy, — Zn,)

= ('Czng - 'Cwnpq - an) + (’Cwnpq - an) + <'CZVI@) an - Z}’lz)’ (415)
Recall that the operator L is £y-Lipschitzian, so
Jim 1L, = L2, 1 < Jim (€W — 2, 1) =0, (4.16)
Combining (4.14), (4.15) and (4.16), we infer

0< lilminf(ﬁznl,q —zy,) <limsup(Lz,,,q - z,,) <00, VYgek. (4.17)

£—00
Using (4.17), we shall look at the following two cases.
Case A: Suppose that limsup(Lz,,,q —z,,) >0, Vg € K. Then there exists a subsequence

k— o0

(z4, ) ofsequence (z,,) such that lim (Lz,, ,q—2z,, )>0.Thisimplies that one can find
m m— 00 m m
mg > 1 such that

(/.Zznlm,q ~Zn,, ) >0, Vm>my.
By the quasi-monotonicity of the mapping L, it follows that

(Lg,q~2n,,) >0, YgeK,m>m. (4.18)
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If we pass to the limit as m — 0o in (4.18), we get

lim (£q,q -z, ) = (Eq,q - q*) >0, Vgelk.

m— 00

Hence, g* € VI(IC, £).
Case B: Suppose in (4.17),

limsup(Lz,,,q — zy,) = 0. (4.19)

k— o0

We construct a nonincreasing positive sequence {1} defined by

1
M= |(£anq_zng>|+g+l- (4.20)
Clearly n; — 0 as £ — 00, so combining (4.19) and (4.20), we get
<£an q - ZVI@> + Ne > 0 (4‘21)

Since {z,,} C K, this implies that {Lz,,} is strictly nonzero. We let L]lim £z, = K3 > 0.
—00

We can infer that

a1 2. @22)
Also, we let {/,,,} be a sequence given by v, = ”fjﬁ It follows that

(Lzngs Yny) = 1. (4.23)
By combining (4.21) and (4.23), we obtain

(L2uysq — zn,) + 1e(LZyy5€n,) >0, (4.24)
so

(L2Zngsq + MicVing = 2n,) > 0.
Since L is quasi-monotone on #, we get

(L(q+neWn,)rq + 0eVn, — 2,) > 0. (4.25)

But we note that

(Lq,q +1evn, = 2n,) = (Lq = LG+ 0eWn,) + LG+ 0eWn )G + NeWn, = Zn,)
=(Lq—L(q+neVn) g+ 0eVn, — 2n,)

+(L(q + neVn ) g + 1oV, — 2Zn,)- (4.26)
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Combining (4.25) and (4.26) and applying the Cauchy—Schwartz inequality, we obtain

<£q’q+ Wlpng _Zn[> Z <£q_ E(q+ T/klpng)rq-'— Wlﬁng _an>
> —||Lg - L(q+newn) | 1g + neWn, = yu, . (4.27)

Since L is £y-Lipschitz continuous, we have
(Lq,q +nevn = 2n) + LollneWu, Mg + 0oV, = 2n, |l = 0. (4.28)

Combining (4.22) and (4.28) and taking into consideration the definition of the sequence
{&n,}, we have

Lo
+ —nellg + neWn, = 2u, |l 2 0. (4.29)

2
(Lq,q + eV, — 2Zn,) 5

Using (4.29), since n, — 0 and z,, — g* as £ — 00, we get

) 280
lim ( (Lq,q + mc¥n, —2n,) + —nellz + 00, — 20, |
£—00 K,
=(Lq,q-q*)>0, VYgek. (4.30)
Thus, g* € VI(K, L), completing the proof. d

Lemma4.5 Let{q,} be a sequence generated by Algorithm 3.2 under Assumption 3.1. Then
forall n> 1, {q,} satisfies the inequality

Ay <(1- Qn)An + 01 0p; (4.31)

K3Kg+(h(g*)-q*, —q*
where A1 = | qut = 1% A= 11gn — G112, 00 := (1 = Mo, and 9, := K HE At ~47)

for some real constants Ks, Ky.

Proof Indeed, using the definition of the sequence {g,1} in Algorithm 3.2, Lemma 2.2 and
Lemma 4.2, we have
| g1 - a** = |ouhtan) + A - 0)Tpu " |
= | 0uh(qn) - ouh(q") + 0uh(q*) + (1~ 0)Tpu — 4° |
= 0w (i(gn) - h(g*)) + (1 = o) (Tow - 4°) + 0u(h(a*) - 4*) |*
< ||ou(h(gn) - 1(q*)) + A= 0.)(Tow =) |* + 20u{1(q*) - 4"+ 1 — 4°)
< oulhlgn) - 1(q) " + A=) | Tpu - |
~ 01 -0,)|(han) - Tp) - (h(q") - 4°)|°
+20u(h(q") = 4", g1 - 4°)
<0h?|gn—q |+ A=) |pu— |’
—ou(1=0) | (h(gn) - Tpa) - (h(q*) - ) |

2



Abuchu et al. Journal of Inequalities and Applications (2024) 2024:38

+20,(h(q*) - 4", g1 - 4°)
< oullhign) ~h(g")|” + (1 = o) pn - 4| ~ ou(1 = 0,) | lg) - T
+204(1(q") = 4", g1 - 4")
<o|gn—a | + A=) |wu—a*|” = (1= 1) ll2n — wall?]
—0,(1=0,) | I(gn) = Tpa|” +20u{1(q") = 4" @1 — 7°)
ot g =g P + A=) | wu = |* = (1 = 0) (1 = 12) 120 = wal®
—0u(1=0,) |A(gn) = Tpa|* + 20u(1(q*) = 4", gner — 4°)
<o|gn—q |+ A=a)|wu—q*|° = (1 = 0) (1 = 1) 120 — wal®

- Un(l - Gn)||h(qn) - Tpn ”2 + 2Un(h(q*) - q*,61n+1 - 61*> (4'32)
But we observe that

| W= a*|* = | 4n + 64(Sittn — Sigin1) - @* ||
= (g0 - q*) + 64(Sidn — Sigun)||”
=|lgn - q* ||2 +20u(@n — 4% SiGn — Siqn1) + O 11Siqn — Signr II?
< | an—a*|* + 264 @n — 7| 1S — Sit-rll + 621 ~ Sictu-r 1
< Nan—a*|" + 204 dn — 7| 1 — ducr | + 0214 — Gu-a I
= an—a"|" + 0ulldn — @n-111 (2] @n — 7| + Oull g — gnr 1)

= gn - q*||* + 6ullgn — g1 1K, (4.33)

where K3 := sup(2[|g, — g*|| + 6ullgn — gu-11l) < 00.
By combining (4.32) and (4.33),

|gun -a* | < ourgu—a|” + A =0 — " | + Oullgn - gn11K5]
-(1- Un)(l - Mz) llzn — Wn||2 —ou(l-0y) ”h(%) ~Tpn HZ
+ 20n<h(q*) - q*:qrﬁl - q*>
= Un)"”qn -q ”2 +(1- 0n)||q;1 -q ”2 +0ulgn — qn-111K3
—(1=00)(1 = 1?20 = wall® + 20u(h(q*) - @*, Gns1 — ")
On
= (1 - (1 - }\,)G,,) ”qn - q* ”2 + 0y |:O'_ ||LIn —qn-1 ||I<3:|
n
-(1- Un)(l - .LLZ) Iz — Wn||2 —ou(l - Un)”h(qn) ~Tpn ||2
+20u(1(q*) - 4" qus1 — %) (4.34)
= (1 -(1- )L)Un) ”qn -q ”2 +0,K3Ky + 20n(h(q*) ~ 4" qni1 — q*>

= (1-(-1on) g -]’

Page 13 of 21
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(4.35)

K\ _ ok ok
+(1_A)Gn[l<31(4+2(h(q )= qni1 — q )]’

1-2
which gives the desired result. d

Theorem 4.6 Let {q,} be a sequence generated by Algorithm 3.2 under Assumption 3.1.
Then {q,} converges strongly to qg* € T := VI(IC,L) N F(T) <= 1lim ||q,s1 — gull = 0.
n—00

Proof Let g* € . To show that g, — ¢* € ', we shall apply Lemma 2.4 and (4.35) and
show that

limsup ene ”qn —4qn —1||I<3 + L(h(q*) - 61*, qnp+1 — q*> =0
{—00 (1 - )‘)an@ ‘ ‘ 1-2 ‘ n

for every subsequence {||g,, — g*||} of the sequence {|lg, — 4" ||} satisfying the condition
liminf(| gy, .1 = 4" = 4w - q7]) = 0. (4.36)

Consider {|lg,, — g*|l} to be the subsequence of {||g, — g*||} satisfying condition (4.36).
Then

timinf([ s o1 =" | - 4w - ")
= timinf] (g1 = 4| = |u = 4" 1) (| =" | + |4 — 0[]

>0. (4.37)

From (4.34) and (4.37),

lim SUP[(I - Gn[)(l - HZ) ”Zn[ - Wn[ ”2 + Gn(l - Gn[) ”h(qng) - Tpn[ ”2]

{—00

< timsup[(1 = (1 =)o) [an = a"|" = lans = a'[']
—> 00

[7)
1. 1—)\4 n - ny — Yny— I<
+ 1errisolip|:( )o, e<(1_)\)ane Gn, = Gn,-11K3

+
1

fk(h(q*) ~ 4" qnyi1 — q*))}

< timsup[ (1= (1 =)o) [an ~a"|" = |ns - '[']
—00

+limsup| (1 - X)o, b gne — qnp-111K3
o0 ‘NA=-May,

2

) - e ') |

-~ timinf{| gy, ~ "]~ . ~4" ] 0.

+

This implies

1im [(1 = 0,,) (1 = 122) 2 = Wi 11> + 0 (L = 0) | () = T, | ] = O- (4.38)

{—00

Page 14 of 21
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Thus,

Jim iz, —wi, |l =0, (4.39)
SO

Jim [[/(gn,) = T, || =0. (4.40)

We observe from the definition of the sequence {w,,} that
On,
”erl - ql’lg ” = Unz U_ ”Siqug - Sz‘anl ” — 0 asf— oo. (4'41)
ney

Since £ is uniformly continuous and £y-Lipschitzian, using (4.39), we get

lpuy = 2n, | < &y ollzn, = Wy, |l > 0 as € — oo. (4.42)
Also, using (4.39) and (4.42),

1Pn, = Wil < M1Puy = Zup Il + 120y = Wiy Il > 0 as £ — o0. (4.43)
Combining (4.41) and (4.43),

120, = @ne | < 11Dy = Wiy Il + 1Wny = G, | > 0 as £ — oo. (4.44)
Furthermore, using the definition of {g,,.1} in Algorithm 3.2, we deduce

Gnys1 = Py = g (W) = TPw;) + TPuy = Prg>

which immediately implies that

”png - Tpn[ ” = “qnwl —Pny ” + Oy, ||h(qng) - Tpn[ ”

SN Gng1 = Gup | + 1Gny — P, || + 0, ”h(‘Ing) — T Pn, ”
Since 0, = 0, gu,+1 — gn, — 0 as £ — 00, using (4.40) and (4.44), we get
lim ||py, = Tpu, |l =0. (4.45)
{—o00

Since the sequence {g,,} is bounded, there exists a subsequence {qn[k} of {g,,} such that
{q,,zk} converges weakly to z* € # as k — oo. Using (4.41), we have Wiy, — z* € H as
k — oo. Also, since {p,,} is bounded, there exists a subsequence {pnzk} which converges
weakly to z* € #. Since T is semiclosed at the origin, by (4.45), we infer that z* € F(T).
Thus, by (4.45) and Lemma 4.4, z* € T".

Furthermore, since Ing, — z*, it follows that

hmsup(h(q*) _q*¢qn@ _ q*> = lim (h(q*) - q*,qu - q*)

{—00 k=00



Abuchu et al. Journal of Inequalities and Applications (2024) 2024:38 Page 16 of 21

= (h(q*) -q*,z" - q*). (4.46)
However, since z* is a unique solution in I, this implies that

lim sup(h(q*) —q" G, - q*> = (h(q*) -q",z" - q*) <0. (4.47)

{— 00

Furthermore,

lim sup(h(q*) — 4" Gy — q*) =lim sup(h(q*) — 4" qn, — q*>

{—00 {—00

=(n(q") - 4"z -q") <0. (4.48)

Using Assumption 3.1 (B5) and (4.48),

. . 9}1 * * £
hmsup ang =lim Sup[ilﬂqw - qng—1||[<3 + (h(q ) -9 qn+1 — 4 )]

=00 oo L(1- X)Ung 1-A
<0. (4.49)
It follows from Lemma 2.4 that lim ||g, — ¢*|| = 0, completing the proof. g

5 Numerical experiments

In this section, we will give some special numerical examples which show the behavior
of our proposed iterative method in comparison to Algorithm (3.4) of Gang et al. [14],
Algorithm (3.6) of Thong et al. [35] and Algorithm (3.2) of Zhao et al. [44].

Example 5.1 Let # = £,(R) be a real Hilbert space of square summable sequences of real
numbers equipped with the property

2 2 2 2
il + g2l + llgsll” + - - + gnll” + - - - < +00.

Let £ : K — K be a mapping defined by

L(q) = (o -liqll)g, Vg€ X,

where K:={ge #:|lq|l <y}, 0,y € R,such that y,o > 0. It is can be easily seen that L is
weakly sequentially continuous on # and VI(KC, £) = {0}. Now for g,s € K, we get

I1£q - Lsll = | (o = llgll)g - (o - lIsl)s]|
=llog - llqlig-os+ [slsl|
<olig-sl+lqllg-sl+lsll]lIql - lIsl|
<olg-sl+ylg-sl+ylg-sl
=ollg—sl +2ylq-s|

<(o+2y)lg-sl.
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This implies £ is £y-Lipschitzian with ¢y = (o + 2y). It is also easily verifiable that the
operator L is quasi-monotone for all 0 < § < y <o. To see this, suppose (Lgq,s - ¢q) > 0 for
q,s € K such that

(0 - liql)ig,s —q) > 0.

Then from the definition of the feasible set /C, it follows that

(Ls,s—q) (0 = lIsll) (g5 —q) = (o = lIsl) (5,5 —q) = (0 = lIsl|)(g,5 — q)

= (
(o~ lsl
(

o —lsl)(s - g5 - q)

v

[s,s— q,s—q)]

v

(o = lIsl)lis — 4l* = 0.

The operator L is quasi-monotone on K. We compute the metric projection on /K as fol-

lows:
g, ifligll<v,
Px(q) =
ﬁ, otherwise.

We defineamap 7 : £,(R) — €>(R) by T g = qs;ﬂ. Asseenin [44], T is quasi-nonexpansive
and semiclosed at 0 with F(7) = {0}. Finally, let /1 : # — J¢ be a mapping defined by
h(q) = %q. It can be seen easily that / is %—contractive. We take F(q) = %q [44]. Suppose for
100;12+1 for Algorithm 3.2.
Also, if we consider TOL = ||q,, — g,_1]| < 107 as the stopping criterion and choose the

this example ¢ = %, uw=05y=200= %, Cns1 = (nigg’l,g, Oy =

following different initial points:
Case A: qo-(1,2,4, )yq1=(=2,1,—
Casquo—(1,2,4, Jyq1=(-3,1,-
Case C: qo = (5, 1,5, D), q1=(-51,-
Case D: qo = (2, 1,2, D) q1 :(—3,1,—%,
then we obtain the results in Table 1.

. .

Example 5.2 ([33]) Let #¢ = L,([0, 1]) be an infinite-dimensional linear space of square in-
tegrable functions associated with the inner product q,S) fo (t)s(t) dtvq, s € Ly([0,1]),
t € [0,1],and induced norm | g||z, = fo GIH dt)2 ,Vq € L,([0,1]). Consider a closed unit

Table 1 Numerical results for Example 5.1

Case Zhao et al. Thong et al. Gang et al. Abuchu et al.
Case A Sec. 0.0672 0.0446 0.0455 0.0439
No. of Iter. 67 67 58 38
Case B Sec. 0.0688 0.0485 0.0227 0.0034
No. of Iter. 27 26 23 19
Case C Sec. 0.0511 0.0393 0.0145 0.0145
No. of Iter. 82 84 69 35
Case D Sec. 0.0104 0.0088 0.0069 0.0054

No. of Iter. 95 98 81 41
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Figure 1 Plot of Errors against number of iterations for Example 5.1; Top Left: Case A; Top Right: Case B;
Bottom Left: Case C; Bottom Right: Case D

ball IC := {gq € L,([0,1]) : ||lg| < 1}. Define a projection from Ly([0, 1]) onto K by

W’ ifllgll2 > 1,

9, ifllqll,2 < 1.

Px(q) =

Let £ : Ly([0,1]) — Ly([0,1]) be an operator defined by (Lg)(t) = max{0, @}, Vq €
L([0,1]), te [0, 1]. It is easily verifiable that £ is pseudo-monotone (so, quasi-monotone),
and VI(L,K) = {0}. Also, let T : L»([0,1]) — L,([0,1]) be a mapping given by (7T ¢)(¢) =
fol tq(s)ds, t € [0,1]. The operator 7 defined here is nonexpansive and hence quasi-
nonexpansive (see [33]). It can also be easily seen that 0 € F(T). Thus, I' := VI(L,K) N
F(T)#@.Let h:Ly([0,1]) — Ly([0, 1]) be a mapping defined by (h(g))(¢) = %q(t), te[0,1].
Then /4 is a contraction. If we take TOL = ||q, — q,_1|| < 107° as the stopping criterion, we
obtain the following table and graphs using the following as starting points:

Case A: qo(t) = 282 + t, g, (t) = sin(¢?),

Case B: qo(t) = 2¢' + t2, q1(t) = sin(2¢),

Case C: qo(t) = 2e"! + t, g1 (t) = sin(2£?),

Case D: qo(t) = € + 13, q1(t) = cos(2£3) + €' — 243
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Table 2 Numerical results for Example 5.2

Case Zhao et al. Thong et al. Gang et al. Abuchu et al.
Case A Sec. 121.5575 39.1899 26.7381 25.7266
No. of Iter. 206 46 22 20
CaseB Sec. 236.0356 72.8521 44,1703 36.5203
No. of Iter. 88 38 19 18
CaseC Sec. 1105115 35.1408 204326 16.7390
No. of Iter. 206 50 24 20
Case D Sec. 3249522 41.5406 29.8858 18.5931
No. of Iter. 488 52 29 21
102 T T 102 T T
E —— Abuchu et. al —O— Abuchu et. al
£ —¥%— Zhao et. al —%— Zhao et. al
10% 1 105 1
A Gang et al. Gang et al.
%‘* Thong et al Thong et al

1 102
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—%— Zhao et. al ) —%— Zhao et. al
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Figure 2 Plot of Errors against number of iterations for Example 5.2; Top Left: Case A; Top Right: Case B;
Bottom Left: Case C; Bottom Right: Case D

6 Conclusion

A modified Tseng inertial iterative algorithm for solving quasi-monotone variational in-
equality and fixed point problems when the underlying operator is quasi-nonexpansive in
real Hilbert spaces was introduced and studied. We established strong convergence of the
proposed Algorithm 3.2 without prior knowledge of the Lipschitz constant of the cost op-
erator under the adaptive step size condition and other certain mild assumptions on the
algorithm parameters. The algorithm, which is embellished with inertial extrapolation and
viscosity terms as well as good relaxation of the cost operator (quasi-monotone operator),
generally exhibited enhanced efficiency and applicability. Finally, we presented some nu-
merical experiments to demonstrate the applicability and the advantages of our algorithm.
Tables 1 and 2 and Figs. 1 and 2 reveal that our algorithm perform more favourable in com-
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parison to some related methods in literature. Our results complement and extend some
recent results in the literature.
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