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1 Introduction
One of the central theorems in the approximation theory is a Korovkin-type theorem. It is
studied in various function spaces and in the various forms of convergence, starting from
standard convergence [1, 12, 18, 27, 29], statistical convergence [3, 9, 10, 16, 23], power
summability form of it [4–8, 24], and many other forms. In this paper, we will study the
kind of the modified (p, q)-Gamma-type operators, and for these operators, we will prove
the Korovkin-type theorem and some direct results by considering the modulus of conti-
nuity and modulus of smoothness and their behavior in Lipschitz-type spaces. In Sect. 3,
some results in the weighted spaces are given, and in the end, some shape-preserving prop-
erties are proven. In [25], the following Gamma-type operators were introduced:

Gn(f , x) =
∫ ∞

0
Kn(x, u)f

(
n
u

)
du, (1.1)

where

Kn(x, u) =
xn+1

�(n + 1)
e–xuun, x ∈ (0,∞).
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Later one, in [29], the above operators have been modified to the following form:

Gn(f , x) =
∫ ∞

0
Kn(x, u)f (nu) du, (1.2)

where

Kn(x, u) =
xn+3

�(n + 3)
e– x

u u–n–4, x ∈ (0,∞).

Recently, in [21], the above operators have been modified as follows:

Gn,q(f , x) =
∫ ∞

A

0
Kn,q(x, u)f

(
[n]qu

)
) dqu, (1.3)

where

Kn,q(x, u) =
qxn+1

�q(n + 1)
E(–qx/u)u–n–4, x ∈ (0,∞).

For any function f , the (p, q)-derivative is given by (for example, see [11, 19])

Dp,qf (x) =
f (px) – f (qx)

(p – q)x
, x �= 0,

and in case where f is differentiable at 0, then Dp,qf (0) = f ′(0). We know that

[n]p,q =
pn – qn

p – q
, [n]p,q! =

n∏
j=1

[j]p,q, [0]p,q! = 1,
(

n
k

)
p,q

=
[n]p,q!

[k]p,q![n – k]p,q!
,

for all 0 ≤ k ≤ n. In [13], it is proved that (Theorem 1)

[
n + 1

k

]

pq

= pk

[
n
k

]

pq

+ qn–k+1

[
n

k – 1

]

pq

. (1.4)

Based on this relation, we have

Lemma 1.1 The (p, q)-factorial satisfies the following relation:

[n + 1]pq = p2[n – 1]pq + [2]pq · qn–1.

Proof From relation (1.4) and definition of the (p, q)– factorial, for k = 1, we get

[
n + 1

2

]

pq

= p2

[
n
2

]

pq

+ qn–1

[
n
1

]

pq

⇒ [n + 1]pq

[n – 1]pq[2]pq
=

p2

[2]pq
+

qn–1

[n – 1]pq
,

and we obtain the desired result. �
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Some relation related to the p, q-exponential function and p, q-integral are given by the
following relations:

Ep,q(x) =
∞∑

n=0

q(n
2)xn

[n]p,q!
,

ep,q(x)Ep,q(–x) = 1.

∫
f (x) dp,qx = (p – q)x

∞∑
k=0

f
(

qk

pk+1 x
)

qk

pk+1 .

Further, the p, q-Gamma function is given by

�p,q(n) =
∫ ∞

0
un–1Ep,q(–qu) dp,qu.

It is known that the following relation is valid (Proposition 3.3, [26]):

�p,q(x + 1) = [x]p,q�p,q(x), (1.5)

for every x.
In this paper, we introduce modified (p, q)-Gamma-type operators:

G(1)
n;p,q(f , x) =

∫ ∞

0
Kn;p,q(x, u)f

(
[n]p,qu

)
dp,qu, (1.6)

with

Kn;p,q(x, u) =
pqxn+3

�p,q(n + 3)
Ep,q

(
–

qx
u

)
u–n–4. (1.7)

Remark 1.2 Our operators are a generalization of the operators given in [29]; for p → 1,
we obtain their class of operators. For p ∈ (0, 1) and q = 0, we obtain operators defined in
[21].

Now, we give some basic results.

Lemma 1.3 For p, q ∈ (0, 1) and x ∈ (0,∞), the operators G(1)
n;p,q satisfy

G(1)
n;p,q

(
uk , x

)
=

[n]k
p,qxk�p,q(n + 3 – k)

�p,q(n + 3)
=

[n]k
p,qxk

∏k–1
j=0 [n + 2 – j]p,q

.

Proof By setting t = x/u, we have

G(1)
n;p,q

(
uk , x

)
=

∫ ∞

0

pqxn+3

�p,q(n + 3)
Ep,q

(
–

qx
u

)
u–n–4([n]p,qu

)k dp,qu

=
pq[n]k

p,qxn+3

�p,q(n + 3)

∫ ∞

0
uk–n–4Ep,q(–qx/u) dp,qu
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=
[n]k

p,qxk

�p,q(n + 3)

∫ ∞

0
tn+2–kEp,q(–qt) dp,qt

=
[n]k

p,qxk�p,q(n + 3 – k)
�p,q(n + 3)

,

as required. �

As an application of the above Lemma, we have

Corollary 1.4 For p, q ∈ (0, 1) and x ∈ (0,∞), the operators G(1)
n;p,q fulfill

(1) G(1)
n;p,q(1, x) = 1,

(2) G(1)
n;p,q(u, x) = [n]pqx

[n+2]pq
,

(3) G(1)
n;p,q(u2, x) = [n]2

pqx2

[n+1]pq[n+2]pq
,

(4) G(1)
n;p,q(u3, x) = [n]2

pqx3

[n+1]pq[n+2]pq
,

(5) G(1)
n;p,q(u4, x) = [n]3

pqx4

[n–1]pq[n+1]pq[n+2]pq
.

Proof The first one is obvious. For the second, we have:

G(1)
n;p,q(u, x) =

[n]pqx�pq(n + 2)
�pq(n + 3)

.

From relation (1.5), we obtain

G(1)
n;p,q(u, x) =

[n]pqx�pq(n + 2)
�pq(n + 3)

=
[n]pqx�pq(n + 2)

[n + 2]pq�pq(n + 2)
=

[n]pqx
[n + 2]pq

.

Similarly, we obtain

G(1)
n;p,q

(
u2, x

)
=

[n]2
pqx2

[n + 1]pq[n + 2]pq
,

G(1)
n;p,q

(
u3, x

)
=

[n]2
pqx3

[n + 1]pq[n + 2]pq
,

G(1)
n;p,q

(
u4, x

)
=

[n]3
pqx4

[n – 1]pq[n + 1]pq[n + 2]pq
. �

As a result of Lemma 1.3 and the linearity of the operator G(1)
n;p,q, we obtain the following:

Lemma 1.5 For p, q ∈ (0, 1) and x ∈ (0,∞), the operators G(1)
n;p,q satisfy

G(1)
n;p,q

(
(u – x)k , x

)
= xk

k∑
j=0

(–1)k–j
(

k
j

)
[n]j

p,q∏j–1
i=0[n + 2 – i]p,q

.

Lemma 1.6 For p, q ∈ (0, 1) and x ∈ (0,∞), the operators G(1)
n;p,q satisfy

(1) G(1)
n;p,q((u – x), x) = [n]pq(1–p2)–[2]pqqn

[n+2]pq
x,

(2) G(1)
n;p,q((u – x)2, x) = [n]pq([n]pq+(p2–2)[n+1]pq)+[2]pq[n+1]pqqn

[n+1]pq[n+2]pq
x2,

(3) G(1)
n;p,q((u – x)3, x) = [n]pq(–2[n]pq+(3–p2))[n+1]pq)–[2]pq[n+1]pqqn

[n+1]pq[n+2]pq
x3,
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(4) G(1)
n;p,q((u – x)4, x) = [n]pq([n]2

pq+2[n]pq[n–1]pq+(p2–4)[n–1]pq[n+1]pq)+[2]pq[n–1]pq[n+1]pqqn

[n–1]pq[n+1]pq[n+2]pq
x4.

Proof Applying Lemma 1.1 and Lemma 1.5 will give:
(1) G(1)

n;p,q((u – x), x) = G(1)
n;p,q(u, x) – x = [n]pqx�pq(n+2)

�pq(n+3) – x = [n]pq–[n+2]pq
[n+2]pq

x =
[n]pq–(p2[n]pq+[2]pqqn)

[n+2]pq
x = [n]pq(1–p2)–[2]pqqn

[n+2]pq
x.

(2) Similarly, we obtain: G(1)
n;p,q((u – x)2, x) = [n]2

pqx2–2x2[n]pq[n+1]pq+x2[n+1]pq[n+2]pq
[n+1]pq[n+2]pq

=
[n]pq([n]pq+(p2–2)[n+1]pq)+[2]pq[n+1]pqqn

[n+1]pq[n+2]pq
x2.

(3) G(1)
n;p,q((u – x)4, x) = [n]pq([n]2

pq+2[n]pq[n–1]pq+(p2–4)[n–1]pq[n+1]pq)+[2]pq[n–1]pq[n+1]pqqn

[n–1]pq[n+1]pq[n+2]pq
x4.

�

Remark 1.7 Throughout this paper, we assume that (pn)n∈N and (qn)n∈N are two sequences
such that 0 < pn, qn < 1, pn �= qn, satisfying limn→∞ pn = limn→∞ qn = 1, limn→∞ pn

n = α and
limn→∞ qn

n = β , where 0 ≤ α,β < 1. Then, from Lemma 1.6, we have

lim
n→∞[n]pn ,qn G(1)

n;pn ,qn

(
(u – x), x

)

= lim
n→∞[n]pn ,qn

[n]pn ,qn (1 – p2
n) – [2]pn ,qn qn

n
[n + 2]pn ,qn

x = (2α – 4β)x,

lim
n→∞[n]pn ,qn G(1)

n;pn ,qn

(
(u – x)2, x

)

= lim
n→∞[n]pn ,qn

[n]pn ,qn ([n]pn ,qn + (p2
n – 2)[n + 1]pn ,qn ) + [2]pn ,qn [n + 1]pn ,qn qn

n
[n + 1]pn ,qn [n + 2]pn ,qn

x2

= 2αx2,

lim
n→∞[n]pqG(1)

n;p,q
(
(u – x)3, x

)

= lim
n→∞[n]pq

[n]pq(–2[n]pq + (3 – p2))[n + 1]pq) – [2]pq[n + 1]pqqn

[n + 1]pq[n + 2]pq
x3 = (2α – 4β)x3,

lim
n→∞[n]pn ,qn G(1)

n;pn ,qn

(
(u – x)4, x

)

= lim
n→∞[n]pn ,qn

× [n]pq([n]2
pq + 2[n]pq[n – 1]pq + (p2 – 4)[n – 1]pq[n + 1]pq) + [2]pq[n – 1]pq[n + 1]pqqn

[n – 1]pq[n + 1]pq[n + 2]pq
x4

= 2αx4.

Next results prove the Korovkin-type theorem for the G(1)
n;p,q. The Korovkin-type theo-

rem and its versions are widely studied; see, for example, [2–9, 17, 20, 23].

Theorem 1.8 Let G(1)
n;p,q be a sequence of positive linear operators defined on C[0,∞), such

that for every i ∈ {0, 1, 2},

lim
n→∞

∥∥G(1)
n;pn ,qn (ei; x) – ei

∥∥ = 0, (1.8)

where ei = xi. Then, for every f ∈ C[0,∞),

lim
n→∞

∥∥G(1)
n;pn ,qn (f ; x) – f

∥∥ = 0, (1.9)

uniformly for every x ∈ [a, b] ⊂ [0,∞).
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Proof From Corollary 1.4, we have

∥∥G(1)
n;p,q(e0; x) – e0

∥∥ = 1 – 1 = 0,

∥∥G(1)
n;pn ,qn (e1; x) – e1

∥∥ =
∥∥∥∥ [n]pnqn x

[n + 2]pnqn
– x

∥∥∥∥ = 0

and

∥∥G(1)
n;pn ,qn (e2; x) – e2

∥∥

=
∥∥∥∥

[n]2
pnqn x2

[n + 1]pnqn [n + 2]pnqn
– x2

∥∥∥∥ = 0.

The proof of theorem follows from the Korovkin theorem [1]. �

2 Some direct results
With B[0,∞), C[0,∞) and CB([0,∞)), we will denote the space of all bounded functions,
continuous functions, and continuous, bounded functions defined in the interval [0,∞).
Let be given η > 0, then the Petree K-functional [28] is defined as follows:

K(t,η) = inf
r∈C2

B([0,∞))

{‖t – r‖ + η
∥∥r′′∥∥}

,

and C2
B([0,∞)) = {r/r′, r′′ ∈ CB([0,∞))}, with the norm

‖t‖C2
B

= ‖t‖∞ +
∥∥t′∥∥∞ +

∥∥t′′∥∥∞.

It is proven in [14] and [15] that exists a constant C > 0 such that

K(t,η) ≤ C · ω2(t,
√

η), (2.1)

where

ω2(t,η) = sup
0<|h|≤η

sup
u,u+η∈[0,∞)

∣∣t(u + 2h) – 2t(u + h) + t(u)
∣∣.

Theorem 2.1 If t ∈ CB[0,∞), then

∥∥G(1)
n;pn ,qn t – t

∥∥
� ω(t;

√
n)

×
(

1 +
1√
n

[
[n]pnqn ([n]pnqn + (p2

n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn
n

[n + 1]pnqn [n + 2]pnqn
y2

] 1
2
)

.
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Proof From properties of the modulus of continuity and fact that operators G(1)
n;pn ,qn are

positive and linear, for any t ∈ CB[0,∞), we obtain

∣∣G(1)
n;pn ,qn (t; y) – t(y)

∣∣�
∫ ∞

0
Kn;pn ,qn (y, u)

∣∣t([n]pn ,qn u
)

– t(y)
∣∣dpn ,qn u

� ω(t;η)
(

1 +
∫ ∞

0
Kn;pn ,qn (y, u)

|[n]pn ,qn u – y|
η

dpn ,qn u
)

. (2.2)

Let us set

B :=
1
η

∫ ∞

0
Kn;pn ,qn (y, u)

∣∣[n]pn ,qn u – y
∣∣dpn ,qn u.

Then, using the Cauchy–Schwarz inequality, we get

B �
[∫ ∞

0
Kn;pn ,qn (y, u) dpn ,qn u

] 1
2 ·

[∫ ∞

0
Kn;pn ,qn (y, u)

∣∣[n]pn ,qn u – y
∣∣2 dpn ,qn u

] 1
2

(2.3)

=
[
G(1)

n,pn ,qn

(
(s – y)2, y

)] 1
2

=
[

[n]pnqn ([n]pnqn + (p2
n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn

n
[n + 1]pnqn [n + 2]pnqn

y2
] 1

2
.

Putting η =
√

n, we get the result. �

Next result gives an upper bound for G(1)
n,pn ,qn -Gamma operators.

Theorem 2.2 For any g ∈ CB[0,∞),

∣∣G(1)
n,pn ,qn (g; y)

∣∣ � ‖g‖C .

Proof From the definition of the modified (p, q)-Gamma-type operators in (1.6), we have

∣∣G(1)
n,pn ,qn (g; y)

∣∣ � sup
s∈R+

∣∣g(s)
∣∣ ·

∫ ∞

0

∣∣Kn;pn ,qn (y, u)
∣∣dpn ,qn u = ‖g‖C . �

Theorem 2.3 For y ∈ (0,∞), g ∈ CB[0,∞), there exists a M ∈R
+, such that

∣∣G(1)
n,pn ,qn (g, y) – g(y)

∣∣ ≤ Mω2
(
g,

√∣∣J(y)
∣∣ + I2(y)

)
+ ω

(
g,

∣∣I(y)
∣∣),

where I(y) = [n]pnqn (1–p2
n)–[2]pnqn qn

n
[n+2]pnqn

y and

J(y) =
[n]pnqn ([n]pnqn + (p2

n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn
n

[n + 1]pnqn [n + 2]pnqn
y2.

Proof For any y ∈ (0,∞), we denote by

G(2)(n, pn, qn)(g, y) = G(1)
n,pn ,qn (g, y) + g(y) – g

(
I(y) + y

)
.
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Then, from Lemma (1.5), we obtain

G(2)
n,pn ,qn

(
(s – y), y

)
= Gn,pn ,qn

(
(s – y), y

)
+ (s – y) –

(
I(y) + y – y

)
= I(y) – I(y) = 0.

Let y, s ∈ (0,∞) and r(y) ∈ C2
B([0,∞)). Using the Taylor formula, we get:

r(s) = r(y) + r′(y)(s – y) +
∫ s

y

(
r′′(v)(s – v)

)
dv,

and it yields

∣∣G(2)
n,pn ,qn (r, y) – r(y)

∣∣

=
∣∣∣∣r′(y)G(2)

n,pn ,qn

(
(s – y), y

)
+ G(2)

n,pn ,qn

(∫ s

y

(
r′′(v)(s – v)

)
dv, y

)∣∣∣∣

=
∣∣∣∣G(2)

n,pn ,qn

(∫ s

y

(
r′′(v)(s – v)

)
dv, y

)∣∣∣∣

=
∣∣∣∣G(2)

n,pn ,qn

(∫ s

y

(
r′′(v)(s – v)

)
dv, y

)
–

∫ I(y)+y

y
r′′(v)

(
I(y) + y – v

)
dv

∣∣∣∣

≤ G(1)
n,pn ,qn

(∫ s

y

∣∣r′′(v)
∣∣(s – v) dv, y

)
+

∫ I(y)+y

y

∣∣r′′(v)
∣∣∣∣(I(y) + y – v

)∣∣dv

≤ (∣∣J(y)
∣∣ + I2(y)

)∥∥r′′∥∥.

From Theorem 2.2, we have that |G(1)
n,pn ,qn (g, y)| ≤ ‖f ‖, then

∣∣G(1)
n,pn ,qn (g, y) – g(y)

∣∣
=

∣∣G(2)(n, pn, qn)(g, y) + g
(
I(y) + y

)
– 2g(y)

∣∣
≤ ∣∣G(2)(n, pn, qn)(g – r, y) – (g – r)y

∣∣
+

∣∣G(2)(n, pn, qn)(r, y) – r(y)
∣∣ +

∣∣g(
I(y) + y

)
– g(y)

∣∣
≤ 4‖g – r‖ +

(∣∣J(y)
∣∣ + I2(y)

)∥∥r′′∥∥ + ω
(
g,

∣∣I(y)
∣∣).

Taking infimum for all r ∈ C2
B([0,∞)) and relation (2.1), we obtain our result. �

In [15], the following modulus are given:

ωγ (g;η) := sup
0<|h|�η

sup
y,y+hγ (y)∈[0,∞)

{∣∣g(
y + hγ (y)

)
– g(y)

∣∣}

and

ω
ρ
2 (g;η) := sup

0<|h|�η

sup
y,y±hρ(y)∈[0,∞)

{∣∣g(
y + hρ(y)

)
– 2g(y) + g

(
y – hρ(y)

)∣∣},

ρ(y) =
√

(y – a)(b – y), and K-functional:

K2,ρ(y)(g,η) = inf
r∈W 2(ρ)

{‖g – r‖C[0,∞) + η
∥∥ρ2r′′∥∥

C[0,∞)

}
,
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where η > 0.

W 2(ρ) =
{

r ∈ CB[0,∞) : r′ ∈ AC[0,∞), ρ2r′′ ∈ CB[0,∞)
}

and r′ ∈ AC[0,∞).

Theorem 2.4 Let ρ =
√

y(1 – y), g ∈ CB[0, 1] and y ∈ [0, 1], n ∈N. Then,

∥∥G(1)
n,pn ,qn (g; y) – g(y)

∥∥� 4K2,ρ(y)

(
g,

G(1)
n,pn ,qn ((s – y)2; y) + α1(n, pn, qn)

4ρ2(y)

)

+ ωγ

(
g;

α1(n, pn, qn)
γ (y)

)
,

where α1(n, pn, qn) = [n]pnqn
[n+2]pnqn

.

Proof Let

G(3)
n,pn ,qn (g; y) = G(1)

n,pn ,qn (g; y) + g(y) – g
(
y + β1(n, pn, qn, y)

)
,

where

β1(n, pn, qn, y) =
[n]pnqn (1 – p2

n) – [2]pnqn qn
n

[n + 2]pnqn
y.

Then,

G(3)
n,pn ,qn (1; y) = 1 and G(3)

n,pn ,qn

(
(s – y); y

)
= 0.

Let r ∈ W 2(ρ). Using the Taylor formula, we obtain

r(s) = r(y) + r′(y)(s – y) +
∫ s

y
(s – v)r′′(v) dv

(
s ∈ [0,∞)

),

and

G(3)
n,pn ,qn (r; y) – r(y) = G(1)

n,pn ,qn

(∫ s

y
(s – v)r′′(v) dv; y

)

–
∫ y+β1(n,pn ,qn ,y)

y

[
y + β1(n, pn, qn, y) – v

]
r′′(v) dv.

Therefore, we have

∣∣G(3)
n,pn ,qn (r; y) – r(y)

∣∣

� G(1)
n,pn ,qn

(∣∣∣∣
∫ s

y
(s – v)r′′(v) dv

∣∣∣∣; y
)

+
∫ y+β1(n,pn ,qn ,y)

y

∣∣y + β1(n, pn, qn, y) – v
∣∣ · ∣∣r′′(v)

∣∣dv
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�
∥∥∥∥ρ2r′′(y) G(1)

n,pn ,qn

(∣∣∣∣
∫ s

y

|s – v|
ρ2(v)

dv
∣∣∣∣; y

)
+

∥∥ρ2r′′(y)
∥∥
∥∥∥∥

·
∣∣∣∣
∫ y+β1(n,pn ,qn ,y)

y

|y + β1(n, pn, qn, y) – v|
ρ2(v)

dv
∣∣∣∣.

For v = νy + (1 – ν)s (ν ∈ [0, 1]). Since ρ2 is concave on [0,∞), it follows that ρ2(v) ≥
νρ2(y) + (1 – ν)ρ2(s) and hence

|s – v|
ρ2(v)

=
ν|y – s|
ρ2(v)

� ν|y – s|
νρ2(y) + (1 – ν)ρ2(s)

� |y – s|
ρ2(y)

.

Thus, we have

∥∥G(3)
n,pn ,qn (r) – r

∥∥� ‖ρ2r′′‖C[0,∞)

ρ2(y)
{[

G(1)
n,pn ,qn

(
(s – y)2; y

)]
+ yβ1(n, pn, qn, y)

}
.

From the above relations, we obtain

∥∥G(3)
n,pn ,qn (g, y) – g(y)

∥∥
�

∥∥G(3)
n,pn ,qn (g – r)

∥∥ +
∥∥G(3)

n,pn ,qn (r) – r
∥∥ + ‖g – r‖ +

∥∥g
(
y + β1(n, pn, qn, y)

)
– g(y)

∥∥

� 4‖g – r‖ +
‖ρ2r′′‖
ρ2(y)

[
G(1)

n,pn ,qn

(
(s – y)2; y

)
+ yβ1(n, pn, qn, y)

]

+
∥∥g

(
y + β1(n, pn, qn, y)

)
– g(y)

∥∥.

On the other hand,

∥∥g
(
y + β1(n, pn, qn, y)

)
– g(y)

∥∥ �
∥∥∥∥g

(
y + γ (y)

G(1)
n,pn ,qn ((s – y); y)

γ (y)

)
– g(y)

∥∥∥∥
� ωγ

(
g;

β1(n, pn, qn, y)
γ (y)

)
.

Therefore,

∥∥G(1)
n,pn ,qn (g, y) – g(y)

∥∥ � 4K2,ρ(y)

(
g,

G(1)
n,pn ,qn ((s – y)2; y) + yβ1(n, pn, qn, y)

4ρ2(y)

)

+ ωγ

(
g;

β1(n, pn, qn, y)
γ (y)

)
. (2.4)

From inequality
(1)

[n]pnqn (1 – p2
n) – [2]pnqn qn

n
[n + 2]pnqn

y � [n]pnqn

[n + 2]pnqn
.
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It follows from Theorem 2.4

K2,ρ(y)

(
g,

G(1)
n,pn ,qn ((s – y)2; y) + yβ1(n, pn, qn, y)

4ρ2(y)

)

� K2,ρ(y)

(
g,

G(1)
n,pn ,qn ((s – y)2; y) + α1(n, pn, qn)

4ρ2(y)

)
,

(2)

ωγ

(
g;

β1(n, pn, qn, y)
γ (y)

)
� ωγ

(
g;

α1(n, pn, qn)
γ (y)

)

∀y ∈ [0, 1]. Finally, we have

∥∥G(1)
n,pn ,qn (g; y) – g(y)

∥∥� 4K2,ρ(y)

(
g,

G(1)
n,pn ,qn ((s – y)2; y) + α1(n, pn, qn)

4ρ2(y)

)

+ ωγ

(
g;

α1(n, pn, qn)
γ (y)

)
,

as asserted by the theorem. �

Theorem 2.5 Let g ∈ C[0, N], N is a finite number. Then,

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � 2
N

‖g‖c2 +
3
4
(
N + c2 + 2

)
ω2(g; c),

where

c = 4
√

G(1)
n,pn ,qn

(
(s – y)2; y

)
.

Proof Let gS be the Steklov function of the second order for g(y). We know that

G(1)
n,pn ,qn (e0; y) = 1,

which follows from Corollary (1.4), and

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � ∣∣G(1)
n,pn ,qn (g – gS; y)

∣∣ +
∣∣G(1)

n,pn ,qn (gS; y) – yS(y)
∣∣ +

∣∣gS(y) – g(y)
∣∣

� 2‖gS – g‖ +
∣∣G(1)

n,pn ,qn (gS; y) – gS(y)
∣∣. (2.5)

It follows from Lemmas in [30]

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � 3
2
ω2(g; c) +

∣∣G(1)
n,pn ,qn (gS; y) – gS(y)

∣∣. (2.6)

As gS ∈ C2[0, N], and Lemmas in [17], we get

∣∣G(1)
n,pn ,qn (gS; y) – gS(y)

∣∣ � ∥∥g ′
S
∥∥ √

G(1)
n,pn ,qn

(
(s – y)2; y

)
+

1
2
∥∥g ′′

S
∥∥G(1)

n,pn ,qn

(
(s – y)2; y

)
.
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The following inequality is valid [30]:

∥∥g ′′
S
∥∥� 3

2c2 ω2(g; c). (2.7)

In the light of (2.6) and (2.7), we obtain:

∣∣G(1)
n,pn ,qn (gS; y) – gS(y)

∣∣ � ∥∥g ′
S
∥∥ √

G(1)
n,pn ,qn

(
(s – y)2; y

)
+

3
4c2 ω2(g; c)G(1)

n,pn ,qn

(
(s – y)2; y

)
.

From relation (2.7) and the Landau inequality [22], we get

∥∥g ′
S
∥∥� 2

N
‖g‖ +

3N
4c2 ω2(g; c). (2.8)

Using relations (2.7) and (2.8) and upon setting

c = 4
√

G(1)
n,pn ,qn

(
(s – y)2; y

)
,

we obtain

∣∣G(1)
n,pn ,qn (gS; y) – gS(y)

∣∣ � 2
N

‖g‖c2 +
3
4
(
N + c2)ω2(g; c).

The proof of the theorem follows from relation (2.6). �

Theorem 2.6 Let g ∈ CB[0,∞). Then,

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � D(n, pn, qn, y)‖g‖C2
B
,

for y � 0, where

D(n, pn, qn, y) =
[

[n]pnqn (1 – p2
n) – [2]pnqn qn

n
[n + 2]pnqn

y
]

+
[

[n]pnqn ([n]pnqn + (p2
n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn

n
[n + 1]pnqn [n + 2]pnqn

y2
]

.

Proof From the Taylor formula, it follows

G(1)
n,pn ,qn (g; y) – g(y) = G(1)

n,pn ,qn

(
(s – y); y

)
g ′(y) +

1
2

G(1)
n,pn ,qn

(
(s – y)2; y

)
g ′′(ι),

where ι ∈ (y, s). From the above relation, we have

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣

=
∥∥g ′∥∥ ·

[
[n]pnqn (1 – p2

n) – [2]pnqn qn
n

[n + 2]pnqn
y
]

+
‖g ′′‖

2

[
[n]pnqn ([n]pnqn + (p2

n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn
n

[n + 1]pnqn [n + 2]pnqn
y2

]

� D(n, pn, qn, y)‖g‖C2
B
. �
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Theorem 2.7 Let g ∈ C[0,∞). Then,

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � 2M
[
ω2

(
g;

√
1
2

D(n, pn, qn, y)
)

+ min

{
1,

1
2

D(n, pn, qn, y)
}
‖g‖∞

]
,

where M > 0 is a constant, and D(n, pn, qn, y) is as in Theorem 2.6.

Proof Let

g(t) – g(y) = g(t) – r(t) + r(t) – r(y) + r(y) – g(y),

then

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � ∣∣G(1)
n,pn ,qn (g – r; y)

∣∣
+

∣∣G(1)
n,pn ,qn (r; y) – r(y)

∣∣ +
∣∣g(y) – r(y)

∣∣.
Considering that g ∈ C2

B and Theorems 2.2 and 2.6, we get

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � 2‖g – r‖ + D(n, pn, qn, y)‖r‖C2
B

= 2K
(

g;
1
2

D(n, pn, qn, y)
)

.

The following relation is valid [15]

K(g;η) � L
[
ω2(g;

√
η) + min{1,η}‖g‖∞

]
,

for ∀η > 0, and L > 0 is a positive constant. The proof of the theorem follows from the last
two relations. �

The next result gives an estimation of G(1)
n,pn ,qn -operators in Lipschitz space LipLγ [27]

given by the relation:

LipL(γ ) :=
{

g ∈ CB[0,∞) :
∣∣g(s) – g(y)

∣∣ � L
|s – y|γ
(y + s)

γ
2

, y ∈ (0,∞) s ∈ (0,∞)
}

,

L > 0 is a constant, γ ∈ (0, 1].

Theorem 2.8 Let g ∈ LipL(γ ). Then, ∀y, t ∈ (0,∞), n ∈N and γ ∈ (0, 1],

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣

� T
(y + t)

γ
2

(
L

(y + t)
γ
2

×
{

[n]pnqn ([n]pnqn + (p2
n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn

n
[n + 1]pnqn [n + 2]pnqn

y2
} γ

2
) γ

2
,

T > 0 is a constant.
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Proof Let g ∈ Lip∗
L(γ ) and γ ∈ (0, 1]. Then,

I. For γ = 1, we have

∣∣G(1)
n,pn ,qn

(
g(s); y

)
– g(y)

∣∣
�

∣∣G(1)
n,pn ,qn

(∣∣g(s) – g(y)
∣∣; y

)∣∣

� T · G(1)
n,pn ,qn

( |s – y|
(y + s) 1

2
; y

)

� T
(y + s) 1

2
G(1)

n,pn ,qn

(|s – y|; y
)

for T > 0 constant.
Using the Cauchy–Schwarz inequality, we have

∣∣G(1)
n,pn ,qn

(
g(s); y

)
– g(y)

∣∣
� T

(y + s) 1
2

G(1)
n,pn ,qn

(|s – y|; y
)

� T
(y + s) 1

2

√
G(1)

n,pn ,qn

(
(s – y)2; y

)

=
T

(y + s) 1
2

(
[n]pnqn ([n]pnqn + (p2

n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn
n

[n + 1]pnqn [n + 2]pnqn
y2

) 1
2

.

II. For γ ∈ (0, 1), we have

∣∣G(1)
n,pn ,qn

(
g(s); y

)
– g(y)

∣∣
�

∣∣G(1)
n,pn ,qn

(∣∣g(s) – g(y)
∣∣; y

)∣∣

� T · G(1)
n,pn ,qn

( |s – y|γ
(y + s)

γ
2

; y
)

� T
(y + s)

γ
2

G(1)
n,pn ,qn

(|s – y|γ ; y
)
.

From the Hölder inequality under the following conditions

1
γ

,
1

1 – γ
,

it follows

∣∣G(1)
n,pn ,qn

(
g(s); y

)
– g(y)

∣∣� T
(y + s)

γ
2

[
G(1)

n,pn ,qn

(|s – y|; y
)]γ

for T > 0 constant. Applying the Cauchy–Schwarz inequality, we have:

∣∣G(1)
n,pn ,qn

(
g(s); y

)
– g(y)

∣∣
� T

(y + s)
γ
2

[√
G(1)

n,pn ,qn

(
(s – y)2; y

)]γ
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=
T

(y + s)
γ
2

{
[n]pnqn ([n]pnqn + (p2

n – 2)[n + 1]pnqn ) + [2]pnqn [n + 1]pnqn qn
n

[n + 1]pnqn [n + 2]pnqn
y2

} γ
2

. �

3 Weighted approximation
Let ζ (y) = y2 + 1 be the weight function. We denote by Bζ [0,∞), Cζ [0,∞) and C∗

ζ [0,∞) the
space of functions g defined on [0,∞) and satisfying, respectively: |g(y)| � Tgζ (y), where
Tg is a constant, space of all continuous functions and subspace of Cζ [0,∞) for which g(y)

ζ (y)
is convergent as y → ∞.

The space Bζ [0,∞) is a normed linear space defined by the norm as follows:

‖g‖ζ = sup
y�0

|g(y)|
ζ (y)

.

Next we will consider the weighted modulus of continuity �(g;κ) defined on [0,∞) as

�(g;κ) = sup
y�0; 0<|j|�κ

|g(y + j) – g(y)|
(1 + j2)ζ (y)

(∀ g ∈ C∗
ζ [0,∞)

).

It is know that for any μ ∈ [0,∞), the following inequality:

�(g;μκ) � 2(1 + μ)
(
1 + κ2)�(g;κ)

holds true ∀g ∈ C∗
ζ [0,∞), and

∣∣g(s) – g(y)
∣∣ � 2

( |s – y|
κ

+ 1
)(

1 + κ2)�(g;κ)
(
1 + y2)(1 + (s – y)2).

Theorem 3.1 For g ∈ C∗
ζ [0,∞),

lim
n→∞

∥∥G(1)
n,pn ,qn (g; y) – g(y)

∥∥
ρ

= 0.

Proof We will achieve our result from the Korovkin-type theorem and relations

lim
n

∥∥G(1)
n,p,qei – ei

∥∥
ζ

= 0 (i = 0),

which follows from Corollary 1.4.
In what follows, we will prove it for i = 1 and i = 2. Letting g ∈ C∗

ζ [0,∞), we get

∥∥G(1)
n,pn ,qn e1 – e1

∥∥
ζ

= sup
y�0

{ |G(1)
n,pn ,qn e1 – e1|

ζ (y)

}

� sup
y�0

| [n]pnqn (1–p2
n)–[2]pnqn qn

n
[n+2]pnqn

y|
ζ (y)

≤ sup
y�0

| [n]pnqn
[n+2]pnqn

|
ζ (y)

= 0.
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Using a similar consideration, we have

∥∥G(1)
n,pn ,qn e2 – e2

∥∥
ζ

= sup
y�0

{ |G(1)
n,pn ,qn e2 – e2|

ζ (y)

}

� sup
y�0

{ | [n]pnqn ([n]pnqn +(p2
n–2)[n+1]pnqn )+[2]pnqn [n+1]pnqn qn

n
[n+1]pnqn [n+2]pnqn

y2|
ζ (y)

}

=
|[n]2

pnqn –2[n]pn ,qn [n+1]pn ,qn +[n+1]pn ,qn [n+2]pn ,qn |
[n+1]pn ,qn [n+2]pn ,qn

ζ (y)
= 0.

We thus conclude that

lim
n→∞

∥∥G(1)
n,pn ,qn ei – ei

∥∥
ζ

= 0 (i = 0, 1, 2). �

Theorem 3.2 Let g ∈ C∗
ζ [0,∞). Then,

sup
y∈[0,∞)

|G(1)
n,pn ,qn (g; y) – g(y)|

(1 + y2)(1 + Fy4)
� S�

(
g; n– 1

4
)

for large n, where S is a constant, and F > 0 is constants dependent only on n, p, q.

Proof For y ∈ [0,∞), we have

G(1)
n,pn ,qn (g; y) – g(y) =

∫ ∞

0
Kn;pn ,qn (y, v)

[
g
(
[n]pn ,qn v

)
– g(y)

]
dpn ,qn v.

Then,

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣

�
∫ ∞

0
Kn,pn ,qn (y, v)2

(
1 + κ2

n
)
�(g;κn)

(
1 + y2)

× ·
( |[n]pn ,qn v – y|

κn
+ 1

)(
1 +

(
[n]pn ,qn v – y

)2)dpn ,qn v.

Let us define

S(v, pn, qn, y) =
( |[n]pn ,qn v – y|

κn
+ 1

)(
1 +

(
[n]pn ,qn v – y

)2).

Then,

S(v, pn, qn, y) �

⎧⎨
⎩

2(1 + κ2
n ) (|1 + ([n]pn ,qn v – y)|� κn),

2(1 + κ2
n ) ([n]pn ,qn v–y)4

κ4
n

(|[n]pn ,qn v – y|� κn),

and

S(v, pn, qn, y) � 2
(
1 + κ2

n
)(

1 +
([n]pn ,qn v – y)4

κ4
n

)
.
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So, clearly, we get

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣

� 4
(
1 + κ2

n
)2

�(g;κn)
(
1 + y2)∫ ∞

0
Kn,pn ,qn (y, v) ·

(
1 +

([n]pn ,qn v – y)4

κ4
n

)
dpn ,qn v.

From Lemma 1.6, it yields

∫ ∞

0
Kn,pn ,qn (y, v)

(
1 +

([n]pn ,qn v – y)4

κ4
n

)
dpn ,qn v

=
∫ ∞

0
Kn,pn ,qn (y, v) dpn ,qn v +

∫ ∞

0
Kn,pn ,qn (y, v)

([n]pn ,qn v – y)4

κ4
n

dpn ,qn v

= 1

+
1
κ4n

( [n]pnqn ([n]2pnqn + 2[n]pnqn [n – 1]pnqn + (p2n – 4)[n – 1]pnqn [n + 1]pnqn ) + [2]pnqn [n – 1]pnqn [n + 1]pnqn qnn
[n – 1]pnqn [n + 1]pnqn [n + 2]pnqn

y4
)
.

For κn = n– 1
4 , we get

∣∣G(1)
n,pn ,qn (g; y) – g(y)

∣∣ � S�
(
g; n– 1

4
)(

1 + y2)(1 + Fy4). �

4 Shape-preserving properties
Next we will prove that modified (p, q)-Gamma-type operators preserve the monotonicity
and convexity under certain conditions. We start with

Theorem 4.1 Let g ∈ C[0,∞). If g ′(x) > 0 and g convex on [0,∞), then modified (pn, qn)-
Gamma-type operators are increasing.

Proof We will prove our result in two steps.
Step one. In this case, we will prove the monotonicity of modified (pn, qn)-Gamma-type

operators for the Lagrange interpolation polynomial of function g(y). Let us suppose that
y0, y1 are distinct numbers in the interval [t, z], where t < y0 < y1 < z. Then, the Lagrangian
interpolation polynomial through points (y0, g(y0)) and (y1, g(y1)) is:

P(y) =
y – y1

y0 – y1
g(y0) +

y – y0

y1 – y0
g(y1).

Based on Corollary 1.4, we have:

G(1)
n,pn ,qn (P, t) – G(1)

n,pn ,qn (P, z) = (t – z)
g(y0) – g(y1)

y0 – y1

[n]pnqn

[n + 2]pnqn
< 0,

which proves that G(1)
n,pn ,qn (P(s), y) is also increasing.

Step two. From the above condition, it follows

g(y) = P(y) +
g ′′(ξy)

2!
(y – y0)(y – y1),
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for number ξy ∈ (min{y0, y1}, max{y0, y1}). For t < y0 < y1 < z and Corollary 1.4, we have

G(1)
n,pn ,qn (g, t) – G(1)

n,pn ,qn (g, z)

=
[
G(1)

n,pn ,qn (P, t) – G(1)
n,pn ,qn (P, z)

]

+
g ′′(ξs)

2!
[
G(1)

n,pn ,qn

(
s2, y

)
– (y0 + y1)G(1)

n,pn ,qn (s, y) + y0y1
]

–
g ′′(ξs)

2!
[
G(1)

n,pn ,qn

(
s2, z

)
– (y0 + y1)G(1)

n,pn ,qn (s, z) + y0y1
]

=
[
G(1)

n,pn ,qn (P, t) – G(1)
n,pn ,qn (P, z)

]

+ (t – z)
[n]pnqn

[n + 1]pnqn

g ′′(ξs)
2!

[
(t + z)

[n]pnqn

[n + 1]pnqn
– (y0 + y1)

]
< 0.

Therefore, it proves the theorem. �

Question Prove that the above theorem is valid just only if f ′(x) > 0, on [0,∞).

Thus, the next results show that modified (p, q)-Gamma-type operators preserve the
convexity.

Theorem 4.2 Let g ∈ C[0,∞). If g(y) is convex on [0,∞), then (pn, qn)-Gamma-type oper-
ators are also convex.

Proof Let us consider that g ′′(y) > 0. Then,

[
G(1)

n,pn ,qn

(
P(s), y

)]′′
y =

[
g(y0) – g(y1)

y0 – y1

[n]pnqn

[n + 1]pnqn
y –

y1g(y0)
y0 – y1

–
y0g(y1)
y1 – y0

]′′
= 0.

On the other hand,

G(1)
n,pn ,qn

(
g(s), y

)

= G(1)
n,pn ,qn

(
P(s), y

)
+

g ′′(ξs)
2!

[
G(1)

n,pn ,qn

(
s2, y

)
– (y0 + y1)G(1)

n,pn ,qn (s, y) + y0y1
]

= G(1)
n,pn ,qn (P, y) +

g ′′(ξs)
2!

[ [n]2
pnqn

[n + 1]pnqn [n + 2]pnqn
y2 – (y0 + y1)

[n]pnqn

[n + 2]pnqn
y + y0y1

]
.

From the last relation, it follows

[
G(1)

n,pn ,qn

(
g(s), y

)]′′
y = g ′′(ξs) · [n]2

pnqn

[n + 1]pnqn [n + 2]pnqn
> 0.

Hence, it proves the theorem. �

Funding
Not applicable.

Data availability
Not applicable.



Braha Journal of Inequalities and Applications         (2024) 2024:37 Page 19 of 19

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
All authors has contributede equaly

Received: 31 October 2023 Accepted: 26 February 2024

References
1. Altomare, F., Campiti, M.: Korovkin-Type Approximation Theory and Its Application. Walter de Gruyter Studies in

Math., vol. 17. de Gruyter & Co., Berlin (1994)
2. Atlihan, O.G., Unver, M., Duman, O.: Korovkin theorems on weighted spaces: revisited. Period. Math. Hung. 75(2),

201–209 (2017)
3. Braha, N.L.: Some weighted equi-statistical convergence and Korovkin type-theorem. Results Math. 70(3–4), 433–446

(2016)
4. Braha, N.L.: Some properties of new modified Szász-Mirakyan operators in polynomial weight spaces via power

summability method. Bull. Math. Anal. Appl. 10(3), 53–65 (2018)
5. Braha, N.L.: Some properties of Baskakov-Schurer-Szász operators via power summability methods. Quaest. Math. 42,

1411–1426 (2019)
6. Braha, N.L.: Korovkin type theorem for Bernstein-Kantorovich operators via power summability method. Anal. Math.

Phys. 10(4), 62 (2020)
7. Braha, N.L.: Some properties of modified Szász-Mirakyan operators in polynomial spaces via the power summability

method. J. Appl. Anal. 26(1), 79–90 (2020)
8. Braha, N.L., Kadak, U.: Approximation properties of the generalized Szasz operators by multiple Appell polynomials

via power summability method. Math. Methods Appl. Sci. 43(5), 2337–2356 (2020)
9. Braha, N.L., Loku, V.: Korovkin type theorems and its applications via αβ -statistically convergence. J. Math. Inequal.

14(4), 951–966 (2020)
10. Braha, N.L., Loku, V.: Korovkin type theorems and its applications via αβ -statistically convergence. J. Math. Inequal.

14(4), 951–966 (2020)
11. Bukweli-Kyemba, J.D., Hounkonnou, M.N.: Quantum deformed algebras: coherent states and special functions (2013).

arXiv:1301.0116v1
12. Campiti, M., Metafune, G.: Lp-convergence of Bernstein-Kantorovich-type operators. Ann. Pol. Math. 63(3), 273–280

(1996)
13. Corcino, R.B.: On p, q-binomial coefficients. Integers 8, A29 (2008)
14. Devore, R.A., Lorentz, G.G.: Constructive Approximation. Springer, Berlin (1993)
15. Ditzian, Z., Totik, V.: Moduli of Smoothness. Springer, New York (1987)
16. Duman, O., Khan, M.K., Orhan, C.: A-Statistical convergence of approximating operators. Math. Inequal. Appl. 4,

689–699 (2003)
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