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Abstract

The present investigation aims to examine the geometric properties of the
normalized form of the combination of generalized Lommel-Wright function
3;:2(2) =T+ T+ p+ 1)22’”"2“(”/2)*‘7;;”(\/2), where the function j)flT
satisfies the differential equation jk"’};”(z) =(1-2A- U)JK:Z(Z) + Z(J;:Z) (2)) with

(P (=1) Z\ %
0= (5) ZFm(k+A+1)F(ku+v+k+1)<§)

forAe C\Z,Z ={-1,-2,-3,...;, meN,v e C,and u € Ny := N U {0}. In particular,
we employ a new procedure using mathematical induction, as well as an estimate for
the upper and lower bounds for the gamma function inspired by Li and Chen

(J. Inequal. Pure Appl. Math. 8(1):28, 2007), to evaluate the starlikeness and convexity
of order &, 0 < & < 1. Ultimately, we discuss the starlikeness and convexity of order
zero for Sm, and it turns out that they are useful to extend the range of validity for
the parameter A to A > 0 where the main concept of the proofs comes from some
technical manipulations given by Mocanu (Libertas Math. 13:27-40, 1993). Our results
improve, complement, and generalize some well-known (nonsharp) estimates.

Mathematics Subject Classification: 30C45; 30C50
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1 Introduction and mathematical preliminaries

It is widely known that many functions could be called “special” These include certain
elementary functions like the exponential, trigonometric, hyperbolic functions and their
inverses, logarithmic functions and poly-logarithms, but the class also expands into tran-
scendental functions like Bessel, Lamé, and Mathieu functions. Some of them play a sup-
plemental role, while others, such as the Bessel and Legendre functions, are of primary
importance. These functions appear as solutions of the differential equations and systems
used as mathematical models of scientific and other phenomena, particularly those sys-
© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-024-03108-2
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-024-03108-2&domain=pdf
mailto:hanaa@science.menofia.edu.eg
http://creativecommons.org/licenses/by/4.0/

Zayed and Bulboaca Journal of Inequalities and Applications (2024) 2024:32 Page 2 of 27

tems that change with time and space. We will restrict our present study to the generalized
Lommel-Wright function, which could be of particular interest in concrete problems in
mechanics, physics, astronomy, and engineering.

Geometric function theory is an area of complex analysis that investigates the geometric
properties of analytic functions. It is a mathematical field characterized by a combination
of geometry and complex analysis, and its origin began in the nineteenth century. More
recently, geometric function theory has become highly significant as the way of algebraic
geometry; in addition, the function theory on compact Riemann surfaces has found some
results by creating a finite-gap solutions to nonlinear integrable systems, which can be an
area of mathematics with a link to mathematical physics.

The theory of univalent functions is one of the greatest and most interesting fields in ge-
ometric function theory. Its origin starts from 1851, when the well-known mapping theo-
rem was constructed by Riemann in his doctoral thesis, and which can be regarded as one
of the most useful theorems in classical complex analysis. From a planar topology perspec-
tive, it is well known that there exist simply connected domains with rough boundaries,
and for these domains, there are no clear homeomorphisms between them. However, the
Riemann mapping theorem states that such simply connected domains are not only home-
omorphic but are also biholomorphic. The Riemann mapping theorem states that if D is
a nonempty domain that is a simply connected open subset in the complex plane C, then
there exists an injective and holomorphic mapping f that maps D onto the open unit disc
U:={z € C: |z| < 1}. This function is known as the Riemann mapping. Nevertheless, his
proof was incomplete, while the proof was given completely in 1912 by Carathéodory us-
ing the Riemann surfaces. It was simplified by Koebe after two years in a way that did not
require these (see, for example, [1, 11, 13, 20, 23]).

In more recent years, significant efforts have been made to study the geometric proper-
ties of certain (normalized) special functions such as close-to-convexity, starlikeness, and
convexity mostly within U. For additional details, we refer, for example, to [18, 24—26] for
hypergeometric function, to [8, 9] for Bessel function, to [21, 30, 33] for generalized Struve
function, to [29] for Lommel function, to [32, 34] for generalized Lommel-Wright func-
tion, and to [17] for Fox—WTright function. In addition, some radii problems for the Bessel,
q-Bessel, Struve, and Lommel functions of the first kind were investigated in [2—7] and in
the references therein. It was shown that these radii are actually solutions of some tran-
scendental equations. These results could be important to deduce some of the geometric
properties of complex functions.

The contents of the present paper are summarized as follows. We outline first various
well-known mathematical facts that will be used in the subsequent sections. Moreover,
we examine the geometric properties of J;, including the starlikeness and convexity of
order «,0 < & < 1, using the mathematical induction, as well as an estimate for the upper
and lower bounds for the gamma function inspired by [16]. In addition, we discuss the
starlikeness and convexity of order zero for 3,”\:::’ , and it turns out that they are useful to
extend the range of validity for the parameter A where the leading concept of the proofs
comes from some technical manipulations by [19]. Our results improve, complement, and
generalize some well-known (nonsharp) estimates.

An analytic function f is called univalent (or schlicht) in a domain D C C, which is a

that f is normalized by the conditions f(0) = f'(0) — 1 = 0 and is defined on U, that is, an
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analytic function having the Maclaurin series expansion of the form

f@)=> A, zeUwithA, =1. (1.1)
k=1

This class of functions is denoted by A, while the subclass of .A consisting of univalent
functions in U is denoted by S. The most classic example of a function in S is the Koebe

function, that is,

k(z) = z 1 1+zzl_ookk

It maps the unit disc U onto C slit along the negative real axis from —1/4 to —oo, i.e.,
k(U) = C\ (—o0,-1/4]. It is well known that this function plays the extremal role in many
problems in the univalent function theory.

Besides, if g € A has the form g(z) = 2121 Biz*, z € U, with By = 1, then the convolution
of two power series f and g is given by (f ¥g)(2) := Y ¢, AxBizX, z € U. The aforementioned

definition of the convolution arises from the integration (see [11])

2
(f xg)(r’e”) = % / f(re®Ng(re")dt, r<1.
0

We are now in a position to recall the most important subclasses of the class of analytic
functions, which can be regarded as the cornerstone in the theory of univalent functions,
that is, the subclasses of starlike and convex functions (these classes were introduced by
Robertson in 1936).

If £(U) is a starlike domain with respect to the origin, then f € S is called starlike with
respect to the origin (or briefly, starlike), denoted by &*. We shall recall that the domain
D c Cis starlike with respect to an interior point z, € D if the line segment that joins 2o to
any other point of D lies entirely in D. In particular, if zy = 0, then the domain D is called
starlike domain. A function f € A belongs to the class S* if and only if Re(zf"(2)/f (z)) > 0,
z € U. The Koebe function and its rotations are an example of starlike functions, and this
function is extremal for the class S*.

Moreover, if f(U) is a convex domain, then f € S is called convex, denoted by K. It is
well known that the domain D C C is convex if the line segment joining any two points
of D lies entirely in D. Analytically, the convex functions f € A can be represented as
Re(zf"(2)/f'(z)) + 1 > 0, z € U. The main branch of the function f(z) = —log(1 - z) € K
since 1 + Re(zf"(2)/f'(z)) =1 + Re(z/(1 — 2)) > 1/2 >0 forall z € U.

Additionally, a function f € A is starlike of order «, 0 < « < 1, if and only if
Re(zf'(2)/f(2)) > a, z € U, and it belongs to the class of convex functions of order o, denoted
by K(«), if and only if Re(zf” (2)/f'(2)) + 1 > &, z € U. As is well known, S*(a) € §*(0) =: %,
K(e) cK0)==Kand L CcS*CS.
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Oteiza et al. in [10] introduced the generalized Lommel-Wright function ], as

oo (_l)k z 2k+21+v
B @)= kX:o: Clkp+A+v+ D07k + A +1) (5)

_(E)zmv ” (1,1) _é (1.2)
=13 P e L), o+ L), (v L) | 4 .

for ,,v e C, m e N:={1,2,...}, and u > 0. Here, ,¥, stands for the Fox—Wright function
defined by
Z} u, [(ap,Ap)
(B, By)

~ C(og +Ark) - T(ep + Apk)
~ T(Bi +Bik)---T(B, + B,k)

(al’Al)’ (ap) p)
(/31;31): (ﬂq’ q)

} Zw o (1.3)

k=0

where

with A;,B; e R* (i=1,...,p,j=1,...,9) and o, B; € C. It is observable that (1.3) is abso-
lutely convergent in the entire complex z—plane when 2 := Z;’Zl Bj -y A;>-1, while
if @ = -1, it converges absolutely for |z| < p and |z| = p under the condition Re(o) > 1/2,

where

p a q p _
() (1) o Fer

We refer for additional information regarding the Fox—Wright functions to [15] and the
references therein.

We are now in a position to deduce certain special cases of the generalized Lommel—
Wright function. If we set m = 1 in (1.2), we get the Bessel-Maitland function introduced
by Pathak [22], which has the form

. 00 (—l)k z 2k+2A+v
Jrn@) =152 = kZO: Fkpw+A+v+DCk+A+1) <§)

for £ >0and A,v € C. Putting A = 1/2 and m = u = 1 in (1.2), we have the Struve function
defined by

o) k v+2k+1
gl )
B @)= hij, (@) = kZ F(k+u+3/2)[‘(k+3/2)< ) » velt

For A =0 and m = u = 1 in (1.2), we get the Bessel function that has the power series ex-
pansion

) oo (_l)k z v+2k
J(2) 1=]o,11(z):k2:m<§> ,
=0

where z € C\ {0}, v € Cwith Rev > -1.
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In the following part of the paper, we need the next definition.

Definition 1.1 The normalized form of the combination of generalized Lommel-Wright
function is defined by

IE) = T+ DT (A + o+ 1)222 010D 7o /),

where the function 7, satisfies the differential equation J,"(z) := (1 - 21 - v)J;"/"(2) +
/\u "(z)) for A € (C\Z 77 :={-1,-2,-3,...}, me N,v e C,and u € Ny. Clearly,dw can
be written as

k@2k +1)
A~V 7+ k+1’
Y@ = Z4k[x+1)k MGt v + D

(1.4)

where (r)x denotes the Pochhammer symbol given by

1, ifk=0,
rir+1)(r+2)---(r+k-1), ifkeN.

(P =

Remark 1.1 1. First, we will determine sufficient conditions such that J," given by (1.4)
is well defined.

2. According to the definition of Pochhammer symbol, we should assume that ki € N
for all k € N, that it is equivalent to u € N.

3. We should assume that the denominator of the above definition formula is not van-
ishing for any k € N, which is equivalent to

A+1éZg, Atv+leZ, & AEZ, A+tveZ. (1.5)

4. Moreover, we should prove that the power series of (1.4) converges in the whole open

unit disc U. The radius of convergence of this power series is

2k +1 AU+ D 1"+ v + Dgesny
A+ DO+ v+ 1), 2k+1)+1
. ‘ A+DA+2)---(A+k+1)]"
k=00 [ A+1)A+2)---(A+k) ]

A+v+1)---A+v+kuw)A+v+ku+1)---(A+v+kp+p)
A+pu+1)---(A+v+kv)

R:= lim

m
k— 00 k— 00

Akl
42k + 1)

=m|———— -
k—soo|2(k+1)+1

- lim

k— 00

=4-1- lim‘()\+k+1)’m~ 1im’(A+v+k,u+1)~~~(k+v+ku+pc)‘.

k—o00 k— o0

Using assumptions (1.5) and the fact that u € N, the second of the above limits is +00,
while the first one is

0, if m<0,
11m}()»+k+ 1)} 1, if m=0,

n—00

+o00, ifm>0.

Page 5 of 27
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Therefore, R > 1 if and only if m > 0 and (1.5) is satisfied. Concluding, the power series
defined by (1.4) is correctly defined and converges in U only if we make the following

assumptions:
neN, YN/ AtV el m > 0. (1.6)

2 Sufficient conditions for starlikeness and convexity of order a

This section aims to investigate a fascinating aspect regarding the geometric properties
of the function defined by (1.4), such as starlikeness and convexity of order «, 0 < & < 1,
inside the open unit disc using mathematical induction, as well as an estimation for the
upper and lower bounds for the gamma function inspired by [16]. Our results improve,
complement, and generalize some well-known (nonsharp) estimates given in the litera-

ture.

Theorem 2.1 Let u e N,AeN,v>0,and m e N. If

1

0< 1- =: 2.1
SO T G ) Grvr D, -1 @1)
or, equivalently,
92_
O+ 1"Gorv+1),> 7 iy 2.2)
-«

then GK:Z’ eS*(a),0<a<l.

Proof To prove that SK:Z“ € 8*(a), 0 < « < 1, it is sufficient to show that

By making use of the maximum modulus principle of an analytic function as well as
the triangle inequality, together with assumptions (1.6) and the fact that I'(¢ + 1) = ¢T°(¢),
Re¢ >0, we get

A~V (Z)
@) ===

o0 (—1)kk(2Kk + 1) )
2 Gt v+ D[+ D™

k=1
> (-1)*k(2k + 1) a0l — k(2k +1)
< sup T —e| < Z k —
peloam)| i A+ v+ D [0+ 1] — A+ v+ D[+ 1]
o0
k(2k +1)
=T"(L+1)I' (A 1) , U, 2.3
A+ DPG+v+1) ;4kF(A+v+ku+l)Fm(k+k+l) Ze 23)
since A € N and v > 0. Define F: [1, +00) — R by
t2t+1

E(t) = @+ 1) (2.4)

FTA+v+tu+ DI +2+1)
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where we assumed in addition, and according to the above assumptions, that A > 0 and
A + v > 0. Differentiating logarithmically both sides of (2.4) to get
Fit) 1 2

20 =7 + 2tﬁ—nql//()»+t+1)—mp(k+v+tu+1) =:G(A), (2.5)

where ¢ is the well-known digamma function defined by ¥ (z) := I''(z)/T"(z). Assume in
addition that A € N to use in the further proof the induction method.

Now, to prove that G(A) < 0 for all A € N, we will use the mathematical induction. For
A =1, we have

1 2
G(1)=Z+2t—+1—rm/f(t+2)—m/f(v+t,u+2).

Using the fact that v > 0 and since we already know thatt > 1, u > 1, wehave v+t +2 >
tu +2 >t +2> 3, and using the fact that the digamma function v is a strictly increasing
function on (0, +00), it follows that ¥ (¢ + 2) > ¥ (3), ¥ (v + tu + 2) > ¥ (3). Thus, because
t>1,v>0,u>1,and m € N, we obtain that

GO) 1+ 5 —my() - ()= - —(m+ IV 3)

and we will prove that (5/3) — (m + ) (3) < 0. For this purpose, using the relation

P+ 1) = % +¥(@), Rer>0, 26)

and the fact that ¢ (1) = -y, where y is the Euler—Mascheroni constant given by

k— 00 n
n=1

k
1
y = lim <Z i lnk) = 0.57721566490. .., (2.7)
we obtain

g—(rn+u)w(3)=§—(rn+u)<g—y>Sg—(mﬂ)(%—y)w

for w > 1 and m > (1/3)(1 + 6)/(3 — 2y) = 0.8061280444.. ... Therefore, G(1) < 0, when-
evert>1,v>0,u>1,and m > (1/3)(1 + 6y)/(3 - 2y) = 0.8061280444....
Further, assuming that G(¢) < 0 for some Ao € N and using (2.6), we have

G(ro +1) — G(Xo)

=—m[1//(A0+t+2)—1p(Ao+t+1)]—u[1ﬁ(k0+v+t,u+2)—1p()\0+v+t,u+1)]

m I
- - <
M+t+1 Ap+v+ip+1

0,

wheret > 1,v >0, u > 1, and m > 0. It follows that G(Ag + 1) < G(A¢) < 0, therefore G(\) <
0 for all A € N. The well-known relation

kK¢

rO=I e e

Re¢ >0, (2.8)

leads to F(t) > 0 for all £ € [1, +00).
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Finally, using that F(£) > O for all £ > 1 and the fact that G(1) <0 for all » € N, from (2.5)
it follows that F'(£) < 0, t € [1, +00), hence the function F is strictly decreasing on [1, +00).

Consequently, the right-hand side of (2.3) implies that

k(2k + 1)
AT +v+ku+ 1) +k+1)

"+ 1Dr(x+v+1) Z
k=1

r"a+0Drxa+v+1)
CO+v+p+ D)D" +2)

and so

A~V (Z)

sy - B89 _Treebr v

, zel. 2.9
Thtvep+)Imor2) =S 29)

On the other hand, from the maximum modulus theorem of an analytic function, it finds

G

z

ad (-D*(2k +1) &
— AT+ D+ v + Dy

1+

ad (-D*(2k + 1) o
- AT+ D)0 + v + Dy

>1— sup
9el0,27]

k=

o]

2k +1

1 - )
= kXI: 00+ D0+ v+ Dy

zel,

and the above inequality could be rewritten as

2k +1
YT +v+kp+D)I™r+k+1)

T @)

zeU.

o0
>1—r'"(x+1)r(x+u+1)-2
z
k=1

If we define G : [1,+00) — Rby G(¢) := F(¢)/t where F is defined by (2.4), since we already
proved that F is a strictly decreasing function on [1, +00), it follows that G is also a strictly

decreasing on the same interval. Therefore, the above inequality leads to

1
AT +v+pu+ 1) +2)

(@) ad
o 7 >1—3Fm(k+1)F(k+v+1)-Z
z k=1

r'"a+1Drx+v+1)

- 0, eU. 2.10
F(A+v+u+1)r‘m()\+2)> z ( )
From inequalities (2.9) and (2.10) we deduce that

zel,

23y (@) ' I+ DI(A+ v + 1)
-1| < )
FrA+v+u+ 1)L +2)-T"A+1)T'(A+v+1)

and a simple computation shows that the right-hand side of the above inequality is less or

equal than 1 — « if and only if (2.1) holds, or equivalently (2.2). O

Page 8 of 27
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Theorem 2.2 Let u e N,L e N, v>0,and m e N\ {1}. If

2

0< 1- = 2.11
SO T G DGt vr, 2 @11
or, equivalently,
2(2 -
G+ 1)+ v+ 1), > (1 @) (2.12)
-

then GK:Z’ eK(),0<a<l.

Proof We would like to find sufficient conditions such that GK:Z’ € K(a), 0 <« <1, with
3;:2’ given by (1.4) under the assumptions of Theorem 2.1 that are A, u,mm € Nand v > 0.
To prove the required result, it is sufficient to show that

232

— <1~ o, zeU.
@ @)

Using the maximum modulus principle of the analytic functions and the triangle in-

equality, we obtain

[2(@3@)"] =

i (—1)kk(k + 1)(2k + 1) zk‘

= AR+ v+ D)y [(A + 1))

00 k
Z ((—1) k(k+1)(2k +1) oik0

< Sup Gt v+ D+ D

0€el0,27]

k=1

> k(k +1)(2k + 1)
Z 4k(

= A+ v+ D [(A+ 1)]™

=I"A+1)I'(A+v+1)

- k(k+1)(2k +1
3y (k+ D2k +1) , zel. (2.13)
= YTA+v+ku+ 1)L+ k+1)
Consider the function H : [1, +o0) — R defined by
tt+1)(2t+1)
H(t) := . 2.14
® FA+v+tu+ 1) +¢+1) @19
Differentiating logarithmically both sides of (2.14), we get
H'(t 1 1 2
®_ - myA+t+1)—puy(A+v+tu+1)=:L(), (2.15)

HE) ¢t t+1 2t+1

where i stands for the digamma function.
Now, using the mathematical induction, we will prove that L(1) < 0 for all » € N. For

A =1, we have

L(1)=%+L 2 —my(E+2) — upr v+t + 2).

+
t+1 2t+1

Page 9 of 27



Zayed and Bulboaca Journal of Inequalities and Applications (2024) 2024:32

According to the assumptions that v>0,t>1,and pn e N,weget v+t +2 >ty +2 >
t + 2 > 3, and using again the fact that ¥ is a strictly increasing function on (0, +00), we
deduce that ¥ (¢ + 2) > ¥ (3), ¥ (v + tu + 2) > ¥(3), hence

1 2 13
L(1) <1+ 3%t3” myr(3) — ny(3) = e (m+ )y (3).
Moreover, (13/6) — (m + 1) (3) < 0 because by using (2.6) and the fact that ¢(1) = —y we
get

13 13 3 13 3
E—(WI+M)¢(3):Z—(W1+M)(§—V) = Z—(Wl+1)<§—y> <0,
and this last inequality holds under our assumptions @ > 1 and m > (2/3)(2 + 3y)/(3 -
2y) = 1.347966458. ... Consequently, L(1) < 0, whenever t > 1, v>1, u > 1, and m >
(2/3)(2 + 3y)/(3 - 2y) = 1.347966458.......
Assuming that L(A¢) < 0 for some 1o € N, we have

L(xo +1) — L(Xo)

:—m[t//(ko+t+2)—1/f(ko+t+ 1)]—M[l/f(ko+v+tpc+2)—1/f(ko+v+tu+1)]

m 12
- - <0,
M+t+1 Apg+v+itu+1

wheret>1,v >0, u > 1,and m > 0. It follows that L(Ag + 1) < L(Ao) < O, therefore L(1) <0
for all A € N. Using again relation (2.8), we get that H(£) > 0 for all x > 1, and from relation
(2.15) and the fact that L(1) < 0 for all A € N, we conclude that H'(t) < 0, ¢t € [1, +00).
Therefore, the function H is strictly decreasing on [1, +00), hence from (2.13) we have

i kk+1)(2k + 1)
"+ 1)IC(x 1
A+ DI +v+ )§4kF()\+v+k/A+1)Fm()\+k+1)

2L+ DI'(A +v + 1)
< ’
FA+v+up+ )7L +2)

and (2.13) leads to the inequality

2" (A + DA +v + 1)

2(35 @) | < FTA+v+p+ DI +2)

zeU. (2.16)

From the maximum modulus principle of an analytic function, we get

[ee]

5 (~DK(k + 1)(2k + 1) zk‘

@@ =1 | G Dt v+ U

k=1
Z DR+ DK +1)
>1- sup T e
oefo,zr)| = 4K + D)™ (A + v + D),

k=1

. (k +1)(2k +1)
=1 ; Fos Doy 50

Page 10 of 27
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and the above inequality could be rewritten as

zeU.

TN m - (k + 1)(2k + 1)
(@ @)|>1-T (A+1)F(A+U+1)'Z4kr(k+v+kﬂ+1)F”‘(k+k+ 1)’
k=1

If we define the function L : [1,+00) — R by L(¢) := H(t)/t, where H is given by (2.14),
since we already proved that H is a strictly decreasing function on [1, +00), it follows that
L is also strictly decreasing on the same interval. Therefore, the above inequality implies
that

o0
v,m ! m 1
|(3A’,u(z)) [>1-6I"(+ DIG+ v+ 1) Z AT +v+p+ 1) +2)
k=1

2 (A + 1IN (A 1
=1- A+ DFG+v+1) >0, zel. (2.17)
F'A+v+p+ 1) +2)

From inequalities (2.16) and (2.17) we conclude that

237 (2)"
@ @)

2"+ DA +v + 1)
< ’
FA+v+u+1)ImA+2)=2T"(A+1)T'(A+v +1)

zel,

and a simple computation shows that the right-hand side of the above inequality is less or
equal to 1 — « if and only if (2.11) holds, which is equivalent to (2.12). O

Example 2.1 1f we take in Theorems 2.1 and 2.2 the particular values A =1, u =3, m =2,
and v = 0.5, we get that

3957(2) = z— 0.0047619047622% + 0.00000082222304437° — 2.121318485 - 107" 2*
+1.405428395 - 107162° — 3.216716321 - 107222° + 3.072295397 - 1072877

—1.396355734 - 1072428 + 3.326860555 - 107412° + - - - € S*(a5) N K(exy),
where

as =0.9936102236... and «,=0.9871382637...,

and the image of the open unit disc U by 3(1);2’2 is shown in Fig. 1(a).

Example 2.2 For the special case A = =1, m =3, and v = 0.2, Theorems 2.1 and 2.2 lead

to

377%(2) = 2 - 0.042613636362> + 0.00020550557662> — 0.00000026758538637"
+0.00000000013232244377° — 3.019105272 - 107142°
+3.611954874. - 1071877 — 2.481683640 - 1072%2%

+1.048404154. - 1072°7° - . . € S*(ors) N K,



Fig. 1(B).

— o — A_nldw ©
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1.1) and satisfies
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1)*1(2k

(-
A1+ D (A + v +
a)(2k - 1)
A+ v+ Do

(k-

A+ D

+1D)"A+v+1
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- k(2k + 1) ok + 1
- kizl: 4k[()\ + l)k]m()\- +V+ l)ku * (1 h O[) k2:1: 4/([()\' + 1)k]m()\' +V+ l)ku

> k(2k + 1)
="+ 1) (x 1
A+ DI +v+ )<Z4krm(x+/(+1)F(/\+u+1+ku)

k=1
° 2k +1
- ) 2.19
+( a)kzzlj4krm(k+k+1)r(k+v+1+kﬂ)> ( )

Consider the function U : [1, +00) — R defined by

t(2t+1)
FA+v+tu+DImA+t+1)

Uu() =

Now, we would like to show that U(¢ + 1) < U(t) for ¢ > 1, hence we will give a negative
upper bound for

uie+1)-U()

~ (t+1)(2t+3) t(2t+1)
T +vHtu+p+ DDA +t+2) TO+v+tu+ DI +£+1)
~ 1 (t+1)(2t +3) tt+ 1A+t +1)" (2.20)
T+t + D)\ T +v+ip+pu+l) T+v+tu+1) ) ’
In Theorem 1 of [16], it was proved that
t—y tt—l/Z
et_*1<F(t)<et—*1, t>1,
but
tt—y t-1/2
_ = 1 = F(l) = = 1,
e, el |,
therefore, we conclude that
tt—]/ tt—l/z
et__l S F(t) S et_l ) t Z 1! (221)
where y is the Euler—Mascheroni constant given by (2.7), relation (2.20) becomes
Ut +1) - U@
- 1 (¢ + 1)(2t + 3)errvrintr L2+ 1A + £+ 1)merrvrin
T+t +2) [+ vt o D2vrtrasloy gy 4 g+ T)M a1/

e}~+U+tlL+H L[l(t) (2 22)
UM 4t +2) (MU DMLY (o g pp 4 D)Arvrins1/27

where

Up(8) = (£ + 1) (26 +3) (A + v + g + 1)MVrinsl/2

Page 13 of 27
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—t2E+ DA+t + 1)+ v+t + o+ DI R oo
and could be written as

Un(t) = (A + v+t + 1)MFVeinsdl2 |:(t +1)(2t +3)

{2t + 1)+ ¢ l)m ()\_'_ VLt 1)A+u+tu+u+1—y]
—t(2t + +t+

()\ +V+ U+ 1)A+v+tu+1/2eu

Since A > 1, u € N, m > 1, and v > 0, we have
Uy (8) < (A + v+t + 1)Mortnsl2 |:(t +1)(2t + 3)

—t(2t+1)(¢ +2)

A+ v+t + p + D)rvetnnsl-y g
A+V 1)A+v+tpn+1/2 ’ _u
A+v+tu+1) e

= (A + v+ e+ DR 4 1)(28 + 3) — 12t + 1)(¢ + 2)A(9)], (2.23)

where, using the same above assumptions, we have

-y 1
A(y)::%-— withy=A+v+tu+1>p+2fort>1.
yy_f e#

It is well known that

1 X 1 x+1
<1+—> <e<<1+—> , x>0,
X X

and replacing ¢ := y/u, since i > 1, we get

y yru
(1+ﬁ) <e“<<1+ﬁ) , y>0.
y Y

From the assumption p > 1, using the second of the above inequalities, it follows

1
ey J+IL—Y +L Ht -y
_ G+ ._>(y+u) ¥ _ _=BO), yzu+,

T e P N P

and since the function B is strictly increasing on [ + 2, +00), we have

e (a2
B(y)>B(n+2) = 0Ly~ (s iy

=d(u), y=p+2.

Using the MAPLE™ computer software code “minimize(®,u > 1)), we obtain that

(n+2)37
S -1.238116644..., y>u+2,
2r(p+ )Y

B(y) = min{d(n): n > 1} = d(1) =
which leads to A(y) > 1.2381, ¥ > u + 2. Therefore, using (2.23) we deduce

Uy (8) < (+ v+ b+ 12 (g 1 1) (28 + 3) — £(28 + 1)(£ +2) - 1.2381], =1,

Page 14 of 27
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or
Un(t) < (L + v+t + DM 1200 ), > 1, (2.24)
where
Us(t) = (¢ +1)(2¢ + 3) — 1.2381¢(2¢ + 1) (£ +2), > 1.
A simple computation shows that
U, (¢) = —7.4286t% — 8.3810¢ + 2.5238 <0, t>1,
hence U, is a strictly decreasing function on [1, +00) that implies
Uy(t) < Uy(1) =-13.2858...<0, t=>1,
and according to (2.24) this inequality implies U; (¢) < 0 for all £ > 1. Therefore, taking into

the account inequality (2.22), we obtain that (¢ + 1) < U(¢) for ¢t > 1. Consequently, since
U(k + 1) < U(k) for all k € N, for the first term of the sum (2.19), we deduce that

i k(2k + 1) . 1 (2.25)
— ATmu+k+DIA+v+1+kp) TRh+v+pu+D)ImA+2) ’

To evaluate the second term of the sum (2.19), we will define the function V' : [1, +00) —
R by

2t+1

V() := .
® FA+v+ituw+1)ImA+t+1)

Since

U(t+1)_% 1

ViE+ )= V()= == - == < S(U+ ) -UW@), 121,

and because we already proved that U(¢ + 1) — U(t) < O for all ¢ > 1, it follows that V(¢ +
1) - V(¢) <0, t > 1. Similarly, for the second term of the sum (2.19), we have

[e¢]

Z 2k +1 p 1 (2.26)
— ATm0+k+ DI +v+1+kp) TRh+v+pu+D)ImA+2) ’

Using relation (2.19) combined with inequalities (2.25) and (2.26), it follows that

r"A+1DrA+v+1) ~ 2-«
"+ 2T +v+1+p) ()\+1)m()»+v+1)ﬂ'

Hi<(2-a)

and from assumption (2.18) it follows that H; <1 -, thus J}"" € S*(a). O

y'a

Using similar reasons, the next theorem gives us sufficient conditions such that J;' €
K(«) for a much weaker assumption on A, that is, only A > 1.

Page 15 of 27
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Theorem 2.4 Suppose that p e N, A >1,v >0, and m e N. If

2
0< 1- =
=as A+Dm(+v+1), -2 e

or, equivalently,

22 -«)
l-«o

’

A+D)"A+v+1), >

then GXZ’ e K(a).

Proof Asis well known, a function f of the form (1.1) belongs to the class K(«) if and only

if zf'(z) € S*(@).

Since

(GXZ’(Z))/ =z+ ZBkzk, zeU,

k=1

with

(-1 1k(2k - 1) K>

Bk = ’ jutl
4+ D)+ v + Doy

according to [27, Theorem 1], to prove our result, we will show that Y2, (k — )|Bi| <
1 — «. A simple computation leads to the fact that this inequality is equivalent to

(1) k(2k - 1)
A+ D]+ v + D1y

<1l-a.

Hy:=) (k-a)
k=2

Using that A > -1 and u € N, it follows

o0 (k — a)k(2k - 1)
Z4k U+ D)™+ v + Dy

> k(k+1)(2k +1) it (k+1)(2k+1)
Z (,\+1),<m(x+v+1)kﬂ+(1_o‘)kZ [

=IM"A+1DI'(A+v+1) (Z e k(k +1)(2k + 1)

A+k+ DA +v+1+kuw)

(k+1)(2k+1)
+(1- a)Z 4kTm(p +k+ D)T(A+v +1 +ku)>

Consider the functions U : [1,+00) — R and V: [1,+00) — R defined by

tE+1)2t+1)

flt:z
® FA+v+tu+ 1)L +t+1)

and

t+1)(2t+1)

Vt:z )
© FA+v+tu+1)I'mA+t+1)

respectively.

— AK[(A + 1™ (A + v + Dy

Page 16 of 27
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First, we would like to show that a(t +1) < fl(t) for ¢ > 1, hence we will try to find a

negative upper bound for the difference

Ut +1) - U(t)
~ E+1)(+2)(2t+3) tt+1)(2t+1)
T +vHtu+p+ DI+t +2) B FA+v+itpn+ 1)L+t +1)
B t+1 (t+2)(2t + 3) tt+ 1A +t+1)™
_F’”(k+t+2)<r‘()»+v+t,u+,u+1)_ FTh+v+tu+1) )

(2.29)

Using again the double inequality (2.21), from relation (2.29) it follows that

Ut+1) - U

t+1 ( (¢ + 2)(2t + 3)eM+v+insr L2t + 1)(A + ¢ + 1) hrvHin )

< . _
T+t +2) \ (A v+ g+ o DMrly (R gy 4 g 1) EL]2
(t + l)eA+v+tu+u fll(t)

T+ E+2) (b4 v+ b+ o+ PPy (g 4 gy + 1)Froetndl/2’

(2.30)
where
Ui(t) = (£ +2)(2¢ + 3)(h + v + £ + 1)PVrtnsll2
—t2E+ D+ E+ D)™ (A + v+t + p + D)LY oo
or
Uy (t) = (h+v+tu + 1)“V+m+1/2[(t +2)(2t +3)
A t 1 A+v+tp+pu+l-y
—t(2t+1)(k+t+1)’”( tvrlprptl)
A+v+ tu + 1)A+v+tp.+l/26p_
SinceA>1,ueN,m=>1,and v > 0, we get
Ui(t) < (A + v+ b+ 1)PHe12 4 9) |:2L‘ +3
~ t(2t+ 1) (A YV U+ 1)A+v+tu+u+1—y . i
()L 4V U+ 1)A+v+m+1/2 et
=+ v+t DM 0)[ 28 + 3 - ¢(2t + 1)2@)], (2.31)

where, using again the above mentioned assumptions, we deduce that

~ 1
A(y)::i-—ﬂ withy=A+v+tu+1>p+2fort>1.

Since Z(y) has the same form like in the proof of Theorem 2.3, using the MAPLE™ com-
puter software, we obtain Z(y) >1.2381, y > u + 2, and from inequality (2.31) we get

Ui() < (0 + v+ b+ DM 2 0 g 0)[ 2 43— 420 +1) - 1.2381], ¢>1,
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or

Uy(t) < (A + v+ b+ DMV L 0L (E), > 1, (2.32)
where

Us(t) =2t + 3 - 1.2381¢(2t + 1) = —2.4762¢> + 0.7619t + 3, ¢t > 1.
Since Uy(¢) = 0 if £ € {~0.9575518016, 1.265241003}, it follows that

Uy(t) = —2.47626> + 0.7619¢ +3, £>2,

and according to (2.32) and (2.30) it follows that f[(t +1)< fl(t) for ¢t > 2.
To show that the last inequality holds also for ¢ = 1, we should prove that

UE) -uQ)

15 3(n +2)"
= <0
rA+3)\I'hA+v+2u+1) TA+v+u+1)
forA>1,ueN,m>1,and v > 0 or, equivalently,

FrA+v+u+1) (A+2)"
<
FrA+v+2u+1) 5

1
< S)\-; ) =
v ) A+v+2u)A+v+2u—-1)---A+v+u+1)
At+2)"
<( +5) =T\, m).

Since A >1,u €N, m>1, and v > 0, we have

3 1
T()‘-, m) > T(l) 1) = g and S()\; v, M) =< S(l: 0, 1) = g;

therefore

3
S()\'r V’:LL) = < g = T()\'r Wl)

1
3
Hence, the inequality U(t + 1) < U(t) holds also for ¢ = 1, therefore U(¢ + 1) < U(¢) for
te {1} U[2,+00).
For the second term of sum (2.28), we see that for the previously defined function V we
have

a(t+1)_@ 1

V(t+1) - V() = — . <;(fl(t+1)—fl(t)), t e {1} U[2,+00),

and because we already proved that fl(t +1) - fl(t) <O0forallt € {1} U [2,+00), it follows
that V(t +1) - V() < 0, ¢ € {1} U [2, +00).

Consequently, since N C {1}U[2, +00), like in the proof of Theorem 2.3, the above results
yield that

6

) k N’
A+v+pu+1)ImA+2) ©

ﬁmsﬁmzr
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and

o~ =5 6
v 1= ’ '
(k) < V(1) Th+vtps DI +2) keN

It follows that for both terms of the sums that appeared in (2.28) we have

i k(k +1)(2k + 1) . 2 2.33)
— GTmA+k+ DT +v+1+kp) Th+v+p+ )"0 +2) ’
and
Z (k+1)(2k+1) . 2 ‘ (2.34)
AkTm(a + k+ DA +v+1+kpu) TO+v+pu+D)I7"(A+2)

k=1
Finally, from relation (2.28) together with inequalities (2.33) and (2.34), we deduce that

"G+ )rv+v+1) 2(2-a)
A+ 2P (A+v+1+p) A+ +v+1),

Hy<2(2-a)

and from assumption (2.27) it follows that H, < 1 — «, therefore Jzi”f € K(a). |

Using Theorems 2.3 and 2.4, in the next two examples we find the order of starlikeness
and convexity for the functions 3%?2.5 and 3333.5, and we emphasize that A ¢ N, hence
these results cannot be obtained from Theorems 2.1 and 2.2, respectively.

Example 2.3 Taking in Theorems 2.3 and 2.4 the values A =2.5, 0 =3, m=2,and v = 1.5,
we get that

3525(2) = z— 0.0002915451895z* + 0.0000000083317669622>
—5.617751131 - 107142* + 1.271982052 - 1071925 — 1.188430019 - 1072°2°
+5.259621189 - 1073227 — 1.218192959 - 1073878

+1.592722130 - 107%2° + - .- € S*(as) N K(we),
where
s =0.9996111219... and «,=0.9992219413...,
and the image of the open unit disc U by 3%;;:% is presented in Fig. 2 (a).
Example 2.4 Putting A = 3.5, 4 =m =2, and v = 0.2, Theorems 2.3 and 2.4 lead to

J925(2) = z - 0.001382494850z> + 0.00000036911472742° — 3.623361937 - 107! 2*
+1.653880131 - 107°2° — 4.020055735 - 1072°2° + 5.702411482 - 107277

— 5.047520972 - 1073%28 + 2.935433795 - 1073°2° + - - € S* (o) N K ()

Page 19 of 27
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(A) The image of 3%;§(U) (B) The image of 3g§§(U)

Figure 2 Figures for Examples 2.3 and 2.4

with
a5 =0.9981532694... and o, =0.9962997054...,
and the image of 3%:5(1[}) is shown in Fig. 2(B).

Remark 2.1 1. We could see that Theorems 2.3 and 2.4 are more general than Theorems
2.1 and 2.2, respectively. That is because in the first case we replace the assumption 1 € N
with A > 1, while in the second case the assumptions A € N and m € N\ {1} were replaced
by A > 1 and m € N only.

2. Remark that

min o = 3

under the assumptions of Theorems 2.1 and 2.3, hence if the parameters satisfy the con-
ditions of these two theorems, then 3;:2’ € 8(2/3). Also,

. 2 .
mina, = 3 and mina,=0

under the assumptions of Theorems 2.2 and 2.4, respectively. Thus, if the parameters sat-
A~V

isty the conditions of Theorem 2.2, then J;’ € K(2/3), while if they satisfy the assump-
tions of Theorem 2.4, then 3}’\2’ e K(0)=: K.

3 Sufficient conditions for starlikeness and convexity
In this section we give sufficient conditions for the starlikeness and convexity of J;" by
using the next results, respectively.

Lemma 3.1 [19, Corollary 1.2] If f(2) = z + ax1 2 + - -+ , k > 1, is analytic in U and

F@-1<—L _ e,

V(k+ 1)2+1,

thenf € S*.
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Remark that for k = 1 the above result was previously obtained by [28, Theorem 3], and

we will use it in our next first result.

Lemma 3.2 [19, Theorem 2] If f(z) = z + ax1 2" + - - , k > 1, is analytic in U and

k
k+1

If"(2)] < zel,

then |f"(2)/f'(2)| <1,z €U, and hence f € K. This result is sharp.

Theorem 3.1 Let n e N, A>0,veRwithdA+v+u>1L,A+veéZ ,andmeN.If

7 1 1
— —m|In(A +1) + -
6 A+3/2 A+2
1 1
— | In(A +v+u)+ - <0, (3.1)
A4+4v+u+05 A+v+p+1
and

A+ 1" +v+1), >+5, (3.2)

then 3;:;” e S*.

Proof To prove the above result, we will use Lemma 3.1 for the particular case k = 1. Thus,

AV,

to obtain ;' € 5%, it is sufficient to show that

’(31’,77(2))/ -1| < % zeU. (3.3)

Like in the proof of Theorem 2.1, from the assumptions of the parameters we have that

(3@) -1

= DM+ DK+,
> Gt v+ Dl D™

k=1
. = DR+ DALY, . i (k +1)(2k + 1)
vetonm)| = Gt v+ Dl DR | S & 8 G v+ D[ Dl
> (k+1)(2k+1)
=T+ 1)T'(A 1)- ) . 4
A+ PG +v+1) ;4kr(,\+u+ku+1)rm(x+k+1) zel. (B4
If we define the function K : [1, +00) — R by
t+1)2t+1
K(t) = AR :
FA+v+etpw+ 1)L+t +1)
then
K@) 1 _
= —myA+t+1)—puv(A+v+tu+1)=K(¢). (3.5)

= +
K@) t+1 2t+1
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On the other hand, by using the left-hand side of the inequality (see [14, Lemma 1])

1 1
lnt—; <1/f(t)<1nt—ﬂ, t € (0, +00), (3.6)

followed by the left-hand side of (see [12, ineq. (13)])

1 1 1
<In[1+-)< , te[l,+00), (3.7)
t+0.5 t t+0.4

since A > 0, m > 0, and u € N, it follows that

—~ 7 1 1
K(1)<—=—-m|In(A+1)+ -
6 A+3/2 A+2
1 1
—wlIn(A +v+p)+ - <0
A+v+u+05 A+v+u+1l

under assumption (3.1). Since Kisa strictly decreasing function on [1, +00), then K (t) <
I?(l) <0, t > 1, and using that K(¢) > 0, ¢ > 1, relation (3.5) leads to K’'(t) <0, ¢ > 1. This
last inequality implies that K is also a strictly decreasing function on [1,+00), and from
(3.4) we get

2L+ DA+ v + 1)

< , zel.
FA+v+p+ 1)\ +2)

(@) -1

A simple computation shows that under assumption (3.2) the right-hand side of the above
inequality is less or equal than 2/+/5. Thus, according to (3.3), the required result fol-
lows. O

Theorem 3.2 Let peN,A>0,veRwithi+v+pu>1L,r+ve¢Z ,and meN.If

13 1 1

— —m|In(A +1) + -—

6 A+3/2 A+2

1 1
—pu|In(A +v+u)+ - <0, (3.8)
A+v+u+05 A+v+u+1l

and

A+D)"A+v+1), >4, (3.9)
thenf)K:Z’e/C.

Proof To use Lemma 3.2 for k = 1, we should prove that under our assumption we have

(377(2) " (2)] < % zeU. (3.10)

Using similar computations like in the proof of Theorem 2.2, we get

o0 1)k
|(~U,m(z))//| _ Z (-Dkk+1)(2k+1)

z
i L GGt v + Dyl + DA™
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o (CDfk(k+ DRK+1) 4
< 2 v D0 r D

n=1

0 k(k+1)(2k+1)
<k2:1:4k()t+v+1)ku[()»+l)k]m’ zeU. (3.11)
If we define the function Q: [1, +00) — R by
o tEt+1)(2t +1)
Q) := FO s s DO 5]
then
Q) 1 1 2 —myP A+t + 1) = py(h+ v+t +1) = Q). (3.12)

=—+ +
Q) ¢t t+1 2t+1

Like in the proof of Theorem 3.1, using (3.6), (3.7) and the facts that m, © > 0, we obtain

~ 13 1 1
1)< —-m|In(A +1 -
QAL < m[n( D n A+2}
1 1
—wlIn(A +v+pu)+ - <0,
A+v+u+05 A+v+pu+1

under assumption (3.8). Since a is a strictly decreasing function on [1, +00), then a(t) <
a(l) <0, x> 1, and using that Q(¢) > 0, t > 1, relation (3.12) yields that Q'(¢) <0, £ > 1.
This last inequality implies that Q is also a strictly decreasing function on [1,+00), and

from (3.11) we get

2L+ DIC(A +v + 1)
FA+v+p+)ImA+2)

(3;7(2))"| < zel.
Consequently, assumption (3.9) implies that the right-hand side of the above inequality
is less or equal than 1/2, and according to (3.10), we obtain our result. O

Example 3.1 In this example we will show that Theorem 3.1 is useful if & = 0 for the case
A > 0, which is not included in the assumptions of Theorems 2.1 or 2.3, where it was as-
sumed that . € N or A > 1, respectively. We mention that for o = 0 assumption (3.2) is
stronger than (2.18), but with the additional condition (3.1) we could obtain the starlike-
ness of some functions like Sgﬁ.

Thus, if we put in Theorem 3.1 the values A =0.2, £ = 1, m = 3, and v = 0.1, we get that

J053(2) = z - 0.33386752142 + 0.0056802447992° — 0.000018385321222*
+0.000000018549806062z° — 7.605778219 - 107122°
+1.496644711 - 1071°77 — 1.584478248 - 107197%

+9.809893741 - 107%7° + .- - € S*,

and the image of U by Jgéﬁ is shown in Fig. 3(a).
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(A) The image of 3937 (U) (B) The image of 39" (U)

Figure 3 Figures for Example 3.1

Taking in Theorem 3.1 the values A =0.1, u =1, m = 2, and v = 0.8, we get that

Jo31(2) = 2 0.32622879512% + 0.010628560852> — 0.000099255484312*
+0.00000038732470362° — 0.00000000077121064882°
+ 8.874725574 - 1071377 — 6.428343262 - 1071078

+3.119153053 - 107%2° + - .- € §*,
and the image of 38:?:%(1[}) is shown in Fig. 3(B).

Example 3.2 Next we will show that Theorem 3.2 is useful for & = 0 for the case A > 0,
which is not included in the assumptions of Theorems 2.2 or 2.4, where we assumed that
A € Nor A > 1, respectively. We emphasize that for « = 0 assumption (3.9) is stronger
than (2.27), but adding condition (3.8) we could obtain the convexity of some functions
like 3577
Taking in Theorem 3.2 the values . = 0.7, u = 1, m = 2, and v = 0.8, we have
3052(2) = 2 - 0.10380622842> + 0.0016951830362° — 0.0000096309400612*
+0.00000002547972595z2° — 3.686564775 - 10711 2°
+3.235204040 - 107127 — 1.851779260 - 107172°
+7.296671191-10722° + ... € K,
and the image of U by J057 is shown in Fig. 4(a).
Putting in Theorem 3.1 the values A = 0.5, i = 1.5, m = 3, and v = 0.7, we get that
3573 ((2) = z - 0.058706650832> + 0.00020041686712° — 0.0000001289274849z*
+2.486094240 - 107112° — 1.860843213 - 1071°2°

+6.383641038 - 107277 — 1.127257518 - 107248
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(A) The image of 38:?:?([{}) (B) The image of 38:;:?_5(U)

Figure 4 Figures for Example 3.2

+1.116507623 - 10722 + ... e K,
while the image of 38; 15(U) is shown in Fig. 4(B).

Note that all the figures of this article were made by using the MAPLE™computer soft-

ware.

4 Concluding remarks and outlook
In the present section the highlights of the paper are listed below:

1. In Theorem 2.1 we have used the principle of mathematical induction to generate the
starlikeness of order o, given by (2.1), for the function J;’ ::’ (z) defined by (1.4) for u € N,
A €N, v >0, and m € N. Further, in Theorem 2.2, the mathematical induction was also
used to obtain the convexity of order o, for u € N, A € N, v >0,and m € N\ {1};

2. In Theorems 2.3 and 2.4, an estimate for the upper and lower bounds for the gamma
function inspired by [16] has been used to evaluate the orders o for p € N, L > 1, v >0,
meN,anda, fory eN,A>1,v>0,and m e N;

3. It could be seen that in [31] and [34] the authors investigated the orders of starlike-
ness and convexity of order o, and «., respectively, using some well-known estimation for
gamma, digamma, and Fox—WTright functions. It is worth mentioning that our results in
this paper slightly improve the results in [31] and [34];

V

4. Finally, the starlikeness and convexity of order zero for J,”" are studied using some

technical manipulations proved by [19] that if f(z) =z + amlz”” .-+, n > lisanalyticin
Uand |[f'(2) -1 < (n+1)/y/(n+1)?+1,z€ U, and |f"(z)| <n/(n+1),z€ U, then f € §*
and f € IC, respectively. These results are useful to extend the range of validity for the
parameter A to A > 0.
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