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1 Introduction

Approximation theory is a primary field that encounters significant usage in the scientific
community. The paramount problem in approximation theory is finding a sequence of
functions that approximates a given function as closely as possible. Positive linear oper-
ators are pivotal among the many subfields that constitute approximation theory. Some
linear positive operators, such as Bernstein operators, are defined within finite intervals,
and many operators are defined in infinite intervals, such as Szdsz operators defined as
[31]:

00 k
Sif)=e Y T () < ) (L.1)

k=0

where ¢ € [0,00) and f € C[0, 00) once the sum (1.1) converges. In 1969, Jakimovski and
Leviatan [18] leveraged the Appell polynomials in constructing a generalization of Szasz
operators. Several operators with the right tweaks that still keep the test function intact
have emerged in this area, and it has developed significantly in recent years to get a better
approximation [13-15, 21, 24, 25, 27].
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Recent research has focused mainly on generalizations of Szdsz operators utilizing spe-
cial polynomials, particularly those derived using generating functions; see, for example,
[1-3, 6,7, 11, 17, 32]. These generalizations give approximation theory a wide range of
new operator sequences.

Special functions play a crucial role in applied mathematics, and the hypergeometric
and confluent hypergeometric functions are particularly useful for representing a diverse
range of special functions in a clear and concise manner. The study of special functions is
of great importance in the field of mathematical physics, and it is a fundamental aspect of
its institutionalization. Several important problems in physics can be expressed as special
polynomials of two variables. These polynomials are not only useful in introducing new
families of special polynomials, but they are also useful in unambiguously deriving various
useful identities [28].

In 2013, Khan and Raza [22] considered the family of 2-variable general polynomials
pn(x,y) defined by the generating function as:

tk

e P(y,1) = Zpk %) (o) =1), (1.2)
where ¢(y, £) can be expressed as
0 k
$0.0=Y BT ) 0. (1.3)
k=0 ’

Khan and Raza [22] also introduced the family of 2-variable general-Appell polynomials
pAn(x,y) defined by the generating function as:

A(t)e P (y,t) = ZpAk(x:y)E; (1.4)
k=0
where A() can be expressed as [4]:
=Y Af, Ag#0 (1.5)
k=0

and ¢(y, t) is given by equation (1.3).

The aim of this research article is to consider the generalization of the Szdsz operators as-
sociating general-Appell polynomials ,A (x, y). We introduce our operators for x € [0, 00),
subject to the restrictions /7 > 0, A(1) # 0, ,Ax(nx; 1) > 0 and ¢(h, 1) # 0 given by

* (7 e pAk(nx,h)
Guall )= G000 1)Z ;) 1o

Remark 1.1 For A(t) =1 and ¢(h,t) = 1, equation (1.6) reduces to equation (1.1). Simi-
larly, for ¢(h, ) = 1, equation (1.6) reduces to approximation operators involving Appell

polynomials [18].
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Recently, in modern research, considerable attention has been paid to Chlodowsky vari-
ants of generalized Szész-type operators (as evidenced by such works as [10, 24, 25]).
These studies have aimed to elucidate certain convergence properties of these operators
through the application of a weighted Korovkin-type theorem.

Inspired by the above research, this article conceders the following generalization of
Chlodowsky-type operators [12], defined by (1.6):

~ 37%x s Ak( x’h)
gn,A(f»x) = A(1)¢(h, 1) Z < ﬁn): AS [0, OO), (17)

where 1 > 0, B, is a positive increasing sequence with the characteristics

lim 8, = oo, lim & =0 (1.8)
n—00 n—-oo n

and ,Ay represents the general-Appell polynomials, as defined in equation (1.4).

In this context, it is helpful to define some terms and highlight specific results.

Definition 1.1 For any uniformly continuous function f on [0, c0) and o > 0, the modulus

of continuity is o(f; o) defined by

o(f;o):= sup [f(s)—f(1). (1.9)

s,t€[0,00)
|s—t|<o

Indeed, for any o > 0 and each s, ¢ € [0, 00), we can express the inequality as follows:

[f(s) - f (@) Sw(f;o)<|s;t| +1>. (1.10)

The remaining sections of the paper are organized as follows: In Sect. 2, we derive local
approximation results using the generalized Szasz operators defined by (1.7). Specifically,
we examine the convergence of these operators with the help of the Korovkin theorem. We
establish the order of approximation using both classical and Lipschitz class approaches.
In Sect. 3, we investigate the weighted ‘B-statistical convergence and statistically weighted
$B-summability properties of the operators. In Sect. 4, we present numerical examples
to compute error estimation and demonstrate the efficiency of the proposed operators.
The programming codes are executed using WOLFRAM MATHEMATICA v12.3.1 on
the MacOSX 13.2.1 x86(64-bit) processor. In Sect. 5, we provide concluding remarks and
suggest potential directions for further studies.

2 Local approximation characteristics of g,,,A(?;x)

This section discusses some lemmas about our operator that will be used in other sections
to prove theorems. Then, we use the universal result established by Korovkin and also
provide an estimate for the order of approximation by utilizing the modulus of continuity

to present our key theorems.

Lemma 2.1 The operators defined in equation (1.7) are linear and positive.
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Lemma 2.2 With the aid of equation (1.4), we lead to the following equalities:

> % h n

S et gt 21)
k=0

i Ak(ﬂ X5 ) n n

>k [ﬁ—xA(l)wh; 1)+ A (1) + A' (s 1)}&«", (22)

'h)

e

= [;—zsz(lﬁﬁ(h; 1)+ ﬁix(Au)cp(h; 1) +24' (g3 1) + 2A(1)¢' (1;1))

+ A (Vp(1) + A (1) + 24’ (1)9' (15 1)

+ A" Do 1) + AP (B 1)}%’6. (2.3)

Lemma 2.3 Let (s(v) = v¥, s = 0,1,2 then the operators G, 4 (f, x) defined in (1.7) satisfy
the following results:

Gua(po(w)ix) =1, (2.4)

Bu (A1)  ¢'(h51)
Gna(pmi(v);x) =x+ 7(,4(1) o) )

(2.5)

and

G (2(v); ) = 2 fi (1 AW 2¢/(h;1)>

A1) (1)

ﬂ_ﬁ(A’(l) LoD AWl ATQ) 470 1)) 2.6)
P \AQ1) ¢l AL AQ)  eUs1) ) '

Proof With the aid of Lemma 2.2, the proof becomes fairly straightforward to follow.
Hence, the details can be omitted. O

Now, we obtain central moments immediately.

Lemma 2.4 Let uf(v) = (v —x)°, s = 1,2. Regarding operators (1.7), the following results are
established.:

G (1)) = ﬁ”(“” "’(’“)), 27)

A1) (1)
gn,A (M;(V); x)

B B <A'<1> LY AWUs]) AT ¢”(h;1)>
T nT o m2\AQ) ol T AQ)SM1)  AQ)  ¢Ul) )

(2.8)

Proof By making use of Lemma 2.1 and Lemma 2.3, the proof is easy to follow. Hence, the
detailed proof can be omitted. d

Page 4 of 18
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Let C¢[0, 00) represent the subset of continuous functions f on the interval [0, 00) within
the larger space £[0, 00). £[0, 00) represent the space of all functions f (x) defined on [0, 00)
and satisfying the condition [f(x)l < cexp(ax), @ € R and ¢ € R*. When r € N is fixed,
Cr = {f € Ce[0,00) : f',f",....f" € Cel0,00)}). Additionally, C5[0,00) denotes the space of
all continuous functions defined on [0,00) that are bounded and is equipped with the
norm ||f|| = SUD,c[0,00) [f ()]

Theorem 2.1 For any function f belonging to the class Cj3[0, 00), the convergence holds as
follows:

lim G,a(f) =f (2.9)
n—0o0

this convergence is uniform on each compact subset of [0, 00).

Proof With the aid of Lemma 2.3, it follows that
lim Gua(ps(v)) =v*, $=0,1,2 (2.10)
Hn— 00

uniformly on each compact subset of [0,00). Using the Korovkin theorem [23], we get
assertion (2.9). O

Next, we establish the order of approximation of the operators G, 4 (f 5 %).

Theorem 2.2 Let f € Cpl0,00). Then, for x € [0, T], the operators G, A(f ;%) satisfy the fol-
lowing inequality:

|Ga(f5 %) f|<(1+f)w( ﬁ) (2.11)

where
Bu (A1) ¢'(1) A)'(s1) A"(1) ¢"(h1)
rTe (G S R0 T A D) 212
Proof Consider
~ e 5;« Ak( xr k ~,
907079 = et 7(%6.) -7, .13)
using triangle inequality, we have
e E A | (kN -
9079 79 = gty e () 0 .19

in view of inequality (1.10), the above equation gives

|Gua(Fix) —f(%)| < off, 8){

}. (2.15)

8 A(1)¢>(h 1) Z
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Using the Cauchy-Schwartz inequality, the above inequality gives

|Ga (%) —F ()|

B A ) 2%
<a)(f8){1+ (A(l)( )Z . (nﬁn—x>> } (2.16)

which in view of equations (1.7) and (2.8) gives

Goa i) ~F )| < wG,a){ RN } (2.17)

Taking § = ‘37" and by making use of 0 < x < T gives assertion (2.11). O

Now, we establish the degree of approximation for operators (1.7) with the aid of the
Lipschitz class. For 0 < y; <1 and f € C[0,00), we define the Lipschitz class sz M as
follows:

sz(yl {f: [f(vl) —f(vz)| <My - V2|Vl}- (2.18)
Theorem 2.3 Counsider that f’ € Lip(/]\’}[). Then, we have
- ~ n
1Gua (i) ~F@)] < M[Goa(15(0)52)] 7. (2.19)

Proof Since, f € Llp(yl in view of the definition given in (2.18), we may write

1Gna(F5%) = f )| = |Gra (FO) = F(x); %) |
< Gua([fV) —f®) ;%) < MGpa(lv — x5 ). (2.20)

Applying the Holder inequality on the right-hand side gives

e ﬁn Ak( x,h) ¢! 991
Gua(lv —x";x) = A0as 02 ‘n Bn —x (221)
G (Iv - 5175)
e ﬁn Ak( x,h) Ak( x, ) 1 k "1
" AW 1)2{ } { u } nPn % 222
gn,A(|v_x|yl;x)
e Fn*
<
~A(D)o(h;1)
po 2 O AL h) ) 2
X {A(1)¢(h;1)€57x} ’ [A(f)(;l:(h'l) Z” - Zyul }
7 k=0 :
Y B A (1 ’h) k 2 yTl
x {AQ)p(s 1)ern) 2 {A(f);(h l)z" kz';x ‘;,3,, x } . @)
k=0 !
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Y1

2n n
Gra(lv—2"5%) < [Gua(p0(0);x)] 2 [Gua(u3(v)ix)] ? (2.24)
using inequality (2.24) in inequality (2.20), we prove assertion (2.19). O

3 Statistical convergence properties

In this section, we will establish the weighted B-statistical convergence and statistical
weighted 95 -summability properties of the operators G, 4 using a sequence of infinite ma-
trices denoted by B = (!B;), where B, = (8« (i))ien (refer to [8, 19]). Furthermore, we will
estimate the rate of weighted B-statistical convergence for the proposed operator.

Definition 3.1 [16] Consider Ny := NU{0}, ¢ C Ngand &, = {r:r <n and r € ¢}. Assume
that the cardinality of the €, is denoted by the symbol |2(,,|. Then,

¢ 1
8(¢) = lim &l _ lim —|{r:r <nandre ¢} (3.1)
n—oo n

n—o0o y11

is referred to as the natural density of €.

Remark 3.1 It is worth noting that every sequence that converges in the classical sense
will also converge statistically, but there are sequences that converge statistically but not

classically.

Karakaya et al. [20] initially suggested the idea of weighted statistical convergence. A

revised form of weighted statistical convergence was proposed by Mursaleen et al. [26].

Definition 3.2 Suppose that [/ = (/) is a sequence of nonnegative numbers with [y > 0,
and L, = Z/iio [y = o0 as n — 00. Then, the sequence x = (x¢) is considered weighted

statistically convergent to L if, for each v > 0, the following condition holds:

1
lim — |[{k <L, : il — L] = v}| =0. (3.2)
n—00 Ln
Remark 3.2 Indeed, if we set [y = 1 for all k, then the above definition is simplified to
classical statistical convergence.

Kolk [30] proposed a novel matrix method called 53-summability, originally attributed
to Steiglitz.

Definition 3.3 Consider a sequence of infinite matrices B = (28;), where B; = (8,x(0)).
Given a bounded sequence x = (x,,), we say that x is B-summable to the value B — limx if
lim,,, oo (B;x),, =B — limx uniformly for i = 0,1,2,.... The matrix B = (93;) is considered
regular if and only if the following conditions are satisfied [9, 30]:

L B = sup,,; Yoy 18] < o0,

2. limy,_, o Bux = 0 uniformly in i for each k € N,

3. limy_ o Buk = 1 uniformly in i.

The set of all regular matrices B with B, (i) > 0 for all n, k, and i is denoted by 23*. For
a regular nonnegative summability matrix B € 93" and a bounded sequence x = (x,,), x is
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considered B-statistically convergent to the number / if, for every € > 0,

lim Y Bu(i)=0 uniformlyini. (3.3)
n_)ook:\xk—llze

Definition 3.4 [19] Consider a sequence of regular infinite nonnegative matrices 8 =
(B:)ien. Additionally, let p = (p,,) be a sequence of nonnegative numbers with po > 0, and
P, =Y} 0Pk — 00,as n— 00. A sequence x = (x,) is said to be weighted B-statistically
convergent to the number / if, for every € > 0,

1 m
lim —Zp,, Z Buk(]) =0 uniformly in i. (3.4)

m—o00 P,
M =0 kilxg-llze

In this scenario, we will refer to it as [statw, p,] — limx = [.

Theorem 3.1 [19] Consider 6 = (B;);cn € R*. Consider a sequence of positive linear op-
erators, denoted as (%,),en, which operate on the space C|[0, 1] and map it back into itself.
If the following property holds:

[statos, pa] ~ lim [Tule) ~ i oy =0, j=0,1,2. (3.5)
Then, for each f € C[0,1],

[statss, pu] = Tim |Tu(f) = f || 01y = 0. (3.6)
Theorem 3.2 Consider 5 = (*B;)ien € R* and f € Ce[0,00). Let (Bn)uen be a sequence
satisfying conditions in equation (1.8). Additionally, assume that p = (p,) is a sequence of
positive numbers, including zero with po > 0 and P,, = " p, — 00, as m — o0o. Then,
for each f € C[0, T}, we have:

[stats, pal = lim |Gua(H)~F] = 0. (37)

Proof Suppose f € Cgl0,00) and x € [0, T], where T € R* is a fixed constant. With the aid
of Theorem 3.1, it suffices to demonstrate

[statss, pu] = Tim | Gua(ies) = s =0, s=0,1,2. (3.8)
Using Lemma 2.3, we have
[states, pul = lim [ Gya(tto) = po|| = 0. (3.9)

Further,

B (A/(l) ¢>/(h;1>>'

A + S0 1) (3.10)

sup |G (i1;%) — 1 ()|
x€[0,T]

Now, for a given €’ > 0, let us choose a number € > 0 such that €’ < €. We will then set:

o :={k eN:k <nand |Gya(u1;x) — 1 ()| = €'}, (3.11)
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‘_ ) & A1) ¢'(k1) ,
szl.—{keN.kfnand n(A(1)+¢(h;1)>2€_6}'

We observe that .o/ C 7}, which implies that, for m € N, we have:

m m
é Y opn Y Buli) < é Y pn Y Buld) ieN.
n=0 ke n=0 keay

As m — oo in the above inequality, we get

[Stat%J?n] - mli_l;r;o“gn,A(Ml) - M1 ” =0.

Similarly, using Definition 3.4 and Lemma 2.3, we obtain

sup |Gpa(pa;x) — pa(%)|
x€(0,T]

= ‘T% (1 + 2A,(1) + 2¢/(h;1))

A1) ¢(1)

AQ) o) T AQeY) T AQL) s 1)

n2
Given r > 0, we choose a number ¢, such that €y < r. Then, we set:

S:=lkeN:k<nand |Gua(pz) - p2|| = 7},

Bi (A/(l) L o1 AW Us1) AT "0 1))"

31:: {keN:kfnandT&<l+2A(l) +2¢(h;1)>2 r—%

k AQ)  ¢(h1) 2

Szzz{keN:kfnand

r—
>

Bt (A/(l) Lo AW 1) A1) ¢ 0 1))
K\AQM) ¢l A)e(1) A1) ¢(h1)

Page 9 of 18

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

then it can be concluded that the inclusion S C 5‘1 U 52 is valid, and this implication sug-

gests that

Pi Y pu Y Buli) < Pi Y pu Y Buli)+ Pi D pu Y Bul) i€l

n=0 keS n=0 keS; n=0 keS,

By taking the limit as 7 approaches infinity in the above inequality, we obtain:

[statss, pu] = lim [|Gua(a) = pa| =0.

Conclusively, in view of equations (3.9), (3.14), and (3.20), we obtain

[stats, pu] — mh_f)réo “ gn,A(};) _i“ =0,

which completes the proof.

(3.19)

(3.20)

(3.21)
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Definition 3.5 [19] Assume that B = (°B;);cy is a sequence of infinite nonnegative regular
matrices. A sequence x = (x,) is statistically weighted B-summable to L if, for each € > 0,

1 ,
=m§]: 20}

lim - =0 uniformlyini. (3.22)
Jj—>o0 ]
In this case, it is denoted by Nis (stat) — limx = L.

= D afuld £

m =0 =

Theorem 3.3 [19] Let x = (xx) be a bounded sequence. If x is weighted B-statistically con-
vergent to L, then it is statistically weighted B -summable to the same L, but not conversely.

Corollary 3.1 Suppose that B € R* and f € C¢[0,00). Then, for every f € [0, T,
N (stat) - 1im|| G4 (f) - f] = 0. (3.23)

Proof The proof immediately follows with the aid of Theorem 3.2 and Theorem 3.3.
Hence, the details can be omitted. O

Moreover, we can estimate the rate of weighted B-statistical convergence of G, 4(f;x)
to f € C[0, T'] using the modulus of continuity defined as (1.9).

Definition 3.6 [19] Assume that B = (28;);cy € R*, and let (g,,,) be a sequence of positive
nondecreasing sequence of real numbers. A sequence x = (x,,) is weighted B-statistically
convergent to [ with the rate o(q,,) if for any € > 0,

m

Zp,, Z %k Buk(d) =0 uniformly in i. (3.24)

n=0 kilx—ll=€

. 1
lim
m—>00 qum

In this case, it is denoted by x,, — [ = [statx, py] — 0(gm)-

Theorem 3.4 Suppose that (c;)sen and (ds)sen are positive nondecreasing sequences and
consider B € R*. Assuming the following assumptions are correct:
L N1Gna(po) = poll = [states, pul — olcs),

2. w(f;8,) = [stats, p,] — o(ds) on [0,T], where
8n = |Gnauz) | with 1500) = (v =20 €0, T]. (3.25)
Then,
|Ga(F) ~F| = [statos, p,] - olhs)  f € CIO, T), (3.26)
where hy = max{cs, d;}.

Proof Let us assume thatf € Cgl0,00) and x € [0, T], where T € R is a fixed value. Due to
the linearity and positivity of G, (f;x), we can express it as follows:

|GalFix) = f @) < Gua([f(@) =F()];2) + [F@)]|Gra(tro;2) = seol (3.27)
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using inequality (1.10), we obtain

[t — x|
S

1Gua i) ~F @) < ofF, s)gn,A( . 1;x) + [F)|| G (4103%) = o] (3.28)

or, equivalently
- . 1
|Gna(fix) = f@)|| < olf, S){gn,A(Mo;x) + S_zgn,A (M’zc,x)}
+ [f(x)| \gn,A(Mo;x) - Mo|~ (3.29)

By considering the supremum over x € [0, T'] on both sides of inequality (3.29), we deduce

the following:

1604651 -] < 0.9] 516405

+ | Gualizo) = po | + 1} + N |G (peo; %) = po| (3.30)

where A" = ||f].

Now, if we choose s =8, = |G, 4 (143) ||% in expression (3.30), we arrive at
|GnalFs2) = F )| < @(F,84) |G (120) = tao]| + 200(F, 8) + N[ Gra (103 %) — o] (3.31)

or, equivalently

|GnalFs2) = F )| < c{@(Fs8) ]| Gua o) — o] + @(Fs84) + |G (103 %) — o} (3.32)

here ¥ = max{2, N'}. Let € > 0, then we can define the sets as follows:

v={k:|Gealf) ~f| = €}, (3.33)
o= {0 80160 -7 - | 33
vy = 1k ooff, 8¢) > i} (3.35)
s = 1k 2 || Gualpaos ®) — ol = % } (3.36)

Then the inclusion v C U,'3=1 v; holds and yields

hmlpm Y pn ) Buli) < —hmlp D pn Y Budli)+ dmlpm > b0 > Buli)

n=0 kev " p=0 keuy n=0 kevy
1 m
+ 5 2 Pn ) Buld), ieN. (337)

n=0 kevs
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Through hypothesis (1) and (2), we have

|GnaFsx) —f )| = [states, pu] — 0(Bm), (3.38)
where h,,, = max{c,,,d,,}. The proof is now concluded. O

4 Numerical examples
In this section, we establish the positive linear operators that include specific members of
the Appell family and general polynomial families.

Example 4.1 In quantum physics, the Laguerre polynomials are extensively used to re-
search the isotropic harmonic oscillator in three dimensions. Insights concerning the
quantum mechanical behavior of these systems can be gleaned from their appearance
in the solution of the Schrédinger equation for a single electron in such systems. Her-
mite polynomials can be used for function approximation and interpolation. Appropriate
approximations of functions can be found by writing them down as a series of Hermite
polynomials. This approximation method shines when the function in question oscillates
or decays quickly.

Hermite-modified Laguerre polynomials Hf,f“')‘)(x, y) are introduced by Raza et al. [29]
as:
i Hf(a,x)(x ) = 1 exxny(u)z (4.1)
s Ay |

which yields the following explicit representation of Hf,,(a’”(x, y):

n

an(a,k)(x,y) _ Z

r=0

(o) n—rA"H,(x, y)

ri(n—r)! (42)

If we take A(t) = ﬁ, A =1and ¢(h,t) = e in equation (1.7), we get the following posi-

tive linear operators involving Hermite-modified Laguerre polynomials Hf,f“’)\)(x, y) as:

b o (1) n
- e %1 ka (ﬁ—x,h)~ k
n ) = z —Pu y . 4.
G (f%) o /?:o >l f(n'B ) x € [0,00) (4.3)

Here, we replace ¢ by % instead of 1 for the existence of particular A(%).
For n = 80,90,100; 8, = né; h=10and « = 1, Fig. 1 depicts the convergence of the op-
erator (4.3) to the function

f(x) = sina?, (4.4)

and for n = 80,90, 100; B, = n%; h =0.0001 and « = 1, Fig. 2 depicts the convergence of
the operator (4.3) to the function

gx) = sinhx?2. (4.5)
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Figure 3 Graphical depiction of absolute error of operators gn,HL(?,x) to f(x) = sinx2

Further, we estimate the absolute error E,, = |g,,,HL(}~” ,X) — f ()| and &, = |Gy (g, %) — g(x)|
for different values of n and give the corresponding graph for the error depicting the con-
vergence in Figs. 3 and 4. It can be clearly seen from Figs. 1-4 that for larger values of n,
operator (4.3) converges to f~ (x) and g(x).

In Table 1, we compute the error of approximation of g(x) = sinhx? at different points of
interval for the different choices of sequence b,,.

Example4.2 Truncated exponential polynomials exhibit a versatile range of behaviors and
can approximate a wide range of functions. The capacity of truncated exponential func-
tions to approximate functions with exponential growth and decay is their primary benefit.
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Figure 4 Graphical depiction of absolute error of operators Gy, 11 (g, ) to glx) = sinh x?
Table 1 Error of approximation process for §(x) = sinh x?
En Error bound at
x=0.2 x=04 x=06 x=08 x=10
1
b,=n3 80 0.0226843 0.081178 0.159339 0.259574 0423336
90 0.0225464 0.0786976 0.150769 0.239849 0.386168
100 0.0223686 0.0762322 0.142426 0.220774 0.350322
]
b, =nT0 80 0.0214987 0.0670784 0.112372 0.152757 0.223047
90 0.0210021 0.0626152 0.098046 0.120594 0.163077
100 0.0204862 0.0582361 0.0841233 0.0894469 0.105094
1
b, =nT5 80 0.00568912 0.0404805 0.0787168 0.101278 0.116962
90 0.00566921 0.0382039 0.0686854 0.0754437 0.0649501
100 0.00563257 0.0359504 0.058903 0.0503647 0.0145585

The Gould-Hopper polynomials are used in the context of the DVR technique to general-
ize the wavefunctions of quantum systems across a discrete basis. Eigenvalues, eigenfunc-
tions, and other characteristics of quantum systems can be roughly approximated using
this enlargement.

Two-variable truncated exponential-Gould-Hopper polynomials . H) (%,y) are given
as [5]:
o n ext-f—ytd*l
Y HE M ()= = —— (4.6)
— n! 1-¢
yielding the following explicit representation of H" " (x, ):
5] () n—rk—(d+1)l, ]
d+l r 1 X y 4 7
)= ”ZZ 11— rk—(d+ D))" (47)

k=0

If we take A(f) = i t, ,and ¢(h,t) = " in equation (1.7), we get the following positive
linear operators 1nv01v1ng 2-variable truncated exponential-Gould-Hopper polynomials
d+1 r)
(x,y) as:

~ r ek o0 Hd+1r( ,h)
= (1 (L) Yoo s ST EI )

k=0

Here, we replace t by % instead of 1 for the existence of particular A(t).
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For n = 20,50,100; g, = n3; h=00001r=2andd =3, Fig. 5 depicts the convergence
of operator (4.8) to the function
~ 2
fx)=x+es, (4.9)
and for n = 20,50, 100; 8, = n¥; h=000Lr=5andd =3, Fig. 6 depicts the convergence
of operator (4.8) to the function

X 1

gx)=—=4 ————
g 2 10442 +x3

+ /. (4.10)

Further, we estimate the absolute error &£, = Ig,,,eH(f ,X) — f‘ (%) and E,, = |G, (g, %) — g(x)]
for different values of # and give the corresponding graph for the error depicting the con-
vergence in Figs. 7 and 8. It can be clearly seen from Figs. 58 that for larger values of #,
operator (4.8) converges to f~ (x) and g(x).

In Table 2, we compute the error of approximation of g(x) = -5 + m +./x at different
points of interval for the different choices of sequence b,,.

5 Concluding remarks

With the help of the general-Appell polynomials, we present the Chlodowsky generaliza-
tion of Szdsz operators. The convergence properties of the sequence of operators in (1.7)
are established. The numerical evaluation is done in Wolfram Mathematica.
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Table 2 Error of approximation process for gix) = -5 + oSt X
E, Error bound at
n= x=02 x=04 x=006 x=08 x=10
1
b,=n4% 20 0.147529 0.12774 0.104113 0.0789145 0.0515653
50 0.110057 0.0990441 0.084131 0.0639238 0.0392311
100 0.0937739 0.0909359 0.0787186 0.0594359 0.0351593
1
b,=nt 20 0.132132 0.114179 0.0941172 0.0714188 0.0455463
50 0.0985856 0.0931308 0.0802711 0.0607755 0.0363954
100 0.0877984 0.0881726 0.0765825 0.0575355 0.0333826
1
b,=n8 20 0.125123 0.108813 0.0904582 0.0687138 0.0433252
50 0.0944476 0.0912384 0.0789394 0.0596288 0.0353382
100 0.0860583 0.0872578 0.0758307 0.0568539 0.032739

The absolute error of operators (1.7) can be computed by comparing the approxima-
tions obtained using the operators with the actual values of the functions g(x) = sinhx?
and g(x) = -7 + m + 4/x at different points within the interval [0,1]. Tables 1 and
2 present the computed absolute errors for different choices of the sequence b,. As we
correctly observed, for smaller values of b, the absolute error of the approximation tends
to decrease. This suggests that using smaller b, values yields more accurate results when
-2 4 L 4 /x with the given

approximating the functions g(x) = sinhx? and g(x) = 3t ot

operators (1.7).
In further studies, researchers may look at generalizing and modifying these operators
for better approximation.



Raza et al. Journal of Inequalities and Applications (2024) 2024:26 Page 17 of 18

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
N.R. and M.K. wrote the main manuscript text and M.M. reviewed and finalized the manuscript. All authors reviewed the
manuscript.

Author details

"Mathematics section, Women's College, Aligarh Muslim University, Aligarh, India. 2Department of Mathematics, Aligarh
Muslim University, Aligarh, India. *Department of Medical Research, China Medical University Hospital, China Medical
University (Taiwan), Taichung, Taiwan.

Received: 7 August 2023 Accepted: 6 February 2024 Published online: 20 February 2024

References
1. Aksoy, M.S.: New modification of the Post Widder operators preserving exponential functions. Arab J. Basic Appl. Sci.
31(1), 93-103 (2024). https://doi.org/10.1080/25765299.2024.2302536
2. Aksoy, M.S., Kanat, K.: Approximation by Szasz-Baskakov operators based on Boas-Buck-type polynomials. Filomat
36(11),3655-3673 (2022)
3. Ali, M., Kadak, U.: Approximation by Szasz-Chlodowsky type operators associating 2D-Appell polynomials. Z. Angew.
Math. Mech. 102, 202100229, 17 pp. (2022)
4. Appell, P: Sur une classe de polynémes. Ann. Sci. Ec. Norm. Supér. (2) 9, 119-144 (1880)
5. Aradi, S, Riyasat, M., Nahid, T, Khan, S.: Certain results for unified Apostol type-truncated exponential-Gould-Hopper
polynomials and their relatives (2020). arXiv:2006.12970
6. Ayman-Mursaleen, M., Nasiruzzaman, M., Rao, N., Dilshad, M., Nisar, K.S.: Approximation by the modified
A-Bernstein-polynomial in terms of basis function. AIMS Math. 9(2), 4409-4426 (2024)
7. Ayman-Mursaleen, M., Rao, N., Rani, M., Kilicman, A., Al-Abied, A AH.A, Malik, P: A note on approximation of blending
type Bernstein-Schurer-Kantorovich operators with shape parameter «. J. Math. 2023, 5245806 (2023)
8. Baliarsingh, P, Kadak, U, Mursaleen, M.: On statistical convergence of difference sequences of fractional order and
related Korovkin type approximation theorems. Quaest. Math. 41(8), 1117-1133 (2018)
9. Bell, HT.: Order summability and almost convergence. Proc. Am. Math. Soc. 38, 548-552 (1973)
10. Buyukyazicl, TH. Serenbay, SK, Atakut, C.: Approximation by Chlodowsky type Jakimovski-Leviatan operators. J.
Comput. Appl. Math. 259, 153-163 (2014)
11. Cai, Q-B, Kilicman, A, Ayman-Mursaleen, M.: Approximation properties and g-statistical convergence of Stancu type
generalized Baskakov-Szasz operators. J. Funct. Spaces 2022, 2286500 (2022)
12. Chlodovsky, I.: Sur le développement des fonctions définies dans un intervalle infini en séries de polynomes de M. S.
Bernstein. Compos. Math. 4, 380-393 (1937)
13. Costarelli, D, Piconi, M,, Vinti, G.: Quantitative estimates for Durrmeyer sampling series in Orlicz spaces. Sampl. Theory
Signal Process. Data Anal. 21, 3 (2022)
14. Costarelli, D., Piconi, M,, Vinti, G.: On the convergence properties of sampling Durrmeyer-type operators in Orlicz
spaces. Math. Nachr. 296(2), 588-609 (2023)
15. Costarelli, D, Piconi, M,, Vinti, G.: The multivariate Durrmeyer-sampling type operators in functional spaces. Dolomit.
Res. Notes Approx. 15(5), 128-144 (2023)
16. Fast, H.: Sur la convergence statistique. Collog. Math. 2, 241-244 (1951)
17. icoz, G, Varma, S, Sucu, S.: Approximation by operators including generalized Appell polynomials. Filomat 30(2),
429-440 (2016)
18. Jakimovski, A, Leviatan, D.: Generalized Szasz operators for the approximation in the infinite interval. Mathematica
11(34), 97-103 (1969)
19. Kadak, U, Braha, N.L, Srivastava, H.M.: Statistical weighted B-summability and its applications to approximation
theorems. Appl. Math. Comput. 302, 80-96 (2017)
20. Karakaya, V., Chishti, TA: Weighted statistical convergence. Iran. J. Sci. Technol. Trans. A, Sci. 33(3), 219-223 (2009)
21. Karsli, H.: Asymptotic properties of Urysohn type generalized sampling operators. Carpath. Math. Publ. 13(3), 631-641
(2021)
22. Khan, S, Raza, N.: General-Appell polynomials within the context of monomiality principle. Int. J. Anal. 2013, 328032,
11 pp. (2013)
23. Korovkin, PP: On convergence of linear positive operators in the space of continuous functions. Dokl. Akad. Nauk
SSSR 90, 961-964 (1953)
24. Mursaleen, M., Al-Abied, A AH. Acu, AM.: Approximation by Chlodowsky type of Szész operators based on Boas-Buck
type polynomials. Turk. J. Math. 42(5), 2243-2259 (2018)
25. Mursaleen, M., Ansari, KJ.: On Chlodowsky variant of Szasz operators by Brenke type polynomials. Appl. Math.
Comput. 271,991-1003 (2015)
26. Mursaleen, M., Karakaya, V., Ertlrk, M., Gursoy, F.: Weighted statistical convergence and its application to Korovkin
type approximation theorem. Appl. Math. Comput. 218(18), 9132-9137 (2012)
27. Orlova, O, Tamberg, G.: On approximation properties of generalized Kantorovich type sampling operators. J. Approx.
Theory 201, 73-86 (2016)
28. Rainville, E.D.: Special Functions. The Macmillan Company, New York (1960)
29. Raza, N, Zainab, U.: Symbolic approach fro deriving generating relations of certain hybrid special polynomials (to
appear)
30. Stieglitz, M.: Eine Verallgemeinerung des Begriffs der Fastkonvergenz. Math. Jpn. 18, 53-70 (1973)
31. Szasz, O. Generalization of S. Bernstein's polynomials to the infinite interval. J. Res. Natl. Bur. Stand. 45, 239-245 (1950)
32. Varma, S, Sucy, S.: A generalization of Szész operators by using the Appell polynomials of class A@, Symmetry 14(7),
1410 (2022). https://doi.org/10.3390/sym 14071410


https://doi.org/10.1080/25765299.2024.2302536
http://arxiv.org/abs/2006.12970
https://doi.org/10.3390/sym14071410

Raza et al. Journal of Inequalities and Applications (2024) 2024:26 Page 18 of 18

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Approximation with Szasz-Chlodowsky operators employing general-Appell polynomials
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction
	Local approximation characteristics of Gn,A(f;x)
	Statistical convergence properties
	Numerical examples
	Concluding remarks
	Declarations
	Competing interests
	Author contributions
	Author details
	References
	Publisher's Note


