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quadratic functional equation, we need to measure both the quality and the certainty

of the approximation and the maximum errors. To measure the quality of it, we use
fuzzy sets, and to achieve its certainty, we use the probability distribution function. To
formulate the above problem, we apply the concept of Z-numbers and introduce a
special matrix of the form diag(A, 8, C) (named the generalized Z-number) where A is a
fuzzy time-stamped set, B is the probability distribution function, and C is a degree of
reliability of A that is described as a value of A * B. Using generalized Z-numbers, we
define a novel control function to investigate H-U-R stability to approximate the
solution of an Apollonius-type quadratic functional equation with quality and
certainty of the approximation.
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1 Introduction
In many practical problems, the fuzzy probability approach can be an important compo-
nent of decision making. In the real world, we consider various aspects of uncertainty that
are not always well represented in fuzzy sets of information uncertainty. To overcome this
problem, Zadeh introduced the Z-number (Z-N) in 2011 [25]; for more on the subject, see
Aliev et al. [3] and Allahviranloo et al. [4]. A Z-N is an ordered binary of the form (4, B)
where the first component shows the fuzzy value and the second shows the uncertainty
of the first. Based on the Z-N theory, we provide a model which considers both certainty
and quality for the solution of an Apollonius-type quadratic functional equation.

The question of stability of functional equations was first raised by Ulam, and then Hy-

ers investigated stability for mappings from one Banach space to another. Stability analysis
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in the sense of Ulam—Hyers can be used to find an approximate solution for a wide selec-
tion of functional equations such as integral equations, differential equations, fractional
equations, etc.; see [2, 5, 6, 8—11, 17-20, 22, 24, 26]. The functional equation

T(t-x)+Y(t-y)= %T(x—y)+2T(r—¥> (1.1)

is called a quadratic functional equation of Apollonius-type, and Kim et al. [16] studied the
stability of generalized Hyers—Ulam type for equation (1.1). Park—Rassias [21] and Wang
[23] introduced the generalized quadratic functional equation of Apollonius-type:

T(Xn:n_ix") +T<i’f—i%>
i=1 i=1 i1 =
n n n . A n ‘
= %T(gxi—;yi> +2T<;Ti— M)

(1.2)

Note that every solution of Eq. (1.2) is said to be a generalized quadratic mapping of
Apollonius-type. Since Eq. (1.2) includes a quadratic function, we will need a bilinear
space, so here we consider such equations in a C-module space. In Sect. 2 of this arti-
cle, we provide appropriate concepts and results, and in Sect. 3, we prove the H-U-R
stability for (1.2) which shows both certainty and quality for the solution of a quadratic

functional equation of Apollonius-type.

2 Basic concepts
Let ©; = [0,1], and let x, be given as follows:

01
X, =diag®1= =diag[@l,...ﬁn]ﬁl,...,9,,e(~)1
On

We write diagl[6s,...,60,] < diag[k1,...,x,] when 6; <«; foreveryi=1,...,n.

Definition 2.1 ([13]) A mapping ® : xe, X xe, — X, is called a generalized continuous
t-norm (GCTN) if for all o, k, @, y, Ky, @, € x0,, 1 = diag[1,...,1] the following conditions
are satisfied:

(t1) w®1=0w;

(t2) o DKk =k ® w;

(t3) @K ®0)= (D ®K)® 0;

(t4) o <k and w <yimplythat o ® @ <k ®y;

(t4) Iflim,_, o &, = k and lim,,_, o, @, = @, we have lim,,_, o (k, ® @,) =k ® ©.

In this paper, we choose the minimum t-norm ®;; = ¥, X ¥, = ¥¢, which is defined

as follows:

w ®p k = diag[wy, ..., w,] @y diaglky,..., k] = diag[min{wl,iq}, . ..,min{wn,/cn}].
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Definition 2.2 ([7]) Let » € Rand g € (0,1], and let K =R or C. Let X be a linear space
over K. A fuzzy set R, : X x (0,00) — O isa p-fuzzy norm (g-FN) on X if and only if we
have

(9N1) Ry (x,¢) =1 if and only if x = 0 for ¢ € (0, 00);

(PN2) Ry (yx, ) =Ry (%, h/%) forall y #0 € K, all x € X and for ¢ € (0, 00);

(PN3) Rp(x +9,¢ +68) = Ry (x,¢) ® R, (9, 6) for all x,y € X and any ¢, € (0, 00);

(N4) lim;_, 400 R (%, ¢) = 1 for any ¢ € (0,00).

A p-Banach FN space is a complete g-FN space.

Now, we use the concept of probability distribution functions to measure the certainty

of a vector [1], where we put

0, if¢ <0,
€() = (2.1)
1, if¢>o.

Definition 2.3 Assume g € (0,1) andlet K =R or K = C. A p-random normed space (g-
RNS) is a triple (X,¥ u, ®’), where X is a vector space over K, ® is a continuous t-norm,
and ¥ u is a mapping from X into D* such that the following conditions hold:
(1) ®uy(¢) =eo(¢) forall ¢ >0 if and only if x = 0;
(U2) ®ex(C) = @,ux(ﬁ) forallx € X and « #0;
(U3) ®lhyay(C +8) = P uy(C) ® P uy(6) forall x,y € X and ¢, § > 0, where # u,, denotes the
value of # i at a point x € X.

Letp € Rand p € (0,1],and let K = R or C. We define a matrix-valued function Z:X x
R* — xe, with Z(x, ¢) =diag[Rp (%, £), # 1. (2), R (%, L) ® P ()], and call it a generalized
Z-number (GZ-N), when for all x,y € X, ¢,5 > 0, and « # 0 the following conditions are
satisfied:

(Z1) Z(x,¢) = diag[1,1,1] if and only if x = 0;

(22) Zlew,0) =2, 5f5)

(Z3) Zx+y,¢ +68) = Z(x,¢) ®pm Z(y,5).

Now we prove the above conditions. According to the conditions () N1) and (1.1), we have

z(x: ;) = diag[xm(x’ C):pﬂx(t), &p(x: ;) ® pﬂx(()] = diag[l’ L1® 1] = diag[lr 1, 1]

if and only if x = 0, therefore (Z1) is established.
According to the conditions (9 N2) and (u2), we have

Z(ox, £) = diag[Rp (@, 0), ” e (t), R (0, 0) ® ¥ pha(£) ]

o S\, (£ R P
‘d‘ag[m’(’“ |a|@)’ “"(w)’%("’ |a|@>® “"(wﬂ
jal?

therefore (Z2) is established.
According to the conditions (N3) and (43), we have

Z(x+y,¢ +6) = diag[Rp(xc + 9, & +8), sy (€ +8), Rp(x + 9,8 +8) ® P sy (E +6)]

Page 3 of 12
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> diag[N (%, ) ® Ry, (7,8), 7 1x(6) @ © 11,8, (R (6, £) ® N (9,9)
® (px(8) ® 711y (8)) ]

= diag[Ry, (%, £) ® Ry, (9,8), © 144() ® P11, (8), (R (%, 0)
®711:(0)) ® (Rp (5,8) ® © 11,(9))]

=Z(x,) ®m Z(,9),

therefore (Z3) is established.

Theorem 2.4 ([12, 14, 15]) Let (2,d) be a complete generalized metric space (GMS) and
E:Q — Qsuch that for all x,y € Q,

d(Ex, By) < Ld(x,y),

with L € (0,1).

Then, for each given x € Q, either d(E"x, E"*1x) = oo for all n > 0, or there exists a non-
negative integer ng such that d(E"x, B™x) < oo for all n > ng, lim,_, . B"x = y*, and y* is
the fixed point of B in the set Q* = {y € Q|d(E"x,y) < 0o} and d(y,y*) < ﬁd(y, Ey) for all
yeQr.

Lemma 2.5 ([21]) If Y : K— H with Y(0) = 0 is a solution of (1.2) forall ty,..., Ty x1,...,
X V15 Yn € K, where K and H are real vector spaces, then Y : K — H is a quadratic
Sfunction, i.e., T(kw) = k2 Y (w) for k € K and w € K.

3 Measure of the quality and the certainty of the approximation of the
solution of quadratic functional equation of Apollonius-type with GZ-N

We consider a function Y : K — H such that Kis a go-N left C-module and H is a g-N left

Banach C-module, and let # > 2 be a fixed integer. We show the H-U-R stability of (1.2)

via Theorem 2.4 to measure both the quality and certainty of the approximation of (1.2).

For the function T : K — H, we define the difference operator

Dy Y (T1, s Ty XLy oo s Xy V1o o9 Vi) 1= T(ibri - ibxl) + T(ibn - ibyi)
i=1 i=1 i=1 i=1
_ %T(ibx, — Xn:byl>
i=1 i=1

_2b*Y (Xn: _ DXt Z?l%‘)

- 2
i=1
forall 7;,x;,y; € K,be C; ={b e C||b| =1},and i = 1,...,n.

Theorem 3.1 (i) Let Y : K — Hwith Y (0) = 0, and assume there exists a function G(x, {) =
diaglo(x, ¢), ¥ (%, ¢), 0(x, &) ® ¥(x, ¢)] with ¢ : K3 x R* — Oy, ¥ : K — D* such that

z(DbT(TIro--vfmxh---;xm_yl)uwyn)ﬁ;) = U((rb'~~)Tn:xlv")xnxylv---;yn)x c) (31)
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and

U((2t1, e 2T 2K1,5 e+ 2%, 29155 2V), {)

= U((Tl)'H)Tn;xl;'ern)ylwu;yn); M)

forall vj,x;,y; € K, be Cy,i=1,...,n and for some L € (0,1), then there exists a unique
generalized quadratic mapping of Apollonius-type ® : K — H such that

Z(Y(x) - d(),¢) > U((x/n,...,x/n,O,...,O), %) (3.3)

2n

forall x e K.
(ii) If instead we assume that (3.1) holds and

U((rl,...,t,,,xl,...,xn,yl,...,y,,),g“)

49 (3.4)
> U((z‘[l,. ..,ZTn,le,...,2x,,,2y1,...,2y,,), T),

forall vj,x;,y; €K, i=1,...,n,b e Cy, and some L € (0,1), then there exists a unique gen-
eralized quadratic mapping of Apollonius-type ® : K — H such that

(3.5)

Z(Y(x) - d(),¢) > U((x/n,...,x/n,o,...,O),
e e e 28

2n

(l—L)C)

forall x e K.

Moreover, in both cases, if Y (¢x) is continuous in t € C for each fixed x € K, then ® is
C-Q, ie., ®(bx) = b*®(x) forall x c Kand all b € C.

Proof Forall t;,x;,y; €K, i=1,...,n, using (3.2) we have

lim O((2°71,..., 2500, 2851, .., 250, 291, .., 259,), 4590) = 1, (3.6)

k—o00

and letting 7; =x; = 7 and y; = 0, as well as b = 1, in (3.1) and using Y'(0) = 0, we have

Z(T(x)—4T(g>,§> zU((x/n,...,x/n,gL:f.ﬁ),z%) (3.7)

2n

forallx € and forall i = 1,...,n. Consider the set €2 := {u|u : K— H, 1(0) = 0} and

V(u, @) =inf{[<e o, oo)‘

(3.8)
Z(u(x) - w(x),{) > U<(x/n,...,x/n,0,...,9), 25_1() Vx € K}.

2n n
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We now show the completeness of (2, V). We begin by showing V(u, @) = 0 if and only if
i = . Assume that V(u, w) = 0. Then

Viu, @) (3.9)

29wk
2n n

=inf{1<20:2(u(x)—w(x),§)zU((x/n,...,x/n,O,...,O) £ ),
%/_/h

Yu,w e QxekK, ¢ e (0,+oo)}
=0,

and so

Z(pu(x) - 3(%),¢) = U((x/n, e %I1,0,...,0), 255—1<> (3.10)

2n n
forallx € K, ¢ >0 and K € [0, +00). Letting K — 0 in (3.10), we get
Z(u(x) - 8, ) = 1.
Thus p(x) = 0(x) for every x € K, and vice versa. In addition, we have V(u,d) = V(0, ) for

every i, 0 € Q. Now we show V(u,w) < V(u,0) + V(0,w). Let V(u,0) = p; € (0,+00) and
V(0,w) = p2 € (0,+00). Then, we have

Z(plx) - 3(x),¢) = U((x/n,...,x/n,O,...,O) d )

" 29y
2n n
Z(0(x) - wx), ) = U((x/n,...,x/n,O,...,O), L)
—— —— —— 259p2
2n n

for all x € K and ¢ € (0, +00). Now, the triangle inequality, (Z3), implies that

Z(1u(x) = W), (p1 + 02)¢) = Z(12(x) = 3x), p1¢) ® Z(B(x) — w(®), 02 )

> U((x/n,...,x/n,O,...,O), i)
—————— —— 2R

2n

® U((x/n,...,x/n,O,...,O), i)
— e e D)

2n n

= U((x/n,...,x/n,O,...,O),i),

2n n

forallx € Kand ¢ € (0, +00). Then, V(u,w) < p1 + po and V(u,w) < V(u, 0) + V(F,w). To
prove the completeness of (€2, V), assume {x} is a Cauchy sequence in Q2 such that for
everyx € K, p > 0, and ¢ € (0, +00), we have

O, ¢)=1-p.

Page 6 of 12
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Choose ¢ € N such that

V(ogop)<p Yg,p>qo.

Then

Z(94(x) — (), ¢) = Z(g94(x) - gp(x), p¢)
zU((x/n,...,x/n,O,...,O) £ )
N————

LT oK
2n n

>1-p,
for every x € K and ¢ € (0, +00), i.e.,
Z(p4(x) — 9p(®),¢) = 1= p.
For a fixed x € K, {g,(x)}« is Cauchy in the complete space (R, Z ®). Now, since K is com-
pact, we conclude that {g,(x)}« is uniformly convergent (say) & from K to (R,Z,®). Note

also that p € Q. Thus we have proved the completeness of (2, V).

We now define a function E: 2 — Q by
1
(Ep)(x) = A—LM(Zx), VueQ,xek (3.11)

Let u,w € Q and K € [0, 0] such that V(u, @) < K, and by (3.8) we have

Z(ux) — o (x),¢) = U<(M %0 2;:_1<
2n n

), Vxe K (3.12)

Now using (3.1), (3.2), and (3.12), we have

¢
" 29KL

Z(4 ' u@2x) -4 (20),8) = O ((x/n, .., x/1,0,...,0)
—_—— —
2n

) Vx e K. (3.13)

Hence, we have that V(Eu, Ew) < LV(u, @w). It follows from (3.7) that V(EY,Y) <L <
00. So, by Theorem 2.4, E has a unique fixed point ® : K — H in the set Q* = {u €
Q|V(T, i) < 0o} such that

D (x) := Jim (E*T)(x) = Jim %T(ka) (3.14)

and ®(2x) = 22®(x) for all x € K. Also,

1 L
V(@,T)< —V(ET,Y) < ——. 3.15
(@) = — V(ET, 1) = (3.15)

Thus (3.3) holds for all x € K.

Page 7 of 12
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Now, we prove part (ii). It follows from (3.4) that

. 7 Ty X1 Xu N1 Y &\ _

VTlee s TisXlsee s Xy Y15+ V0 € Ko

Let E: Q2 — Q be the mapping defined by
x
Eu(x) = 4/1(5), Yu e Q,xeK

It follows from (3.7) that V(Y, EY) < 1. Therefore, by Theorem 2.4, the sequence { 2T}
converges to a fixed point ® of Q. This implies

~ tim a4y (2
D(x) = kll)n;oél T<§)
and ®(2x) = 4P(x) for all x € K. Also

1 1
V(T,®) < —V(T,EY) < —.
1-L 1-L
Thus (3.5) holds.
Now we use (3.1), (3.6), and (3.14) to prove that ® is a quadratic function. Note that

E(chb(flp--; frnxlv---;xnvyly'-nyn)v;)
= lim Z(D; Y (21y,..., 260, 285y, .., 25, 26y, ., 26,), 459 )
k—o00

> lim U((2%7y,..., 257, 280, .., 25, 28y, ., 20,), 4890) = 1,

k— o0

that is,
<I>(i T — ixi) + Q(i Ti— i)’t) = %¢<Zn:xi - i)’i)
i=1 i=1 i=1 i=1 i=1 i=1
20 (Z - Ehame z:;yf)

for all 7;,x;,y7;, € Kand i = 1,...,n. From Lemma 2.5, ® is a quadratic function. Now we
show that ® is unique. Assume that there exists a quadratic function T : K — H which
satisfies (3.3). Since V(Y,T) < 1f—L and T is a quadratic function, we get T € Q* and T is
a fixed point of E. Thus T = ®, because both of them are fixed points and the fixed point
of E in Q* is unique.

In addition, assume Y (tx) is continuous with respect to ¢ € R for every fixed x € K, then
® is an R-quadratic function. Now, we show that ® is a C-quadratic function. Putting

‘[1:...:‘[n:xl:...:xn:xandyl:...:yn:Oin(B,l),weget
~(1 5 nx
Z( =Y (nbx) = 26>Y( — ),¢ ) = O(®,...,%,0,...,0),7) (3.16)
2 2 ——— ——

2n n
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for all x € K and all » € C;. From the definition of ®, (3.6), and (3.16), we obtain
(1 24 [ I k 2 (k-1 k
Z §¢(nbx)—2b d > ¢ :khm EZ(T(2 nbx)—2b T(2 nx),4 K’g“)
—00

> lim 0O((2%x,...,2%%,0,...,0),4%¢) = 1
k— 00 — e’ N
2n n

for all x € Kand all b € C;. So ®(nbx) = 4192(1)("—2") for all x € K and all b € C;. Since ® is
an R-quadratic function, we get ®(bx) = b*®(x) for all x € K and all b € C; U {0}. Now, let
a € C\{0}. Since ® is an R-quadratic function,

2
®(ax) = CD(IaI . ix) = |a|2c1><ix) =laf?- (i> ®(x) = a2 (x)
|a| |a| |la|

for all x € K and all 4 € C. This proves that ® is a C-quadratic function. O

In the following, we consider the result in Theorem 3.1. The first result is for the case
when 7 € (0,2), 0 € R*, and Y : K — H is a mapping with Y (0) = 0 such that

2(DbT(T1,« o Ty X1y ee ';xnryly (R 1yrl)1 {)

X sl i+l )

I~

o

)

> diag( : - g ,e
o+ il + Nyillr, + iz,
¢ S ) )

(o2
7 n ®e
C Ul + il + )

o

for all 7;,x;,y;, € Kand b € C;, and i = 1,...,n, then for all x € K, there exists a unique
generalized quadratic mapping of Apollonius-type ® : K — H satisfying

Z(Y(x) - d),¢)

llell llell
w T kT 4.50_@2507 w T Pr 4_505)250}'
©(r+1) T (Aw 297)¢ ©(r+1) T (Aw 297)¢
> d1ag 2 210 e 200+D ., 2 2no ®e 200+Dou0
- nor(Av 20N ]| ’ T nrEe 20 (x|l ’
200+1) 250 [2 200+ 255 %)

The second result is for the case of r,s,t € R* such that y :=r+s+t<2and §,0 € R,
and when Y : K — H with Y(0) = 0 is such that

2(DbT(T1, e Ty X1y e e s X Y150 e e ;yn)’ ;)
s

> diag(

)
5+ 2o el lls, el + el + 1yall + IwllH)]

X sl I e (i +g 1 + 11 )]
I3

e 4 ’

|~

a
o+ 2 el alls, Il + el + il + Iallo)]

®e &

X Uil Iy 155 Izl + e+l 1+ il )] >
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forall ty,..., T %1, ., X0, 91, .-, ¥ € Kand b € C;. Then there exists a unique generalized

quadratic mapping of Apollonius-type ® : K — H satisfying

Z(T@) - d),¢)

sl " el
y,@y(z;@l_zﬁ/”}/); _WP_V(M%W nb’7y(4b’71_2&’)1/)§ - V(4P£@V)(
- dlag 20(r+1) 250 e m 20(r+1) 250 e m
- n®v (48 -28Y)¢ ”x”y 4 7 n®Y (48 207 )¢ N ”x”y
20(+1) .20 12 20(+1) 240 12

forall x € K.

Using Theorem 3.1(i), we get that T : K — H is a mapping for which there exists a func-
tion U : K3 — [0, 00) satisfying (3.1) and (3.4), and then U5(0,...,0) = 0. It follows from
(3.1) that Y(0) = 0.

Ifr>2,0 € R*,and T : K— H is a mapping such that

2(DbT(‘L'1, e T XL e s X Y1 e e e ;yn); {)

I T Ul +yi I+l )
. T
> dlag( g e v

)
S sl + yellz, + )

o [4

o

I3 ~ ;’_lwl-l;ﬁy,-bzwﬂ;)))

S iy, + lylly, + Nl7)

forall 7y,..., 1, %1, ..., %0, Y1, .., ¥ € Kand b € Cj, then Theorem 3.1(ii) implies that there

exists a unique generalized quadratic mapping of Apollonius-type ® : K — H satisfying

Z(Y(x) - ®),¢)

llll llll
1 (2897 _48 P T (297 _48 P
nP7(2 )% PP 4P nor(2 )% PP 4P

. 20(+1) 255 D g 20(+1). 2y (i) e
= dlag( no" (287 —48)¢ + |lx||” e’ e 19T (287 _45)¢ + ®e 2 2no
200+ 250 2 200+1) 256 ®

for all x € K.
Letr,s,teR*, y:=r+s+t>2,0 € R* andlet Y : K— H be such that

2(DbT(1'1, e T X1, -vxmylr (XX ’yn)’ g)

[~

> diag(

o
)
5+ 2o Ll alls, el + el + yall + IwllH)]

X O il o+ e U + i o+ 1))
I4

e o ’

<

o
o+ 2 Ll alls, Il + el + yll + Iallo)]

®e &

L U W Iy Iy + g +llyi1 + 11 51 >
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forall vy,..., 7 %15, %, Y1, ..., ¥ € Kand b € C;. Theorem 3.1(ii) implies that there ex-
ists a unique generalized quadratic mapping of Apollonius-type ® : K — H satisfying

Z(Y(x) - ®),¢)

Y (o9 as (B4 oy (s llx113,
v (287 -4P)¢ TPV PV _a9)¢ n¥Y (287 4P)¢ TRV PV Py
~ dia 200 +1) 250 e R VZn v 20+1) 250 ®e e
— g n®v (28Y —48 4 P u®V (287 —48
ol + %1} e el LY 4
20(+1).2n0 & 200 +1) .20 &

forallx € K.
Also, in all the above results, for the continuous mapping Y (¢x) for each fixed x € K and
t € C, @ is a C-quadratic function.

4 Conclusion

Using the concept of GZ-N, we measured the quality and certainty of approximation of the
solution of an Apollonius-type quadratic functional equation. Our method and technique
can be applied to a wide range of functional equations to measure the quality and certainty
of approximation of the solution.
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