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Abstract

In this article, we propose a viscosity extragradient algorithm together with an inertial
extrapolation method for approximating the solution of pseudomonotone
equilibrium and fixed point problem of a nonexpansive mapping in the setting of a
Hadamard manifold. We prove that the sequence generated by our iterative method
converges to a solution of the above problems under some mild conditions. Finally,
we outline some implications of our results and present several numerical examples
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showing the implementability of our algorithm. The results of this article extend and
complement many related results in linear spaces.
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1 Introduction

The Equilibrium Problem (EP) is well known because it has wide application in spatial
price equilibrium models, computer and electric networks, market behavior, and eco-
nomic and financial networks models. For instance, the spatial price equilibrium mod-
els arising from EPs have provided a framework for analyzing competitive systems over
space and time and have formulated contributions that have stimulated the development
of new methodologies and opened up prospects for their applications in the energy sector,
minerals economics, finance, and agriculture (see, for example, [1]). It is well known that
many interesting and challenging problems in nonlinear analysis, such as complementar-
ity, fixed point, Nash equilibrium, optimization, saddle point and variational inequalities,
can be reformulated as EP (see [2]). The EP for a bifunction g: C x C — R, satisfying the
condition g(x, x) = 0 for every x € C is defined as follows:

Find u € C such that g(u,v) > 0,Vv e C, (1.1)

where C is a non-empty subset of a topological space X. We denote by EP(g) the solution
set of (1.1). Several iterative methods have been designed to approximate the solution of
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EP (1.1) if the bifunction g is monotone (see, for example, [3—5] and reference therein).
One of the crucial methods for solving EP when g is pseudomonotone is the extragradi-
ent Method (EM), which involves solving two strongly convex optimization problems at
each iteration. In 1997, Korpelevich [6] and Antipin [7] employed the EM for solving the
saddle point problems. Later, in 2008, Quoc et al. [8] extended this idea to solve the pseu-
domonotone EP. Since then, many authors have employed EM and other methods to solve
EP of pseudomonotone type in Hilbert and Banach spaces (see, for example, [9-11]). It is
important for us to consider EP in a more general space, such as a Riemannian manifold.
This idea of extending optimization methods from Euclidean space to Riemannian man-
ifolds has some remarkable advantages. From the point of view of the Riemannian mani-
fold, it is possible to convert nonconvex problems to convex ones by endowing the space
with an appropriate Riemannian manifold metric (see, for example, [12—14]). Moreover,
a constrained problem can be viewed as unconstrained due to the Riemannian geometry.
Recently, some results on Hilbert spaces have been generalized to more general settings,
such as the Riemannian manifold, to solve nonconvex cases (see, for example, [15-18]).
Most extended methods from linear settings, such as Hilbert space to Riemannian mani-
folds, require the Riemannian manifold to have nonpositive sectional curvature. This is an
essential property shared by a large class of Riemannian manifolds, and it is strong enough
to imply tough topology restrictions and rigidity phenomena. The algorithm for solving
equilibrium (EP) on Hadamard manifolds has received great concentration (see, for ex-
ample [19-21]). Lately, Cruz Neto et al. [22] extended the work by Van Nguyen et al. [23]
and acquired an extragradient method for solving the equilibrium problem on a complete
simple connected sectional curvature. They employed the following algorithm:

yn = argmin{g(x,, z) + ﬁdz(xmz)} (1.2)

Xp+l = afgmin{g()’m z) + ﬁdz(xm z)}

where 0 < 1, < 8 < min{al‘l,(xz‘ 1} and o, oy are Lipschitz constants of the bifunction g.
It should be known that Lipschitz-type constants are laborious to approximate even in
complex nonlinear problems, and they are generally unknown. In 2020, Junfeng et al. [24]
introduced a new extragradient-like method for (EP) on the Hadamard manifold. Their
algorithm performed without prior knowledge of the Lipschitz-type constants.

Let C be a non-empty closed and convex subset of a complete Riemannian manifold M.
A fixed point set of T is represented by

F(T)={yeC:T(y) =y}, (1.3)

and a mapping T : C — C is said to be
(i) a contraction if there exist « € [0, 1], such that

d(Tx, Ty) < ad(x,y), Vx,y€C,
(ii) nonexpansive if

d(Tx, Ty) < d(x,y), Vx,yeC.



Ndlovu et al. Journal of Inequalities and Applications (2024) 2024:21 Page 3 of 23

Several researchers use different methods for the approximation of a fixed point of non-
expansive mapping. Approximation methods have received so much attention in fixed
point theory because they are very compelling and important tools of nonlinear science.
Moreover, the viscosity-type algorithm converges faster than the Halpern-type algorithm
(see, for example, [16, 17, 25-33]). In 2000, Moudafi [25] initiated the viscosity for ap-
proximation method for nonexpansive mapping in the Hilbert space, he obtained strong
convergence results of both implicit and explicit schemes in Hilbert spaces. In 2004, Xu
[26] extended Moudafi’s results [25] to Banach space. Now, the concept of viscosity was
recently extended to more general space such as Riemannian manifold. In 2016, Jeong J.U.
[34] demonstrated some results using generalized viscosity approximation methods for
mixed equilibrium problems and fixed point. Motivated by the work of Daun and He [27],
Renu Chugh and Mandeep Kumari [35] extended the work of Duan and He [27] in the

framework of Riemannian manifold as follows.

Theorem 1.1 Let C be a closed convex subset of Hadamard manifold M, and let T : C —
C be a nonexpansive mappings such that F(T) # (. Let ¢, : C — C be p,— contraction
with 0 < p; = lim,_, » inf p,, < lim,,—, oo SUp p, = p, < 1 suppose that {V,(x)} is uniformly
convergence for any x € A, where A is any bounded subset of C if the sequence {A,} C (0,1)
satisfies the following conditions:

(§) imys 00 Ay = 0, Y02} Ay = 00,

(”) Z;il |)‘n+1 - )"n| <0 ﬂl’ld
Ap—An—1 _ 0
An -

Then, the sequence {x,} generated by the algorithm

(i) limys oo

Xp+l = CXP¢”(xn)(1 - )‘«n) exp_l wn(xn)Txn'

An inertial term is necessary to improve the iterative sequence to accomplish the de-
sired solution. These methods of inertial term are basically used to accelerate the iterative
sequence towards the required solution by speeding up the convergence rate of the iter-
ative scheme. Several analyzes have shown that inertial effects improve the performance
of the algorithm in terms of the number of iterations and time of execution. Due to these
two advantages, inertial term have attracted more attention in solving different problems.
An algorithm with an inertial term was first initiated by Polyak [36], who proposed in-
ertial extrapolation for solving a smooth convex minimization problem (MP). Since then,
authors introduced algorithms with inertial term in different spaces (see, [37, 38]). Khama-
hawong et al. [39] introduced an inertial Mann algorithm for approximating a fixed point
of a nonexpansive mapping on a Hadamard manifold. Under suitable assumptions, they
proved that their method was also dedicated to solving inclusion and equilibrium prob-
lems. They defined their algorithm as follows.

Let M be a Hadamard manifold, and F : M — M is a mapping. Choose x¢, x1, € M. Define
a sequence {x,} by the following iterative scheme:

Y = €Xp,, (—hn) expy) x,

Xp+l = expyn(l - Vn) eXPy,, F(yn):

where {A,} C [0,00) and {y,} C (0, 1) satisfying the following conditions
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(CHO<A,<A<1Vn=>1,

(Co) Ziil )Lndz(xn:xn—l) <09,

(C)O0<y1<=Vu<yern=>1,

(Ca) 2221 Vn < 0.

They proved that the sequence generated by their algorithm converges faster and
strongly to an element in the solution set. Motivated and inspired by the following works
[22, 35, 38—42], we study the viscosity extragradient with a modified inertial algorithm for
solving equilibrium and fixed point problems in the Hadamard manifold. The advantages
of our results over existing ones are the following:

(i) Our algorithm converges faster than the existing results due to the inertial term we
added to the algorithm.

(ii) Our results is obtained in the more general space Hadamard manifold, in contrast to

the results in Hilbert and Banach spaces (see, for example, [43, 44]).
The remain sections of the paper are organized as follows: We first give some basic con-
cepts and useful tools in Sect. 2. In Sect. 3, we provide our proposed method and states
its convergence analysis. In Sect. 4, we provide some numerical examples. In Sect. 5, we
show the outcomes of a computational trial that demonstrate the effectiveness of our ap-
proaches.

2 Preliminaries
In this section, we present some basic concepts, definitions, and preliminary results that
will be useful in what follows.

Suppose that M is a simply connected #n-dimensional manifold. The tangent space of M
at x is denoted by T, M, which is a vector space of the same dimension as M. A tangent
bundle of M is given by TM = | J,,; TxM. A smooth mapping (-,-) — R is called a Rie-
mannian metric on M if (-, -}, : T,M x TyM — R is an inner product for ¢t € M. We denote
the norm by || - ||, related to the inner product {-,-) on T, M . The length of a piecewise
smooth curve c: [a,b] — M joining x to r defined using the metric L(c) = f: I ()] dt
where c¢(a) = x and ¢(b) = r. Then, the Riemannian distance denoted by d(x,r) is defined
to be the minimal length over the set of all such curves joining x to r, which induces the
topology on M. A geodesic in M joining x — r is said to be minimal geodesic if its length
is equal to d(x,r). A geodesic triangle A(x;,%3,%3) of a Riemannian manifold is defined
to be a set consisting of points x;, x5, ¥3 and three minimal geodesic y; joining x; to x;,1
withi=1,2,3 mod 3. A Riemannian manifold is said to be complete if for any x € M all
geodesic emerging from x are defined for all ¢ € (—o0, 00). Let M be a complete Rieman-
nian manifold, any pair in M can be joined by minimizing geodesic (Hopf-Rinow Theorem
[45]). Thus, (M, d) is a complete metric space, and closed bounded subset is compact. The
exponential map exp, : TxM — M at x € M such that exp, v = y,(1,%) for each v € T, M,
where y (i) = y,(1,%) is geodesic starting at x with velocity v. Then, exp, tv = y, (¢, x) for each
real number ¢, and exp, 0 = ,(0,%) = x. It should be noted that the mapping exp, exhibits
differentiability on T, M for each x within M. For any x and y belonging to M, the expo-
nential map exp, possesses an inverse denoted as exp™' M — T, M. Given any x,y € M,
we can observe the quantity d(x,y) = || expy‘lxll = |lexp;! y|| (refer to [46] for additional
examples).

Definition 2.1 A complete simple connected Riemannian manifold of nonpositive sec-
tional curvature is called a Hadamard manifold.



Ndlovu et al. Journal of Inequalities and Applications (2024) 2024:21 Page 5 of 23

Lemma 2.2 [47] Let k,p € R and A € [0, 1]. Then, the following holds:
(i) 1Ak + (1 =2)pl> = Akl> + (1= 2)pl> = 21 = 1)k - pll,
(i) Ik £ pl? = IkI* £ 2(k p) + llpI*
(iii) [Ik+plI*> < [IklI* + 2| (p, k + p)I.

Lemma 2.3 Let p be a lower semi-continuous, proper, and convex function on Hadamard
manifold M, and z,t € M, > >0.Ift = prox,\p(z) Vy € M, then

(exp;" 3, exp; " 2) < 1 (0 () ~ p(1)-

Proposition 2.4 [48] Assume that M is a Hadamard manifold, and let d : M x M —
R represent a metric function. Then, d is a convex function with respect to the product
Riemannian metric, which is, given any two of geodesic y; : [0,1] - M and y : [0,1] > M
the following inequality holds for all t € [0,1]

d(y1(0), () < (1 = 0)d(y1(0), 2(0)) + td (11 (1), y2(1)).
In fact, for each y € M, the function d(.-,y) : M — R is convex function.

Definition 2.5 [49] Let C be a non-empty, closed and convex subset of M.
A bifunction f : M x M — R is said to be
(i) monotone if f(x,y) + f(y,x) <0Vx,y € C;
(i) pseudomonotone if

fay)=0 = fOx)=<0 VxyeG
(ili) Lipschitz-type continuous if there exist constants ¢; > 0 and ¢, > 0, such that
f,9) +f(,x) > f(x,2) — c1d*(x,y) — cad*(y,2)  Vx,9,z€ C.
Lemma 2.6 [48] Let x € M, {xx} C M and xx — x, then for ally e M
€Xp,, Y —> €XpP, Y and  exp,xp — expy‘lxo.

Proposition 2.7 [48] For any point x € MPxx is a singleton, and the following inequality
holds for allr e N

(expy ¥, expy 1) <0,
where N C M.

Proposition 2.8 [50] (Comparison theorem for triangle) Let A(xx,,x3) be a geodesic tri-
angle. Denote each i = 1,2,3( mod 3) by y; : [0,1;] — M the geodesic joining x; to x;,1, and
set a; = Z(y!,vi-1(lis1)), the angle between the vector y!(0) and —y;_1(li-1) and I; = L(y;),
then

2

o1 +0r+03 <m, 112 + lz+l — 20l cosa < li2+1' (21)
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Using the distance and the exponential map, (2.1) can be indicated as

A* (i, %141) + A (Ki41, Xi42) — 2(CXP;11+1 X1, €XPjyp) < d* (%11, %7). (2.2)
Since
{expy., i expy | Xiva) = d(xi, %i1)d(Xi1, Xira) COS 1. (2.3)

Let x;,5 = x;, then in association with (2.3), we get
~1 2 —1 -1 2
||expxi+1 x| = (expxl_+1 Xi, €Xpy. xin1) = d° (%5, %i31).

Proposition 2.9 [48] Let K be a non-empty convex subset of a Hadamard manifold M and
g: K — R be a convex subdifferentiable and lower semi-continuous function on K. Then,
p is a solution to the following convex problem

min{g(x) X EK}.

if and only if 0 € 3,(p) + Ni(p).

Proposition 2.10 [48] Let p € M. The exponential mapping exp,, : T,M — M is a dif-
feomorphism, and for any two points p,q € M, there exists a unique normalized geodesic
joining p to q, which can be expressed by the formula

w(t) = exp, texp;,l q Vtel0,1]. (2.4)

A geodesic triangle A(p1,p2,ps3) of a Riemannian manifold M is a set consisting of three
points p1, pa, and ps and three minimizing geodesic joining these points.

Proposition 2.11 [48] Let A(p1,p2, p3) be a geodesic triangle in M. Then,
d*(p1,p2) + d*(p2,p3) - 2(exp,, p1,exp,,, ps) < d*(p3,p1),

and
d*(p1,p2) < (exp),, p3,exp,, pa) +(exp,, ps, exp,, p1).

Furthermore, if o is the angle at p;, then we have
(exp,, p2,exp,,| p3) = d(pa, p1)d(p1, p3) cos .

The connection between geodesic triangle in Riemannian manifolds and triangles in R? has
been established in [51].

Lemma 2.12 [51] Let A(p1, pa, p3) be a geodesic triangle in M. Then, there exits a compar-
ison triangle A(p1, p2, p3) for A(p1, pa, p3) such that d(p;, pii1) = |Pi» piv1 ||, with the indices
taken modulo 3, it is unique up to an isometry of R%.
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Lemma 2.13 [51] Let A(p1, p2, p3) be a geodesic triangle and A(p1, pa, p3) be a comparison
triangle.
(i) Let a1, ap, a3 be the angle of A(py, pa, p3), respectively, and let (a1, ds,ds3) be the
angles of A(p1,p2, p3), respectively. Then,

o <o, oy <o and o3 < as.

(i) Let g be a point on geodesic joining p1 to p, and q its comparison point in interval
(pv.p2)- If d(pr,q) = Ip1 - qll and d(p2,q) = |Ip> - 4]l then,

dps,q) < Pz —qll.

Proposition 2.14 [51] Let x € M. Then exp, : T.M — M is diffeomorphism. For any two
points x,r € M, there exists a unique normalized geodesic joining x to r, which is, in fact, a
minimal geodesic. This result shows that M has the topology and differential structure simi-
lar to R". Thus, Hadamard manifolds and Euclidean spaces have some similar geometrical

properties.

Definition 2.15 [51] A subset K C M is said to be convex if for any p, g € K, the geodesic

connecting p and ¢ is in K.

Proposition 2.16 Let M be Hadamard manifold and x € M. The map .(y) = d*(x,y)
satisfying the following:

(i) Y is convex. Indeed, for any geodesic, y : [0,1] — M. The following inequality holds for
te[0,1]:

d*(x,y (1)) < (1= 0)d*(x,y (0)) + td*(x,y (1)) — £(1 - )d*(y (0), y (1))
(ii) v, is smooth. Further, 0y, (y) = -2 expy‘1 x
Lemma 2.17 [45] Let {a,} be a sequence of nonnegative real numbers such that
ar1 < (L —og)a, +aub,, n>0.
Iflimy_, oo sup b, <0 for every subsequence {a,, } of {ax} satisfying the condition

k]im inf(oz,,nk+1 —ay) >0,
—> 00

then lim,_ o a, = 0.

3 Main results
Let C be a non-empty, closed convex subset of a Hadamard manifold M and S: C — C
be a nonexpansive mapping. Let Q = F(S) N EP(f, C) be a non-empty solution set. Let
¢ : C — C be a p-contraction with the bifunction f satisfying the following conditions:
(D1) For each z € C, f is pseudomonotone;
(Dy) f satisfies the Lipschitz-type condition on C;
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(Ds3) f(x,-) is convex and subdifferentiable on C, V fixed x € C;
(D4) f(,y) is upper semi-continuous Y € C.

Moreover, we assume that the sequence {8,}, {«,} C (0, 1) satisfies
(C1) 0<liminf,_ « B, <limsup,_, B <1,

(Cy) lim, 0o, =0and > oo o, = 00,

(C3)lim,,_, Z—Z =0.

Algorithm 3.1 Initialization algorithm: choose xy € C and a parameter X satisfying 0 <
A< min{ﬁ, ﬁ}, where 6; and 6, are positive constants.

Iterative steps: Given x;,,_1, x,,, choose u € [0, 1,,], where

min{/»’w m}y ifxn #xn—l

% otherwise.

n=

Step 1: Compute

Wy = exp,, (ineXp ' %,_1)

Uy = argmin{Af (w,, v) + 2d*(w,,v),v € C}.

If u,, = w,, then stop. Otherwise, go to the next step.
Step 2: Compute

1
Y= argmin{kf(un,v) + Edz(wn, V):ve Tm},

where the half-space T}, is defined by
T, = {v eEM: (exp;i Wy — )»z,,,exp;: v) < 0}. and

Zn € Oof (Wi th)-
Step 3: Compute

tn = expy, (1= ) expy,; S(n).
Step 4 Calculate

Xue1 = CXPy 1-ay,) equ;%m ty.

Set n =n + 1 and return to step 1.

To prove our main results, we first prove the following Lemma.

Lemma 3.2 Foranyte Cand X >0:
(@) AU W t) = f Wy )] = (eXp;,} Wy, exp~" unt),
(i) AL (s 8) = f (s y)] = (XD} W xP~" ynt).
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Proof From the definition of u,, in Algorithm 3.1 and Proposition 2.9, we have
0€o, |:Af(wn, t) + %dz(wn,t)] u, + Nc(u,).
Hence, there is z € N¢(u,) and z € d,f (W, u,,) such that
Az —exp, w, +2=0.
Thus, forany ¢ € C,
(expy,! wa expy,! £) = Mz, exp)} £) + (z,exp), . t). (3.1)
Now, as z € Ni(u,), (z, exp;i t) <0 for any ¢t € M. Thus, we have
(expy,! waexpy ! £) < Az expy £). (3.2)

Furthermore, from the fact that z € 9,f(w,, u,) and the definition of subdifferential, we
obtain

fwy, t) = fw,,u,) > (z, exp;i t) Yt e M. (3.3)
Multiplying the both sides of inequality (3.3) by A > 0 and using (3.2), we get

)»[f(wm t)—f(wy, u,,)] > (exp;i Wy, exp;i t) VteC. (3.4)
Similarly, we can prove (ii) using the same idea as in part (i). O
Lemma 3.3 Suppose that {y,}, {w,}, {u,} are generated by Algorithm 3.1,p € Q and A > 0,

d*(yn, p) < d*(Wn, p) = (1 = 2001)d* (s, W) = (1 = 20002) > (s, ).
Proof From the fact that y, € T}, and by definition of T, it follows that

(expy,! Wi — Azu, expj, yu) <0,
for some z,, € d5f (w,,, u,,). Hence,

)»(z,,, exp;i y,,) > (exp;i w,,,exp;i y,,). (3.5)
Subsequently, by the definition of subdifferential, we obtain z,, € d,f (Wy, uy).

FWwy) —f W th) > (zirexp,ly) ¥y € M. (3.6)
Letting y = y, into (3.6), we deduce

S Wisyn) = f Wy ) > (v, exp;,} 3a). (3.7)
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It follows from the last inequality and from (3.5) that

ALf Wis ) = f Wy )] > (exp;,} W exp;,” 9) (3.8)
Moreover, by Proposition 2.9 and the definition of y, in Algorithm 3.1, we have

0€d, [kf(umy) + %dz(wmy)](yn) + N1, (7).
Thus, there exists z € dyf (4,y,) and z € N7, (y,) such that

rz— expy‘n1 Wwe+2z=0. (3.9)
Note that z € N7, (y,) and the definition of the normal cone implies that

(2, expy_n1 y) <0, (3.10)

for any y € T,,. Hence, thus from (3.10), it follows that

(rz - expy‘ﬂ1 W expy‘n1 y)=0 VyeT,. (3.11)
Equivalently,
)»(z, expy’”l y) > <exp;n1 w,,,expy’”l y) Vy e Ty (3.12)

Now, using the definition of subdifferential for z € d,f (1,,, y,), we have
S, y) =f (W 30) = (z,exp)} ) ¥y eM (3.13)
This together with (3.13) gets
Af s 9) = f @, 7)) = (expy, Waexpy y) Yy € Tpn. (3.14)
Furthermore, letting y = p in relation (3.14), we obtain
Af s ) = f (s y) ] = (XD}, Warexp}) ). (3.15)

Now, as p € Q, f(p, u,) > 0. So, by pseudomonotonicity of f, f(u,,, p) <0, and since A > 0,
we have

—A (f(umyn)) = <exp;ﬂl Wn €XPy, P>' (3.16)
Applying the Lipschitz-type continuity of f, we have

f(umyn) Zf(men) _f(an Up) — aldz(an Up) — a2d2(unryn)~ (3.17)
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Multiplying both sides of (3.17) by A > 0 and merging (3.8) and (3.16), respectively, we

obtain

—<expy‘n1 W expy_n1 P) = Mt yn)
> AL Wi V) = f Wiy ) | = Aot1d (Wi ) — At2d® (11, V)

> (exp;,! Wy, exp,} yu) — A1 d® (Wi, 1) — hetad® (4, y)-
Thus, applying Proposition 2.8, we obtain

&*(p,wy) = d*(Wy, yn) = & (p, )
> —2(exp;n1 Wy, expy_n1 p)
> 2(exp,, Wn, €XPy,, V) — 201 d* (W, ) — 20000d* (11, V)

> —d* (W, V) + d> Wy ) + d2 (Y, ) — 2001 A% (W, 1) — 2002 (1, V).
Thus, we have
&> (1) < &> Wi, p) — (1= 2000)d* (s, W) = (1 = 20000 (v, 1), (3.18)
which implies that

d@n’p) =< d(Wn»P)- (3.19)
O

Lemma 3.4 Let {x,} be a sequence generated by Algorithm 3.1. Then, {x,}, {yu}, {ts}, and
{t,} are bounded.

Proof Let p € Q, then consider the geodesic triangle A(w,,x,,p) and A(x,,x,-1,p) with
their comparison triangle A(w/,x/,p') and A(x),x,_;,p), respectively, in R? and where
p € Q. We have d(w,,p) = |, —p'l, d(xnp) = 1%, —p'| and (s, 1) = |15, ., |. Since
Wy = €Xp,, n exp;j %41, then the comparison point of w,, is w), = x,, + w,(x),_; — /). Thus,

we have

dwnp) = |w, -
= |, + a3 - ) - 7|
= Hx; + Xy — P — P “
< Hx; —p’” + My ||x; — %Xy H

A P A 320

Since 22 |x/ —x/ .|| = 22d(x,,x,_1) — 0 as n — oo, there exists a constant M; > 0 such
ay n n-1 ay

that ‘;—Zd(xn,x,,,l) < M; Vn > 1. Thus, we obtain

d(me) < d(xnrp) + Olan. (321)

Page 11 of 23



Ndlovu et al. Journal of Inequalities and Applications (2024) 2024:21 Page 12 of 23

It is obvious from simple computation that
d(WmP) = d2(xn,19) + 2Mnd(xn;p)d(xn:xn—l) + MZdz(xmxn—l))' (322)

Besides, by the convexity of Remannian manifold ¢, = y,}(1 - B,,), where y,! : [0,1] — M
is a sequence of geodesic joining y, to S(y,), we obtain

d(ty,p) = d(v, (1 - Bu),p)
< Bud(y,(0),p) + (1= B)d(y, (1), p)
= Bud Y p) + (1 = B)d(S(n), p)
= Bud(n,p) + (1 = Bu)d(n, p)
= d(ymp)- (3.23)

Furthermore, by the convexity of Remannian manifold x,,; = y2(1 — B,), where y? :
[0,1] — M is a sequence of geodesic joining ¢(x,) to ¢,, and from 3.1, (3.19), and (3.21),
we obtain

A1, p) < d(y2(1-ay),p)
< a,d(y,/(0),p) + (1 = w)d(y,; (1), p))
= oud (P (xn) p) + (1 = ) (tn, p)
< aud(p(xn),p) + (1 = 2n)d (Y, p)
< aud(p(xn),p) + (1 — u)d(Wy, p)
< o [d(p(xn), ¢ (p)) + d(¢(p),p) ] + (1 — a)d(wy, p)
< &, 0d (%, p) + (1 = ) [d(%, p) + €u My | + ,d($(p), p)

d(é(p),
< (1—-au(1 = p))d(xn,p) + (1 — @)y, (1 - p)%)pp) + M,
< max{d(xn,p), W} (3.29)
(1-p)

Using mathematical induction, we get

M +d@@)p) }
1-p) H

d(xps1,p) < maX{d(xo,p),

Thus, the sequence {x,} is bounded. Consequently, the sequence {w,}, {u,}, {t,} and
{¢(x,)} are also bounded. 0

Lemma 3.5 Let {x,, } be the sequence generated by the Algorithm 3.1. Then, the following
conclusion holds:
(1) limg_ oo d(unk» Wnk) =0,
(i) 1img— oo d(Yuy, ) =0,
(i) iMoo AW Sy ) = 0,
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(iv) limg, oo d(Wyy,%4,) = 0,
(V) hmkﬁoo d(tnk:ynk) = 0

Proof Letp € Q and satisfy p € Pof (p). Observe that this fixed point equation has a unique
solution by Boyd-Wong fixed point theorem. Now, fix n > 1, and let g = ¢(x,,), r = £, and
s = ¢(p). We consider the following geodesic triangle with their respective comparison
triangle in R? A(g,r,s) and A(q,7',s), A(s,r,q) and A(s',7,q); A(s,r,p) and A(s,r, p) and
A(s',7,p'). By Lemma 2.12, we get

dignr=|qd-r|, das)=|q-5| and digp)=|qd-¢| (3.25)

Now, using the definition in Algorithm 3.1, we get
— ayn-l -1
X1 = €XPy 1- a,,)equ r.

The comparison point of x,,,1 in R?is x/,,; = @,q' + (1 -a,,)r’. Leta and a’ denote the angles
at p and p/ in the triangle A(s,x,.,1,p) and A(s, %/, ,,p'), respectively. Then, we obtain a’ <
a and cosa’ < cosa. By applying Lemma 2.2, we have
dn1,p) = | - 2|

= lau(d' =) + (1 =) (=) |

< Jon(d =) + (=) (¢ ~2) | + 20t~ 5 - )

<@-a)|r =P vanlq =5 + 20,0 - P |5 =] cosa

< (L-a,)d*(r,p) + a,d*(q,s) + 20d (.1, p)dl(s, p)

= (1 - an)d*(tn, p) + cud” (¢ (%), $(p))

+ 20, d (%11, p)d (¢ (p), p) cOs a. (3.26)

Now, since d(x,.1,p)d(¢(p), p) cosa = (exp}j1 o), exp;1 K1)
Then, we can rewrite (3.26) as

dz(xrul»p) <(1- an)dz(tmp) + O‘n:odz(xmp) + 20ln(eXP;1 ¢(p)¢ eXP; xn+1>' (3.27)

However, from Lemma 2.16, we obtain

d*(twp) = d*(v,(1 - Bu),p)
< Bud*(v,(0),p) + (1 = B)d* (v,(1), p) = Bu(1 = B)d* (¥,(0), (1))
< Bud’> 0o p) + (1= B)d> s p) — Bu(L = B)d> (¥ S(yn))
< Bud’* W p) + (1= B> 9 ) = Bu(1 = B,)A> (0, S())
= A p) = Bu(1 = Ba)d* (Y Sn)). (3.28)

By substituting Lemma 3.3 and (3.22) into (3.28), we get

d2(tmp) =< dz(Wn,P) - (1 - 2)\0[1)612(14,,, Wn) - (1 - 2)»012)612()% un)
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- Bu(1- lgn)d2 (ymS(Yn))
< dz(xn:p) + 2ﬂnd(xn:p)d(xn7 Xp-1) + /«Lidz(xm xn—l) - (1 - 2)»0[1)612(14,,, Wy)

-(1- 2)\052)512()/;«1; Up) — ﬁn(l - ,Bn)d2 (ynr S(Yn))

By substituting (3.29) into (3.28), we have

A1) < (1= a)d? (x5, ) + (1 = ) [ 21000, P)A (K %01
+ o d? (K %01) — (1= 2001)d> (14,1, W)
= (1= 222)d* Vs thn) = Bu(1 = B> Y S(yn) ]
+ @ pd (%, p) + 20(exp)," P(p), expy 1)
=[1-0,(1 - p)]d* (% p) + au(1 = P)H, = (1= t)[(1 = 2001)d> (140, W)

+ (1 = 2002)d> Yy thn) = Bu(1 = B)d” (¥, S()) ], (3.29)
where
1 2y 2
H, = E I:Z(exp;1 qb(p),exp;1 x,,+1> + aid(xn;p)d(xn:xn—l) + %d(xn’xn—l)]' (3.30)

equation (3.29) can be rewritten as

[1-au(1-p)]d*@mp) + au(l - p)My, (3.31)
where
M, =sup H,,. (3.32)
neN

Thus, it is not difficult to see from (3.32) that if we let &, = ,,(1 — p), then the sequence
{a,)} satisfies

Ape1 = (1 - hn)an + hanr (333)
where
ap+l = dz(xn:p)'

Next, we claim that limsup,_, ., H,, < 0. Suppose that there exists a subsequence {a,, } of
{a,}, which satisfies liminfy_, o (a,;, — a,,) > 0. Now, from (3.29), we have

lim sup (1 — ank)[(l - ZAal)dZ(unk, Wy) + (1 - 2Aa2)d2(ynk, Upy)

k— o0

- ,3;1/((1 - 5nk)d2(}/nk»5(ynk))]

<lim sup [(1 — Oy )y, — a,,k+1]
k— 00

+(1 - p)M;lim sup ay,

k— 00
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- _kli)nolo(a”kﬂ_ank)

<o. (3.34)
Thus, using (C;) and the fact that (1 — 2ia;) > 0, for i = 1,2, we obtain
klim Ay, Wy) =0, and klim AWy thny) = 0, klim d(ynk,S(ynk)) =0. (3.35)

Also, from (3.35), we have that limy_, oo d(y,,, Wy, ) = 0. Furthermore, from (3.20) and (C,),
we have that

. . Ly
lim d(wy,,%,,) < im o, —d (%, %4, ;)
k—00 k—00 Oy,

=0. (3.36)
Using step 2 of Algorithm 3.1 and (3.34), we get

k1i>nolo d(tnkfynk) S k11>nolo(1 - lgnk)d()’np S()/nk))
=0.

From step 4 of Algorithm 3.1 and (C,), we get

A,y b)) < ud (D), 1) + (1 = 0t )by b))

=0. (3.37)
Finally, from (3.33), (3.36), and (3.37), we get

lim d(y,,,%,,) =0, lim d(t,,,%,,) =0, lim d(uy,,%,,) =0, (3.38)
k—00 k—00 k—00 0

Theorem 3.6 Suppose that (D1) — (D4) holds and EP(f,E) # (), then the sequence {x,} gen-
erated by algorithm (3.1) converges to a solution of Q. Let {x,,_} be a subsequence of {x,, }
that converges to x* € C.

Proof Let p be in a limit point of the sequence {x,, }. There exists subsequence {x,, } that
converges to x*. So, let t € M be an arbitrary element. From Lemma 3.2 (ii), we obtain

)Lf(u,,ki, t) > )»f(u,,ki,ynki) + (expy_nlki w,,ki,expy_;ki t). (3.39)
Using Lipschitz-type continuity of f, we have

Pt 3 2 f Wi 3 ) = f W 1t ) = 01 Wit ) = € 3, ). (340
When we let ¢ = Vi, in Lemma 3.2 (i), we obtain the following

M W ) =f Wt )] = (exy, Wo exXD, g ) (341)
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Thus, we obtain the following from (3.41) and (3.40)

M (W Yg,) = (€XD3, Wi s €XD, Vg ) = hond? Wiyt ) = Aetad® (g y)  (342)

Merging (3.42) and (3.39), we obtain

-1 -1 -1 -1
)"f(unkl. ) t) Z <exP””k,» Wnki ) exp””ki J’nki> + (expynki W”ki’ exp}’nk t>

- Aaldz(wnk, ”nk,-) - )LagdZ(u,,ki,ynki ). (3.43)
Thus, from the boundedness of {x,, }, we obtain
fx*t)=0, vteC. (3.44)

Thus, x* € EP(f, C). Furthermore, using (3.35), we obtain that x* € F(S). Hence, we con-
clude that x* € O

Next, we show that {x,} converges to x* € Q. To estimate that, we claim that

lim limy_, o sup H,,, < 0. To prove this, we only need to show that
. -1 -1
klggo(expp ¢(p), exp, xnkH) <0. (3.45)

Since {x,, } is bounded, there exists a subsequence {x,, } of {x,, } that converges to x* such
that

kli)rgo(exp;l o), exp;1 x”h-) = kli)rgo(exp;l é(p), f:xp;1 %)

(exp,! ¢(p), exp, x*)
<O0. (3.46)

Hence, by substituting (3.46) into (3.33) and applying Lemma 2.17, we conclude that {x,}
converges to x* € Q. Thus, we complete the proof.
If we change the mapping S in Algorithm 3.1 to a contraction mapping, we obtain the

following.

Corollary 3.7 Let C be a non-empty, closed convex subset of a Hadamard manifold M and
S :C — C bea contraction mapping. Let Q@ = F(S)NEP(f, C) be the solution set. Let ¢ : C —
C be a p-contraction with the bifunction f satisfying the following conditions (D1 — D).
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Algorithm 3.8 Initialization algorithm: choose xy € C and a parameter A which satisfies

0<Ai< min{ﬁ, ﬁ} iterative steps: Given x,_1, x,,, choose u € [0, 1t,,], where

_ min{,u, m}, lfxn #xn_l
n =

% otherwise.

Step 1: Compute

Wy = exp,, (ineXp %,_1)

Uy = argmin{Af (wy, v) + 2d*(w,,v),v € C}.

If u, = w,, then stop. Otherwise, go to the next step.
Step 2: Compute

1
Y = argmin{)»f(u,,,v) + Edz(wn, V):VE Tm}.

where the half-space T}, is defined by
T,y ={veM:(exp,} w, — Azy,exp,! v) <0} and

zy € Oof (W, uyy)
Step 3: Compute

by = exp,, (1 - Br) exp; S()
Step 4 Calculate

Xner = expy (11— ay) XDyl b

Set n=n+ 1 and return to step 1.

Then our sequence converges strongly to an element in the p € Q.

4 Applications
4.1 An application to solving Variational inequality problems

Suppose

Gx,exp:ly), ifx,yeC,
flxy) = (Grexpy ), ity (4.1)

+00, otherwise,

where G : C — M is a mapping. Subsequently, the equilibrium problem aligns with the
subsequent variational inequality (VIP) (see [52]):

Find x € C such that <Gx, exp;1y> >0,Vy e C. (4.2)
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Now, the set of solutions of (4.2) is denoted by VIP(G, C). The mapping G : C — M is said
to be pseudomonotone if

(Gr,exp;'y)>0 = (Gyexp'y)=0, wxyeC. (4.3)

Let us suppose that the function G is pseudomonotone and fulfills the following condi-
tions:

(V1) The function G is pseudomonotone on C with VIP(G, C) #

(V2) G is L-Lipschitz continuous, which is,

1PyxGx - Gyll < llx=yll, x,y€C, (4-4)

where P, is a parallel transport (see [50, 53]).
(V3) lim,,, o (Gx,, expy) 9) < (Gp,exp,'y) for every y € C and {x,} C C such that
Xy — P.
By substituting the proximal term arg min{f (x, y) + id(x, y)y € M} with
Pc(exp, (-2, G(x))), where P¢ is metric projection of M onto C in Algorithm 3.1,
we have the following method for approximating a point in VIP(G, C).
In this context, we can establish the subsequent convergence theorem for the approxi-
mation of a solution to the VIP (4.2)

Theorem 4.1 Letg: C — C be a contraction and G : C — M be a pseudomonotone opera-
tor satisfying condition V1-V3.If0 < k = sup{ ]/2179(:2{)]) 2%, #q,n>0,q € VIP(G,C)} < 1, then
the sequence {x,} generated by Algorithm 2 converges to an element p € VIP(G,K) which

satisfies p = Pyip,c)g(p)

Algorithm 4.2 Initialization algorithm: choose xy € C and a parameter A which satisfies

0<Ai< min{ﬁ, ﬁ} iterative steps: Given x,_1, x,,, choose u € [0, it,,], where

min{u, d(xne,;n-ﬂ}’ if x, #%,1

n=

" otherwise.

Step 1: Compute

Wy = exp,, (1 €Xp~ %,-1)

u, = Pc(exp,,, —An)G(Wy).

If u,, = wy, then stop. Otherwise, go to the next step.
Step 2: Compute

Yn = Pr,, (exp,, (—)»,,G(w,,)).
where the half-space T}, is defined by
T, = {v eM: (exp;i Wy, — Az,,,exp;i v) < 0}. and

Zy € a2g(Wnr un)-
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Step 3: Compute

t, = expyn(l - Bn) expy’”1 Syn).
Step 4: Calculate

Xui1 = CXPy 1-ay,) equ;%xn) ty.

Set n =n + 1 and return to step 1.

5 Numerical example
In this section, we provide a numerical example to show the performance of our iterative
scheme and compare it with results existing in the literature. We use MATLAB program-

ming for our numerical experiment.

Example 5.1 Let M = R? be a Hadamard manifold, and let G : C — M be defined by

Gx) = |:(x% + ?(>x2 -1)%)(1+ xz)i|
—x3 —x1 (% — 1)2

where C = {x € R?: -10 < x; < 10,i = 1,2} and x = (x1,%;). By employing the Monte-
Carlo approach, it can be shown that G is pseudomonotone on C (see [54]). Define
f(x,9): (G(x),exp;' y) forall y € C. It is easy to see that f satisfies conditions (D1)-(D4). To
implement our algorithm, we choose «,, = ﬁ, €, = ﬁ, B = %, u=0.8and A =0.01.
We use ||%,41 — x,|| < 107° as stopping criterion. We use the following as starting point in
our implementation:

Case I: xg = [-1,4] and %1 = [2, 5]

Case IL: xg = [8,9] and x; = [-3,-6]

Case III: x = [1/4,1/8] and %1 = [0, 4]

Case IV:xg = [6,1] and x; = [-1,-5].

We test the algorithm with the non-inertial version of the proposed Algorithm 3.1 by
setting i, = 0 in the algorithm. The numerical results are shown in Table 1 and Fig. 1.

Example 5.2 Consider the Nash equilibrium model initiated in [55]. Let f : C x C — R be

a bifunction given by
flx,y)=(Kx+Ry+t,y—x).

Table 1 Computation result for Example 5.1

Algorithm 3.1 Non-inertial algorithm

Iter CPU time Iter CPU time
Case | 9 1.76E-4 23 3.10E-4
Casell 9 1.78E-4 24 427E-4
Casellll 9 1.96E-4 24 2.37E-4

Case IV 10 1.48E-4 25 4.07E-4
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Figure 1 Example 5.1, Top Left: Case |; Top Right: Case II; Bottom Left: Case Ill; Bottom Right: Case IV

Table 2 Computation result for Example 5.1

Algorithm 3.1 Non-inertial algorithm

Iter CPU time Iter CPU time
Casel 17 6.54E-3 31 9.46E-3
Casell 14 6.19E-4 26 1.6E-3
Casellll 15 6.05E-4 27 5.46E-3
Case IV 16 9.0E-4 30 5.67E-3

Where C = {x = (x1,%2,...%4) : 1 <a; <100,i = 1,2,...,m}. Let x,y € C, and let ¢ =
(t1,¢2...ty) € R be chosen randomly. Besides, K and R are matrices of order m x m
such that R is symmetric positive semidefinete and R — K is negative semidefinite. It was

shown in [55] that f is pseudomonotone and satisfies conditions (D1)-(D4) with Lip-

_1
2n+14°

By = 4—"4, €, = nl%’ w1 = 0.5 and A = 1072, Furthermore, we choose our stopping crite-

schitz constants ¢; = ¢ = %HR — K||. We choose the following parameters: o, =

In+

rion to ||x,,1 — %, > = 107°. The starting points x and x; are generated randomly in R”

and consider the following values of m

Case I:m =100, Case II: m = 500, Case IIl: m = 1000, and

Case IV : m = 2000.

The numerical results are shown in Table 2 and Fig. 2.
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Figure 2 Example 5.2, Top Left: Case |; Top Right: Case II; Bottom Left: Case Ill; Bottom Right: Case IV

6 Conclusion

In this paper, we proposed a viscosity extragradient with a modified inertial method for
solving the equilibrium problem and fixed point problem within the Hadamard manifold.
A strong convergence result was obtained using viscosity technique and inertial method
with conditions on the parameters required for generating the sequence of approximation.
Moreover, we provide a numerical example to demonstrate the convergence behavior of

the proposed algorithm.
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