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Abstract

In this paper, we introduce two types of weak enriched contractions, namely weak
enriched F-contraction, weak enriched F’-contraction, and k-fold averaged
mapping based on Kirk’s iterative algorithm of order k. The types of contractions
introduced herein unify, extend, and generalize several existing classes of enriched
and weak enriched contraction mappings. Moreover, K-fold averaged mappings can
be viewed as a generalization of the averaged mappings and double averaged
mappings. We then prove the existence of a unique fixed point of the k-fold averaged
mapping associated with weak enriched contractions introduced herein. We study
necessary conditions that guarantee the equality of the sets of fixed points of the
k-fold averaged mapping and weak enriched contractions. We show that an
appropriate Kirk's iterative algorithm can be used to approximate a fixed point of a
k-fold averaged mapping and of the two weak enriched contractions. We also study
the well-posedness, limit shadowing property, and Ulam-Hyers stability of the k-fold
averaged mapping. We provide necessary conditions that ensure the periodic point
property of each illustrated weak enriched contraction. Some examples are presented
to show that our results are a potential generalization of the comparable results in the
existing literature.
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1. Introduction and preliminaries
Let X be a Banach space, and let K be a nonempty subset of X. A self-mapping T on K is
called nonexpansive if for all x,y € K,

ITx =Tyl < llx =yl

An element x* € K is called a fixed point of T if it is a solution of the operator equation
Tx* = x*. The set of all fixed points of T is denoted by Fix(T). The nth iterate of the map-
ping T is defined as 7" = T"! o T for n > 1, where T° = I (the identity map on X). Let x,
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be an arbitrary point of X. The set {xg, 7" (xo) : n > 1} is called the forward orbit of xy and
is denoted by O(T,xy, 00). For n > 1, we denote the set {x, T¥,..., T"x} by O(T,x,n). The
mapping 7 is said to be a Picard operator if (i) Fix(T) = {x*}; (ii) the forward orbit of each
x9 € X converges to x* as n — 00. A self-mapping T on X is called a Banach contraction
mapping if there exists a constant ¢ € [0, 1) such that d(Tx, Ty) < cd(x,y) for all x,y € X.
If we take ¢ = 1, then T is called a nonexpansive mapping. The nonexpansive mappings
can be viewed as the limiting case of Banach contraction mappings. The nth iterates of a
Banach contraction mapping are called Picard’s iterates.

According to the Banach contraction principle [1], any Banach contraction mapping de-
fined on a complete metric space (X, d) is a Picard operator. Moreover, for each x € X, the
fixed point of the mapping T can be approximated by Picard’s iterates. However, the for-
ward orbit generated by a nonexpansive mapping T does not converge to the fixed point
of T. Indeed, if K is a closed nonempty subset of a Banach space X and 7': K — K is non-
expansive, then the mapping 7" may not have a fixed point, may have more than one fixed
point, or even have a unique fixed point, whereas the forward orbit induced by a nonex-
pansive mapping fails to converge to its fixed point. Hence, to approximate the fixed points
of non-expansive mappings, other approximation techniques are needed. Moreover, the
existence of fixed points of nonexpansive mappings requires a rich geometric structure of
underlying spaces. These aspects have made the study of nonexpansive mappings as one
of the major and most active research areas of nonlinear analysis.

Many authors have employed an explicit averaged iteration of the form x,,,; = f(x,,, Tx,),
n > 1. One of the famous techniques is to form an averaged mapping: For a given operator
T on X and A € (0,1], an operator T} associated with T and identity mapping [ is called
an averaged mapping if T3 := (1 — A)I + AT. This term was introduced in [2], where it was
shown that under certain conditions the forward orbit induced by T converges to a fixed
point of T'. The first interesting result in this direction was obtained by Krasnoselskii [3]:
if K is a closed convex subset of a uniformly convex Banach space and T is a nonexpansive
mapping on K into a compact subset of K, then the forward orbit of any x in K for A = %
converges to a fixed point of 7'

It was proved by Schaefer [4] that the above results for arbitrary A € (0, 1). Subsequently,
Edelstein [5] proved the corresponding result in the framework of a strictly convex Banach
space, which is more general than a uniformly convex Banach space. Obviously, Krasnosel-
skii’s iteration is a generalization of Picard’s iteration process.

Another important iteration scheme is Kirk’s iteration scheme introduced by Kirk [6],
which is a sequence {x,} defined by

Xy = 0oXy_1 + 01 Tx, 1 + Qo sz,,,l +ee 4 (kakx,,,l,

where xg € K, o1 >0, and o; >0 fori=1,2,...,k with Zf:o“i =1.
Indeed, Kirk’s iteration scheme is a forward orbit of the mapping S : K — K [6] given by

Si=aol +a1 T+ T? + - + oy T,

where a; >0 and o; >0 fori=1,2,...,k with Zf:o a; = 1. Obviously, the mapping S is a
generalization of an averaged mapping 7.

Kirk proved that the set of fixed points of the mapping S coincides with Fix(T) under
certain suitable conditions, Kirk’s iteration scheme converges to the fixed point of T
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Theorem 1.1 [6] Let K be a convex subset of a Banach space X, and let T be a nonexpan-
sive self-mapping on K. Define the mapping S : K — K by

Si=aol +a1 T+ T? + - + o TF,

where oy > 0 and o; > 0 for i =0,1,...,k with Zfzoozi = 1. Then S(x) = x if and only if
T(x) = x.

Corollary 1.1 [6] Let X be a uniformly convex Banach space, and let T be a nonexpansive
compact mapping of X into X, that is, T maps bounded subsets of X into relatively compact
subsets of X. If Fix(T) is nonempty, then each forward orbit induced by the mapping S as
given in Theorem 1.1 converges to a fixed point of T .

Recently, Berinde and Pécurar [7] introduced the notion of enriched contractive map-
pings. A self-mapping T on a Banach space X is called an enriched contraction mapping
if there exist b € [0,00) and 6 € [0,b + 1) such that for all x,y € X,

|66 = y) + Tx = Ty|| < Ollx - yll.

They proved the existence of fixed point of an enriched contraction, which can be ap-
proximated by means of an appropriate Krasnoselskii iterative scheme. Specifically, the
fixed point of the averaged mapping T3 with A € (0,1] is also a fixed point of T and can be
approximated by the sequence {T}x,} for any xy € X.

Theorem 1.2 [7] Let T be an enriched contraction mapping defined on a Banach space
X into itself. Then |Fix(T)| = 1, and there exists A € (0,1] such that for each xy € X, the
Krasnoselskii iteration scheme {x,} given by

X, = (1=A)x,1 +ATx,_1, n>0,
converges to a unique fixed point of T.

It is worth mentioning that the enriched contraction mapping introduced by Berinde
and Pécurar [7] involves the displacements || 7x — Ty| and |x — y|| only. However, for any
two distinct points x,y € X, there exist other four displacements associated with a self-
mapping T given by |x — Tx||, |ly — Ty|, |lx — T¥||, and ||y — Tx||. There have been sev-
eral well-known contraction mappings that involve two or more displacements (see, for
example, Bianchini [8], Chatterjea [9], Ciri¢ [10, 11], Kannan [12], Khan [13], and Reich
[14-18]). Motivated by the work of Berinde and Pacurar, many authors have applied en-
richment techniques to different classical contraction mappings. Lately, Berinde [19, 20],
Gornicki and Bisht [21], Berinde and Pacurar [22—24], Anjum and Abbas [25], Abbas et
al. [26] introduced the so-called enriched contractions related to nonexpansive, Kannan,
Chatterjea, Ciri¢—Reich—Rus, and interpolative Kannan contractions and gave the exis-
tence of fixed points of such enriched contractions with the help of Krasnoselskii iterative
scheme.

Recently, Nithiarayaphaks and Sintunavarat [27] introduced the notion of weak enriched
contraction mappings and a generalization of the averaged mappings called double aver-
aged mappings. Let ; > 0, > 0,and o1 + @3 = 1, and let T be a self-mapping on a Banach
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space X. A double averaged mapping denoted by T,
and T? and is defined by

Lo is @ mapping associated with I, T,

Toryi=(1—a3 —a) +oq T + T2

It is easy to see that Ty, o, is a generalization of 7). Indeed, T; = T,, 0. Moreover, the

double averaged mapping T,, », is a particular case of the mapping S in [6] of order k = 2.

1,02
A self-mapping T on a Banach space X is called a weak enriched contraction mapping if

there exist nonnegative real numbers 4, b, and w € [0,a + b + 1) such that for all x,y € X,
|atx—y) + Tx = Ty + b(T?x - T?y) | < wllx - yll.

Nithiarayaphaks and Sintunavarat [27] proved that for each self-mapping T on a closed
convex subset of a Banach space satisfying the weak enriched contraction condition, there
are o1 > 0 and ap > 0 with o + ay € (0, 1] such that Ty, 4, has a unique fixed point, and
an appropriate Kirk’s iteration scheme can approximate it. We refer to the following state-
ment.

Theorem 1.3 [27] Let C be a closed convex subset of a Banach space (X, || - ||), and let T
be a weak enriched contraction self-mapping on C. Then there are oy > 0 and oy > 0 with
ay + oy € (0,1] such that the following statements hold:

(@) [Fix(Tay0,) = 1;

(i0) for any xo € C, the iteration scheme {x,} C C defined as

xp = (1— a1 —02)x 1+ Tayoq + 02 T,
for n € N converges to a unique fixed point of Ty, ..

It seems useful to unify the fixed point results mentioned by using Kirk’s iteration
scheme of order k generated by a generalized enriched contraction mapping. This is a
twofold unification: (1) generalization of enriched contraction mappings so that the sev-
eral existing enriched contraction mappings are deduced as particular cases and (2) a con-
sideration of Kirk’s iteration scheme of order greater than 2. The first objective can be
achieved using the notion of implicit relations, a useful technique for the unification of
contraction conditions (see, for example, [28—30] and references therein).

The important contributions from this work are highlighted as follows:

1. The notions of two weak enriched contractions, weak enriched F-contraction and

weak enriched F'-contraction, are defined.

2. Generalization of averaged mappings, k-fold averaged mappings, is introduced.

3. The existence of a unique fixed point of the k-fold averaged mapping associated with
two weak enriched contractions is proved in the framework of Banach spaces.

4. It is shown that the fixed point theorems for weak enriched or enriched versions due
to Kannan, Chatterjea, and Ciri¢, Reich, and Rus can be derived from the results
presented in this paper.

5. The well-posedness, limit shadowing property, and Ulam—Hyers stability of k-fold
averaged mappings are studied.



Zhou et al. Journal of Inequalities and Applications (2024) 2024:23 Page 5 of 26

6. Necessary conditions are investigated for the equality of the fixed point sets of the
k-fold averaged mapping and the weak enriched contraction mapping.

7. Necessary conditions that guarantee the periodic point property of weak enriched
contractions are provided.

8. Examples are presented to support the validity of our results.

2. Weak enriched F-contraction and weak enriched F’-contraction
First, we introduce two families of mappings.
Let F be the family of all mappings f : R? — R, satisfying the following conditions:
(F1) f is continuous in each argument;
(F») there exists k € [0,1) such that if r < f(s,7,s) or r < f(r,s,s), then r < ks for all r,s €
R,;
(F3) for A >0 and for all 7,s,t € Ry, Af(r,s,£) < f(Ar, As, AL).
We now give some examples to show that the family 7 is nonempty.

Example 2.1 ltis straightforward to verify that the mappings defined below belong to the
class F:

(1) f(r,s,t) = a(s + t), where o € [0,1/2).

(2) f(r,s,t) = a(r +s), where @ € [0,1/2).

(3) f(r,s,t) = ar, where @ € [0, 1).

(4) f(r,s,t) = amax{r +s,s + t,r + t}, where « € [0,1/2).

(5) f(r,s,t) = max «{r,s, t}, where @ € [0, 1).

(6) f(r,s,t) = max a{s, t}, where @ € [0, 1).

(7) f(r,s,t) =ar + bs + ct, where 0 < a,b,c<landa+b+c=1.

(8) f(r,s,8) = r*sPt1=*F , where o, f € (0,1) and & + B < 1.

(9) f(r,s,t) = s*t1=*, where o € (0,1).

Let F' be the family of all mappings f : R? — R, satisfying the following conditions:

(F'1) f is continuous in each argument;

(F73) there exists k € [0,1) such that if r < f(s,s,7) or r < f(r,s,5) or r < f(s,0,7r + 5), then
r <ksforall r,s e R,;

(F'3) for . >0and for all ,5,£ € Ry, Af(r,s,t) <f(Ar, As, AL);

(F'g) if t < u, then f(r,s,t) <f(r,s,u) forall r,s,t,u € R,;

(F's)ifr <f(r,r,r), thenr =0.

Example 2.2 The following mappings belong to the class F":
(1) f(r,s,t) = a(s + t), where @ € [0,1/2).
(2) f(r,s,t) = a(r + s), where « € [0,1/2).
(3) f(r,s,t) = ar, where @ € [0, 1).
(4) f(r,s,t) = amax{r +s,s + t,r + t}, where « € [0,1/2).
(5) f(r,s,£) = ay/rs, where a € [0, 1).
(6) f(r,s,t) = a(rst)%, where « € [0,1).
(7) f(r,s,t) =a(r + s+ t), where « € [0,1/3).

Nithiarayaphaks and Sintunavarat [27] introduced the notion of double averaged map-

ping and proved the existence of a unique fixed point of such mappings using Kirk’s iter-
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ative scheme. Clearly, double averaged mappings coincide with the averaged mappings S
[6] for the order k = 2.
Using the mapping S [6], we introduce the k-fold averaged mapping as follows.

Definition 2.1 Let X be a Banach space, let K be a nonempty subset of X, and let T be a
self-mapping on X. Define the self-mapping T on K associated with T by

T:=1-ay—ay—-—a )+ T+ T* + - - - + o T,

where ¢; > 0, and Zle a; € (0,1]. Such a mapping T is called a k-fold averaged mapping
(k>3,keN).

We now provide two notions of weak enriched contractions.
Definition 2.2 Let (X, | - ||) be a normed space. A mapping T : X — X is called a weak
enriched F-contraction if there exists f € F such that for all x,y € X, a; € (0,00), i =

1,2,...,k, k>3, ke N, we have

|lar(x ) + Tx = Ty + ax(T%x = T?y) + -+ + ax(T*x - T"y) ||

k
sf((Zai + 1) ll = I,

||@-Ty>+az<y-rzy>+-~-+ak(y—T’<y)||). W

’

(x - Tx) +a2(x— sz) e +ak(x— Tkx)

Definition 2.3 Let (X, | - ||) be a normed space. A mapping T : X — X is called a weak
enriched F’-contraction if there exists f € F’ such that for all x,y € X, a; € (0,00), i =
1,2,....k, k>3, ke N, we have:

||a1(x—y) + Tx — Ty+a2(T2x— sz) + e +ak(Tkx— Tky) ||

k
sf((Za,- + 1) ll2c = I,

k
H <Za,~+ 1)(y—x)+(x— Tx) + ay(x — T) + - + ag(x — T*x)
i-1

> . (2)

Example 2.3 Let X = R be a usual normed space, and let T be a self-mapping on [0, co) de-

k
H <Z“i+ 1)(x—y)+(y— Ty) + as(y— T) + - + ax(y — TXy)
i1

Now we give some examples of such mappings.

fined by Tx = J for x € [0, 00). Note that the mapping 7' is a weak enriched F-contraction
fora; = %, i=1,2,....,k, k>3, keN,and f(r,s,t) =ar,a = % €1[0,1).
Indeed, it follows from Definition 2.2 that

||a1(x—y) + Tx — Ty+a2(T2x— sz) + e +ak(Tkx— Tky) ||

Page 6 of 26
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|11 x y 1/x y 1/x vy

oo (G-2) 5 6-3) 2G5
1 1 1 1

=Hi(X—J’)‘Fi(x—y)+§(x—y)+“'+W(x—y)H

<2[x -yl

((Z 1) =1,

and

a,+1> + (x —Tx)+a2(x—T2x)+~~~+ak(x—Tkx) ,

)

k

k
H( a,+1> x — y)+(y—Ty)+u2(y—T2y)+-~~+ak(y—Tky)

—
+
w I
N———"

B}

=

This implies that (1) holds. Hence T is a weak enriched JF-contraction.

Example 2.4 Let X = R be a usual normed space, and let T be a self-mapping on [0, c0)
defined by Tx = 1 —x for x € [0, 00). Then the mapping T is a weak enriched F-contraction
for a; = %, i=1,2,....,k, k>3, keN,and f(r,s,t) = 1.

Indeed, from Definition 2.2 we have

a(x - - 26— T%y) + -+ ag (T"x - Ty
|| (x—y) +Tx Ty+a2(T TZ) (Tk Tk)||

- H%(x—ymy—xn S+ oD %(—1)%—»”

k

< <1)|| I
= Py xX—=Yy
i=0 2

(35

| = T9) +as(y = T2) + - + a(y - T) ”>

and

’

e = Tx)+a2(x— sz) +---+ak(x—Tkx)
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k
= (Zai + 1) llx =1
i=1

1 1
= 1+§+~-~+? llx — Il

This implies that (1) holds. Hence T is a weak enriched F-contraction.

Example2.5 Let X = R be a usual normed space, and let T be a self-mapping on [-1, — %] U
%, 1] € X defined by

-x, xe[-1,-1],
T [ 3]

1-x «x¢€ [%,1].

Then the mapping 7T is a weak enriched F-contraction for a; =1, i=1,2,...,k, k > 3,
and k € N, and f(r,s,t) = i(s + t). Without loss of generality, we may assume that x,y €
[-1, —%] U [%, 1] with x <y. We consider three cases for x, y: First, for each x,y € [-1, —%],
it follows from Definition 2.3 that

”“l(x—y) + Tx — Ty+az(T2x— sz) R +ﬂk(Tkx— Tky) H

[G=9)+@—x)+ @ =9) + -+ (=D (x -9

0 if k is odd,

lle—y|| if kis even.

Now, for each x,y € [%, 1], we have

”ﬂl(x_y) + Tx — Ty+a2(T2x— Tz_y) PR +ﬂk(Tkx— Tk_)/) H

[@=9)+ -2+ @x=y) +-+ (D) (x-2)|

0 if k is odd,

lx—yll ifkiseven,

k
f((Zai + 1) llx =yl

k
<Z“"+ 1)(y—x)+(x— Tx) + ay(x — Tx) + - + ag(x — T*x)
=1

and

’

$llG+ Dy =) + (k+ D= S+ (| (k + Dx - )
= +(k+1)y— %”] if k is odd,
i[||(k+ 1y —x) + kx — %ll + |tk + 1)(x—y) + ky - %ll] if k is even,

k
<Zai+1)(x—y)+(y—Ty)+a2(y—T2y)+~~-+ak(y—Tky)

i=1
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Eljly x| ifkisodd,

v

%2 lly—«x| if k is even,

ly—x|  ifkisodd,

v

%||y—x|| if k is even.
Finally, for all x € [-1, —%] and y € [%, 1], we have

|ar(x ) + Tx = Ty + ax(T?x = T?y) + - - + ax(T*x = Ty) ||

H(x—y)+(y—x—1)+(1 +x—y)+---+ (=D +x—y)||

1 if k is odd,

llx—y|l ifkiseven,

(et

k
(Zaﬁ 1)@—x)+(x—Tx)+a2(x—T2x) +~~~+ak(x—Tkx)
i=1

and

’

3K+ D) =2) + (k+ D= 55H + [1(k + D(x - )
- +(k+1)y— %” if k is odd,
LIk + 1)y — %) + ks — %ll + [k +1)(x—y) + ky — %‘ll if k is even,

k
(Zaﬁ 1>(x—y)+(y— Ty)+u2(y—T2y) +orar(y - Tky)
i=1

Ntk + D)y -l ifkis odd,
i”(k +2)(y—x)|| ifkis even,

v

ly—x|  ifkisodd,

v

2|ly—xll ifkiseven.

It is straightforward to check that in the above cases that (2) holds. Hence T is a weak
enriched F’-contraction.

Remark 2.1 1f we choose f(r,s,t) = ar, @ € [0,1), and set a; = 0 for i = 3,4,...,k in Defini-
tion 2.2 or 2.3, then we get the weak enriched contraction mapping in [27].

Consequently, by choosing appropriate functions f and values a;,i = 1,2,...,k, we can
obtain some weak enriched versions of the classical contractions mentioned that, to the
best of our knowledge, have not been considered so far.

Definition 2.4 Defining f € F by f(r,s,t) = a(s + £), « € [0,1/2), and setting a; = 0 for
i =3,4,...,k in Definition 2.2, we say that the mapping T is a weak enriched Kannan-

Page 9 of 26
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contraction mapping, that is, there exist 4; >0, i = 1,2, and « € [0,1/2) such that

”al(x—y) + Tx — Ty+ag(T2x— sz) H (3)

< oz[“(x— Tx) + as(x - T2x) || + ||(y— Ty) + as(y — sz) ||]
forall x,y € X.

Definition 2.5 Defining f € F' by f(r,s,t) = a(s + £), « € [0,1/2), and setting a; = 0 for
i=3,4,...,k in Definition 2.3, we say that the mapping T is a weak enriched Chatterjea-
contraction mapping, that is, there exist ; >0, i = 1,2, and « € [0,1/2) such that

|ar(e = y) + T = Ty + ax (T% — T) | @
<off(@ +a+ Dy - + (& - Tx) + ax(x - T%) |

+[ (@ +ax + D =9) + (= T) + a2 (y - )| ]
forall x,y € X.

Definition 2.6 Defining f € F by f(r,s,t) = kr + l(s + £),k, [ > 0, k + 2/ < 1 and setting
a; =0 for i = 3,4,...,k in Definition 2.2, we say that the mapping 7T is a weak enriched
Ciri¢—Reich—Rus-contraction mapping, that is, there exist 4; >0, i = 1,2, and k,/ > 0, k +
2[ < 1 such that

|ar(x = y) + Tx = Ty + ar (T?x - T?y) | (5)

<klx =yl +{[||(x = Tx) + az(x = T?x) | + | = T) + a2 (y — T?y)| ]
forall x,y € X.

Definition 2.7 Defining f € F by f(r,s,t) = s“t™%, 0 < « < 1, and setting a; = 0 for i =
3,4,...,k in Definition 2.2, we say that the mapping 7 is a weak enriched interpolative
Kanan-contraction mapping, that is, there exist a; >0, i = 1,2, and 0 < « < 1 such that

|ar(x = y) + Tx — Ty + ar(T?x - T?y) |
<[ 6= T + ax = T9) " = 1)+ aaly ~ T%) | ©
forallx,y € X.

Definition 2.8 Defining f € F by f(r,s,£) = r*sPt=*~F, 0 < a, B < 1, and setting a; = O for
i =3,4,...,k in Definition 2.2, we say that the mapping T is a weak enriched interpolative
Cirié—Reich—Rus-contraction mapping, that is, there exista; >0,i=1,2,and O<a + S < 1
such that

|ar(x = y) + Tx — Ty + ar (T?x — T?y) |

= el 70 e ) 0= T sy = 79| o

forall x,y € X.
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Remark 2.2 By setting a, = 0 in Definitions 2.2 and 2.4—2.8 we obtain the enriched ver-
sions of the contraction mappings of Banach [7], Kanan [22], Chatterjea [23], Ciri¢, Reich,
and Rus [24], enriched interpolative Kanan-contractions [26], and enriched interpolative
Ciri¢-Reich—Rus—contractions, respectively.

Next, we recall the definitions of well-posedness, limit shadowing property of a map-
ping, and Ulam—Hyers stability of the fixed point equation.
Let T be a self-mapping on a metric space (X, d).

Definition 2.9 The fixed point problem Fix(T) is said to be well posed if T has a unique
fixed point x* and for any sequence {x,} in X satisfying lim,_, o d(x,, Tx,) = 0, we have

lim,,_ o0 d(%,,, %) = 0.

Definition 2.10 The fixed point problem Fix(T') is said to possess the limit shadowing
property in X if for any sequence {x,} in X with lim,_, o d(x,, Tx,) = 0, there exists z € X
such that lim,,_, o, d(T"z,x,) = 0.

Definition 2.11 The fixed point equation x = Tx is Ulam—Hyers stable if there exists a
constant K > 0 such that for each € > 0 and each v* € X with d(v*, Tv*) < ¢, there exists
x* € X with Tx* = x* such that d(x*, v*) < Ke.

Let us start with the result dealing with the existence and uniqueness of a fixed point of
an n-fold averaged mapping related to these two types of weak enriched contractions in
the setting of a Banach space,

Theorem 2.1 Let X be a Banach space, and let T be a weak enriched F-contraction. Then
there exist a; >0,i=1,2,...,k, k > 3, k € N with Zil a; € (0,1] such that the following
statements hold.:

(i) the n-fold averaged mapping T associated with T has a unique fixed point;

(ii) for any xo € X, Kirk’s iteration {x,) given by x,, = Tx,_,, that is,

Xp=(1—ay—oy — =o)Xt + a1 Tpy + 0 T?%y 1 + -+ + ox TF% 1 (8)
for n € N, converges to the unique fixed point of T.

Proof As T is a weak enriched F-contraction, therearea; >0,i=1,2,...,k, k>3, keN,

. . . . _ 1 _ ar —
satisfying inequality (1). Define o; = S o >0anda, = 5F a >0,r=2,3,...,k. Then

inequality (1) becomes

”(1—0{2—0{3—~~~—ak

—1)(x—y)+Tx—Ty+ O1—2(T2x—T2y)+~~
031 (251

+ Z—i(Tkx— Tky) H

)

1
o

_ O T2 B e T3 et K e T
(x Tx)+a1(x Tx)+al(x Tx)+ +a1(x Tx)

)

H(Y—Ty>+%(y—T2y)+ S=T) ek (- TY)
o7 (051 051
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for all x,y € X. As o > 0 and F3 holds, the above inequality can be rewritten as follows:
||(1 —ap—og—a3— - —ap)x—y) + o (Tx — Ty) +a2(T2x— sz) e
+ ozk(Tkx - Tky) I

_ O T2 + B T3 4o 4 K T
(x Tx)+a1(x Tx)+al(x Tx)+ +a1(x Tx)

)

5f(||x—y||, ||041(x— Tx) +oz2(x— T2x) + ozg(x— Tgx) e +ock(x— Tkx)

Hal(y— Ty) +a2(y— sz) +a3(y— Tgy) e +ak(y— Tky) ),

)

1
= alf(— llx =¥l
(031

o o o
H(y—Ty>+a—2(y—T2y)+ CO=T) e = TY)
1 1 1

’

which, together with Definition 2.1, implies that

1 Tx — Tyl <f (s =yl llx = Txll, Iy — Tyl )

forall x,y € X.
Let x, be an arbitrary element in X. Define x, = T"x, for n > 1, n € N. Putting x = x,,,
¥y =%,-1 in (9), we have

1%ne1 = Xl <f (116 = %1 1 1% = Xt [ 1601 — %l
By F; there exits 8 € [0, 1) such that
%01 = xull < Blln — xu-1ll.
By repeating this process we obtain that
%041 —xnll < B" %1 — %0l
Now for all 71,7 > 1, we have
1%nm = %nll < 1%nem = Xnem-1 | + 1%nsm-1 = Xpsmall + -+ + [%ns1 — x4l

< (IBVHm—l + IBVHm—Z bt ﬂn)”xl _xOH
= M” %1 — %ol
1 —ﬂ 1 0ll»
which implies that {x,} is a Cauchy sequence in X. Hence there exists x* € X such that
X, — x* as n — oo.
Taking x = x*, y = x,, in inequality (9), we have

” Tx* — Txn” §f(Hx* — x|, |la* = T

) ”xn - Txn”)

Taking the limit as # — oo in the above inequality, by F; and F, we obtain that

|72 =" < f (" =", " = T, " =7

Page 12 of 26
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< ﬂ”x* - Tx* || =0.

Thus Tx* = x*.

Finally, we assume that 7 has two fixed points w and z with w #z. Then

llw—z| = I Tw-Tz|

<f(llw=zl,lw=-Twl, llz- Tzl)

=f(llw—-zll,0,0)
<B-0=0,
which shows that z = w. Hence the result follows. O

Theorem 2.2 Let X be a Banach space, and let T be a weak enriched F'-contraction. Then
there exist a; >0,i=1,2,...,k, k>3, k e N, with Zf:l a; € (0,1] such that the following
statements hold.:

(i) the n-fold averaged mapping T associated with the mapping T has a unique fixed
point;

(ii) for any xo € X, Kirk’s iteration {x,} given by x,, = Tx,_1 converges to the unique fixed
point of T.

Proof Asthe mapping T is a weak enriched F’-contraction, therearea; > 0,i=1,2,...,k,

k > 3, k € N, satisfying inequality (2). Define «; = S L ->0 and o, = Zk”’ - =0,r=
i=1 4t i=14it
2,3,...,k. Then inequality (2) becomes
1oy —g— - —
”( 2% ak—1)(x—y)+Tx—Ty+%(TZx—sz)+-~-
o1 23}
—(T*x-T*
PO (T 1) H
1 1 o 2 o3 3
<fl—Ilx-yl, || —@y—x)+(x-Tx)+ —(x— T x) + —(x— T x) e
o o o o
(0973 k
+—x-T ,
“ (e 1

1 o o o
|+ 0= T) 2=+ 2= 1) v Ly 1) )

o o5} o7 051
for all x,y € X. By a1 > 0 and F'3 the above inequality can be rewritten as follows:

|(1-ar - —a3 = — ) (x - y)

+ay(Te - Ty) + ar (T2 — T?y) + - + o (T = Thy) |
1
< Ozu’(—llx—yll,
(251

’

H(y—x)+a1(x—Tx)+ %(x— sz) + %(x— Tsx) oot %(x—Tkx)
o1 o1 o1

(x—y)+a1(y—Ty)+%(y—T2y)+%(y—T3y)+~~~+%(y—Tky)”>
o o o1
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<f(lx=yl,

||(y—x) +aq(x = Tx) + az(x— sz) +a3(x— T3x) 4. +ak(x— Tkx)

’

),

[ =) + a1y — Ty) + o (y = T?y) + as(y — T%9) + - + ase(y - T¥y)

which, together with Definition 2.1, implies that
1T = Tyl < f (e =yl Iy = T, e = Tyll) (10)

forall x,y € X.
Let x, be an arbitrary element in X. Define x,, = T"x, for n > 1, n € N. Taking x = x,,,
y =x,_1 in (10), by F'4 we have
”xn+1 _xn” ff(”xn _xn—IH’ ”xn _xn”: ”xn—l _xn+1||)

< S (1% = %1 s 10 = %l (19601 = % ll + 160 = X ).
By F’; there exits 8 € [0, 1) such that
%01 = %all < BllXn = %u-1l-
By repeating this process we obtain that
%ne1 = xull < B" %1 = o0l
Now for all m1,n > 1, we have

”xn+m _xn” =< ||xn+m — Xn+m-1 || + ||xn+m—1 - xn+m—2” L ||xn+1 _xn”
< (B4 BT 4t BT [l — ol
= Mﬂx — %ol
1 —,3 1 Oll»
which implies that {x,} is a Cauchy sequence in X. Hence there exists x* € X such that
X, — x* as n — oo.
Now taking x = x*, y = x,, in inequality (10), we have

| Tx* = Tau| <f (|5 =), |#* = Txn

, , xn—Tx*”).

Taking the limit as # — oo in this inequality, by F’; and F', we obtain that

e (P P P

’ ’

<l -] =0

and Tx* = x*.

Finally, we assume that 7 has fixed points w and z with w # z. Then

llw—zl =1 Tw-Tz|

Page 14 of 26
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<f(Ilw =zl Iw =Tzl llz— Twl)

=f(lw—zll, lw -zl llz - wll),
which by F'5 gives that ||z — w|| = 0. Therefore T has a unique fixed point. a

Remark 2.3 1f we choose f(r,s,t) = ar, @ € [0,1), and set a; = 0 for i = 3,4,...,k in Theo-
rem 2.1 or 2.2, then we get Theorem 2.3 in [27].

Choosing f(r,s,t) = a(s + t), where « € [0,1/2); f(r,s,t) = kr + (s + £), where 0 < k, [ < 1,
k+20<1;f(r,st) = r*t™%, where a € (0,1); f(r,s,t) = r*sPt'=F, where o, 8 € (0,1) and
0<a+ B <1in Theorem 2.1; and f(r,s,t) = «(s + ), where o € [0,1/2) in Theorem 2.2
and a; = 0 for i = 3,4,...,k, we obtain the fixed point theorems for weak enriched Kan-
nan/Ciri¢—Reich—Rus/interpolative Kannan/interpolative Ciri¢—Reich—Rus/Chatterjea-
contractions given in the following corollary.

Corollary 2.1 Let X be a Banach space, and let T be a weak enriched Kannan-contraction
(or Ciri¢—Reich—Rus-contraction, Chatterjea-contraction, interpolative Kannan-contrac-
tion, interpolative Cirié—Reich—Rus-contraction). Then there exist oy > 0 and oy > 0 with
a + oy € (0,1] such that the following statements hold:

(i) the 2-fold averaged mapping T,, 4, has a unique fixed point;

(if) for any xo € X, Kirk's iteration {x,} given by x,, = Ty, o, %n-1, that is,

%= (L= — 0%y 1 + 01 Ty + 02 T2%, 1 (11)
for n e N, converges to the unique fixed point of Ty, «,-

Remark 2.4 Setting o, = 0 in Corollary 2.1, we obtain the fixed point theorems cor-
responding to enriched Kannan/Chatterjea/Ciri¢—Reich—Rus/interpolative Kannan-con-
traction introduced in [22—-24] and [26].

Now we need the following definitions and notations.

Definition 2.12 [31] Let T be a self-mapping on a normed space (X, || - ||), and let A be a
bounded subset of X. The diameter of a set A is denoted by A[A] and defined as sup{||x —
Yz, y € A}

A normed space (X, || - ||) is said to be a T-orbital Banach space if every Cauchy sequence
in O(T, x, 00) for some x € X converges in X.

We now prove the following lemmas for the class of weak enriched F-contractions
(resp., weak enriched F’-contractions).

Lemma2.1 Let T be a weak enriched F-contraction (resp., weak enriched F'-contractions)
on a normed space (X, || - ||), and let n be a positive integer. Suppose that the following as-
sumption holds:

(Q) for each weak enriched F-contraction, there exists ¢ € [0,1) such that

D a+1)lx-yl,
()

(x — Tx) +u2(x— sz) 4o +ak(x— Tkx)

, (12)
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|6 =T +as(y-T%) + -+ a(y - T') ||)

k
< cmax{ (Zai + 1) llx =yl
i=1
H(x— Tx) + az(x— sz) o +ak(x— Tkx) H,

1= T) + ax(y - T) + - +ax(y - T)|,

k
H (Z“H 1>(y—x)+(x—Tx)+a2(x—T2x) +otag(x - T %) |,
i=1

|

(Q) for each weak enriched F'-contraction, there exists ¢ € [0,1) such that

k
f ((Z ai+ 1) llx - ¥, (13)

(Za,+1> —x)+ (2= Ta) + ay (v — T%%) + - + ax(x - T¥x) |,

)

, (x—Tx)+zz2(x—T2x)+~-+ak(x—Tkx) ,

H(Zozﬁl)x M+ =Ty +ax(y—T?) +-- +ar(y - T*y)

or

H(Za,+1>x W+ =Ty +ax(y—T?) +-- +ar(y - T*y)

_m{(zl)

|5 =T9) + as(y—T2) + -+ a(y - T)|»

k
H (Zaﬁ 1)(y—x)+(x—Tx)+a2(x—T2x) +ootag(x - T %) |,
i-1

forallx,ye X,a;€(0,00),i=1,2,...,k, k>3, keN.
Then there exist a; >0,i=1,2,...,k, k >3, k e N, with Zl 1 € (0,1] such that for each
x € Xand foralls, tin{l,2,...,n}, we have

H(Z‘11+I)x W+ -Ty) +ax(y - T?9) +-- + ar(y - T*y)

|75 — T'x|| < cA[O(T,%,m)],

where T is the k-fold averaged mapping associated with the weak enriched F-contraction

(resp., weak enriched F'-contractions).

Proof Since T is a weak enriched F-contraction, there exist a; € (0,00), i = 1,2,...,k,

k > 3, k € N, satisfying inequality (1). Define o; = % >0 and «, = T 1ﬂz+1 >0,
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r=2,3,...,k. Note that for all x,y € X, inequality (1) reduces to

H(l_az_a?’_"'_ak—1>(x—y)+Tx—Ty+%(sz—sz)+-“
(5] (251
Ok ok, ik
+a1(Tx Ty)H
§f<i||x—y||, (x—Tx)+%(x—sz)+%(x—TBx)+-~+%(x—Tkx) ,
o1 o1 (03] o1

H(Y—Ty)+z—j(y—T2y)+ Z—i(y—TBy)+~~+ Z—i(y—Tky)‘D-

Together with assumption (Q), this inequality can be written as

I Tx— Tyl <f(llx=yll, llx = T, lly = T1l) (14)

<cmax{|lx - yll, lx = Txll, Iy = Tll, lx = Tyl lly - Tx|l}.
Let x € X be arbitrary, and let n be a fixed positive integer. From (14) we have

|75 - Tt = | TT e - TT* 12

< cmax{ || T5 % - Tt"lx”, || T % - Tsx”, || T % — Thx

’

|75t = ], | 7 7] ).

This implies that || T5x — T*x|| < cA[O(T,x, n)].
The same conclusion for weak enriched JF’-contraction with assumption (Q’) can be
drawn by following arguments similar to those above. O

Remark 2.5 1t follows from Lemma 2.1 that if T is a weak enriched F-contraction (resp.,
weak enriched F’-contraction) and x € X, then for any positive integer #, there exists r <n
such that

||x— T’x” = A[O(T,x, n)].

Lemma2.2 Let T be a weak enriched F-contraction (resp., weak enriched F'-contraction)
on a normed space (X, | - ||), and let n be a positive integer. Suppose that there exists ¢ € [0, 1)
such that assumption (Q) (resp., Q') is satisfied. Then there exist o; >0,i=1,2,...,k, k>3,
k e N, with ZL a; € (0,1] such that

_ 1 _
—C

for all x € X, where T is the k-fold averaged mapping associated with the weak enriched
F-contraction (weak enriched J' -contraction).

Proof Since T is a weak enriched F-contraction, there exist a; € (0,00), i = 1,2,...,k,

>0 and o, = —%=— >0,
Zi:l a;+1

k > 3, k € N, satisfying inequality (1). Define o =
r=2,3,...,k

1
Zle aj+1
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Let x be an arbitrary element in X. As the sequence {A[O(T,x, n)]} is increasing, we have
A[O(T,x, oo)] = sup{A[O(T,x, n)] ‘ne N}.
Then (14) follows if we show that
A[O(T,x,n)] < IL_Cnx— Tx|, neN.
Let 7 be a positive integer. By Remark 2.5 there exists 77x € O(T,x,n)(1 < r < n) such that
”x— T’x” = A[O(T,x, n)].
Using Lemma 2.1 and the triangle inequality, we have

”x— T’x” <|x-Tx|| + || Tx - T’x”
<|x-Tx|| + cA[O(T,x,n)]

= |l = Txll +c|x— T7%|.
Therefore
_ _ 1 _
A[O(T,x,m)] = |x-T"x| < T Ix=Txl, VmeN.

The same conclusion for weak enriched F’-contraction with assumption (Q’) can be

drawn by following arguments similar to those above. 0

Theorem 2.3 Let T be a weak enriched F-contraction (resp., weak enriched F'-contrac-
tion) on a normed space (X, || - ||). Suppose that there exists ¢ € [0, 1) such that assumption
(Q) (resp., Q') is satisfied. Then there exista; >0,i=1,2,...,k, k>3, k € N, with Zf;l o; €
(0, 1] such that the following statements hold, provided that X is a T-orbital Banach space:
(i) the n-fold averaged mapping T associated with mapping T has a unique fixed point;
(ii) for any xq € X, Kirk’s iteration {x,} given by x,, = Tx,_1 converges to the unique fixed

point of T.
Proof Applying arguments similar to those in the proof of Lemma 2.1, for o; = =F la e
i=1%i
— ar —
and o, = STt >0,r=2,3,...,k, we have
ITx - Txl| < cmax{llx = yll, lx = Txll, |y = Tyll, llx = Tyl Iy - Tl }. (15)

Let xy € X. Define the Kirk iteration {x,} by x,, = Tx,_1 = T"x0, n € N.
We now show that the sequence of iterates {x,} is a Cauchy sequence. Let #n and m
(m < n) be positive integers. By Lemma 2.1 we have

% = all = | 720 = T"0 |

| TT g - T
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Tn—m+1

S| S -

< cA[O(T,xm_l,n —m+ 1)].
By Remark 2.5 there exists an integer p,1 < p < n—m + 1, such that
1%m-1 = Xpmap-1l = A[O(T,xm_l, n—m+ 1)].
It follows from Lemma 2.1 that

”xm—l — Xmip-1 ” = || Txm—Z - Tp+1xm—2 ||

< cA[O(T,xm,Z,p + 1)],

which implies that

%1 = %map-1ll < cA[O(T, %m0, — m +2)].
Therefore we conclude that

%6 = %]l < cA[O(T, %pn-1,n = m + 1)] < P A[O(T, Xpp—zs 1 — m + 2)].
Continuing this procedure, we have

6 = xall < cA[O(T, %pp1,m —m + 1)] < -+ < " A[O(T, 20, m) .
From Lemma 2.2 we obtain that

m

C _
”xm _xn” = ﬁ ”xO - TxO”

Taking the limit as # — oo in this inequality, we see that the sequence {x,} is a Cauchy
sequence.
Since X is a T-orbital Banach space, there exists x* € X such that limx,,,_, o, = x*.

Note that

A [y PO Py

= o =t | + | T2 = 7"

< |l =2 || + emax{ = [ 1l = il [l = T, " = 20|,
6 = T[]}
< 1 =l el =+ =l [ ] 5

+ ||xy, - Tx* || }
Hence

- 1
||x* - Tx* || < I——C{(l +c)||x* —x,,+1|| +c||x,, —x*” +c|lx, —x,,+1||}.
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Using lim,,_, o %, = x*, we have [|x* — Tx*|| = 0, which shows that x* is a fixed point of T.
The uniqueness of a fixed point follows from (15).

The same conclusion follows for the weak enriched F’-contraction under assumption
(Q') by applying the arguments similar to those above. O

Next, we will study the well-posedness and limit shadowing property for each type of
weak enriched contractions defined herein.

Theorem 2.4 Let X be a Banach space, and let T be a weak enriched F-contraction. Then
Fix(T) is well posed.

Proof It follows from Theorem 2.1 that T has a unique fixed point x* in X.
Suppose that lim,,_, o || T, — %, || = 0. Using (9), we have
||x,, —x* || < %, — Tx,ll + || Tx, —x* ||
= ||, — Tyl + H Tx, — Tx* ||

f “xn - Txn” +f(||xn _x* ’ ”xn - 7_—'xn”,

x* = Tx*|).
Taking the limit as # — 0o, we obtain that

lim [, — " </( tim [, -x"],0,0).

n—0o0 n— 00

By F, there exists 8 € [0,1) such that lim, [lx, — x*|| < 8 - 0, which implies that
lim,,_, o [|%, —x*|| = 0 and hence the result. O

Theorem 2.5 Let X be a Banach space. Suppose that T is a weak enriched F'-contraction.
Then Fix(T) is well posed.

Proof The result follows using arguments similar to those in the proof of Theorem 2.4. [

Theorem 2.6 Let X be a Banach space, and let T be a weak enriched F -contraction (resp.,
weak enriched F'-contraction). Then Fix(T) possesses the limit shadowing property in X.

Proof It follows from Theorem 2.1 (resp., Theorem 2.2) that T has a unique fixed point x*
in X. Then for any # € N, T"x* = x*. Suppose that lim,,_, », | 7%, — x,|| = 0. Note that

e = T7" ] = [l 7]

< |1%y — Tx,|l + H Tx, - Tx* ”

e = Tl [|2* = Tx* )

% = Txa))-

S ”xn - Txn” +f(Hxn _x*

(resp., f([|xn —x*

x, — Tx*

’

Taking the limit as # — 0o, we obtain that

lim [, — 7| </( tim [}, - °],0,0)
n—0o00 n—00

, lim Hx,, —x*

n—00

(resp.f( lim %, - x*

Jim [, -] ).

n—00
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It follows from F, (resp., F's) that lim,_  [x, — T"x*|| = 0. Hence Fix(T) possesses the
limit shadowing property in X. g

We conclude this section with the following theorem.

Theorem 2.7 Let X be a Banach space. Suppose that T is a weak enriched JF -contraction
and satisfies the following assumption:

Fu: there exists B € (0,1) such that f(r,s,t) < Br+ t forall r,s,t € R,.

Then the fixed point equation Tx = x is Ulam—Hyers stable.

Proof 1t follows from Theorem 2.1 that 7 has a unique fixed point x* in X.
Let € >0, and let v* € X be an e-solution, that is,

||v* - Tv* || <e.

Since x* € X and ||x* — Tx*|| = 0 < ¢, it follows that x* is also an e-solution. By F there
exists B € (0, 1) such that

" = v = | Ta" = v
< | Tx = Tv| + | Tv* - |
<f(Ix* = v | o = T | v = T |) + | Tv* — 7|
=f([lx" v
<Blxt —v| 2y — v

;01

v — TV*”) + || Tv* —v*”

< ,3”96* —v* ” + 2€,
which implies that
||x* —v* || <K,

where K = Hence the result follows. O

2
-8

Theorem 2.8 Suppose that T is a weak enriched F'-contraction on a Banach space X and
satisfies the following assumption:

F'6: there exists B € (0, %) such that f(r,s,r) < B(2r +s) forall r,s,t € R,.

Then the fixed point equation Tx = x is Ulam—Hyers stable.

Proof Tt follows from Theorem 2.2 that 7 has a unique fixed point x* in X.
Let € > 0, and let v* € X be an e-solution, that is,

||v* - Tv || <e.
Note that x* is also an e-solution. By F'¢ there exists g € (0, %) such that

[ =vl = 172 =]
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< |7 - T | Ty -]

S = |l =T L = T2 ) 7 -
f(J v
<l vl vl =T ]+ b - T

= Ty v =) « | v - v

=Bl =v |+ (Ja" = v+ v = Tv])) + v - Tv7]
<3B|lx* —v*|| + (1 + Be,
which implies that
”x* —v* ” < Ke,

where K =

f_*;; . Hence the result follows. =

3. The equality of Fix(T) and Fix(T)

Suppose the existence of a fixed point of a k-fold averaged mapping associated with a weak
enriched F-contraction mapping 7T (resp., weak enriched F’-contraction) is known. We
will study necessary conditions for the equality between the set of fixed points of the k-fold
averaged mapping and of the associated weak enriched contraction.

Let us begin with the following remark, which is known for averaged mappings 75 and
double averaged mappings T, «, -
Remark 3.1 For a self-mapping T on a normed space X and ¢; >0, i=1,2,...,k, k >3,
k € N, with Zle a; € (0,1], the k-fold averaged mapping T : X — X associated with T
given by

T=(Q-a1-0ar——ap)+a; T+ T?+ - + oy TF
has the property Fix(T) C Fix(T).

We now study the conditions guaranteeing the equality of Fix(T) and Fix(T).
Theorem 3.1 Let X be a Banach space, and let T be a weak enriched F -contraction (resp.,
F'-contraction). Suppose that there exist «; >0,i=1,2,...,k, k>3, k € N, with Zle o; €

(0, 1] satisfying the following assumption:
(A)) for all b € (0,1),i=1,2,...,k, with Y% b; € [0,1) and z € Fix(T),

llz - Tz|| < . (16)

k
z— (1—Zbi>Tz—b2T2z—--~—kakz

i=2

Then Fix(T) = Fix(T).

Proof Tt follows from Remark 3.1 that Fix(T) C Fix(T). To prove the converse, assume
that Fix(T) # §. Otherwise, the result is obvious. From Theorem 2.1 (resp., Theorem 2.2)
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we have Fix(T) # @. If z € Fix(T), then there exist o; >0, i = 1,2,...,k, k > 3, k € N, with
Y¥ @i € (0,1] such that

z=(l-a1—ay——ap)z+onTz+ox Tz + -+ ax Tz

Setb; = =t—,i=1,2,...,k, in (16) to obtain

Zf:l"‘i
lz - Tz
< Hz— L R Y TP
D1 i Dic i Dic1 i
k—Hz—(l —ap—ay— - —a)z - Tz -y Tz — - —oszkz”
i=1 %i
=|lz— Tz
= O,
which implies that z € Fix(T). Hence Fix(T) = Fix(T). O

The following result also guarantees the equality of Fix(T) and Fix(T).
Theorem 3.2 Let X be a Banach space, and let T be a weak enriched F -contraction (resp.,
weak enriched JF'-contraction). Suppose that there exist «; >0,i=1,2,...,k, k> 3,k €N,

with 3% a; € (0,1] and % € [0,1) such that
(A3) for all x € X, we have

[ Tx - Tx|| < Allx— Tx|.
Then Fix(T) = Fix(T).

Proof Tt follows from Remark 3.1 that Fix(T) C Fix(T). From Theorem 2.1 (resp., Theo-
rem 2.2) we have Fix(T) # @. Now for each z € Fix(T),

lz— Tzl = | Tz - Tzl < Az - TZ||

implies that ||z — T%|| = 0, that is, z € Fix(T), that is, Fix(T) C Fix(T). Therefore Fix(T) =
Fix(T).

O

Next, we obtain an approximation of a fixed point of weak enriched F-contraction
(resp., weak enriched F’-contraction) using Kirk’s iteration scheme for T.

Theorem 3.3 Let X be a Banach space, and let T be a weak enriched F-contraction (resp.,
weak enriched F'-contraction). Suppose that (A1) or (A,) holds. Then

(i) T has a unique fixed point in X;

(ii) for any xo € X, Kirk’s iteration {x,} given by x, = Tx,_1 converges to a unique fixed
pointof T.

Page 23 of 26
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Proof By Theorem 2.1 (resp., Theorem 2.2) there exist o; >0,i=1,2,...,k, k>3, k€N,
with Y% | @; € (0,1] such that T defined by

T:=(l-aj—ay——ax)l+onT +ay Tz + - + g T

has a unique fixed point x* € X, which can be obtained by Kirk’s iteration (6) for any ele-
ment xo € X. As o; (i = 1,2,...,k) satisfy assumption (A;) or (Ay), the result follows from
Theorem 3.1 or Theorem 3.2. d

Let us now recall the notion of the periodic point property of a self-mapping T" defined
onaset X.

Definition 3.1 A self-mapping T on X is said to have the periodic point property P if
Fix(T) = Fix(T") for every n € N.

Note that Fix(T) C Fix(T") for every n € N. However, the converse is not true in general.

Note that the mapping T has the periodic point property P if and only if T has the
periodic point property P. Indeed, Fix(T) = Fix(T}).

Now we study the conditions that guarantee that the self-mapping T satisfying the weak

enriched contraction condition has the periodic point property P.

Lemma 3.1 Let X be a Banach space, and let T be a weak enriched F-contraction (resp.,
weak enriched JF'-contraction). Suppose that there exist «; >0,i=1,2,...,k, k>3, k €N,
with Y% a; € (0,1] and

(C) for any € > 0, there exist x,y € X such that |x — Ty|| < € implies that |x — T'y| < 5,
i=1,2,...,k.

Then the fixed point of T coincides with the one of T' (i = 1,2,...,k,k > 3,k € N).

Proof 1t follows from Theorem 2.1 (resp., Theorem 2.2) that there exist «; > 0, i =
1,2,...,k, k > 3, k € N, with Zle a; € (0,1] such that T admits a unique fixed point x*
in X and the iteration {x,} defined by x, = Tx,_1, n € N, converges to x*. Then for any
$>0,i=12,...,k k >3, k € N, there exists N(i) € N such that for n(i) > N(i), we have

0< o =T <% i=12.kk=3keN.

From assumption (C), for n(i) > N(i), we obtain that

% - T <%, i=1.2 0k k=3keN.

Set K = max{N(1),N(2),...,N(k)}. For n > K, we have
k

Z%‘(X* - Tix,,)

i=1

k
=Y el - )|
i=1

R
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This shows that [|x* — Tix,|| — 0, i = 1,2,...,k, k > 3, k € N, by taking the limit in this
inequality as # — oo and the arbitrariness of €. Hence x* is also a fixed point of T%,i =
1,2,...,k, k > 3, k € N, which coincides with the fixed point of T.. d

Theorem 3.4 Let X be a Banach space, and let T be a weak enriched F -contraction (resp.,
weak enriched F'-contraction). If conditions (A1) or (A3) and (C) hold, then T has the
periodic property P.

Proof The conclusion follows from Theorem 3.3 and Lemma 3.1. d
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