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1 Introduction and main results

This paper consider the following singular Schrédinger-Poisson system

-Apgu+puopu=ru"V, in§,

-A =u?, in €2,

Ho (1.1)
u>0, in £,
u=¢=0, on 9%,

where Ay is the Kohn-Laplacian on the first Heisenberg group H!, 2 is a smooth bounded
domain of H', i = £1, 0 < y < 1, and A > 0 are some real parameters.

Over the years, many scholars have been widely studied the Heisenberg group due to
its crucial role in several branches of mathematics, such as quantum mechanics, com-
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plex variables, and harmonic analysis, so one can refer to [9, 12, 19] and the references
therein.

In 2022, Liu et al. [15] investigated the following Schrédinger-Poisson system on the
Heisenberg group

—(a=b [ |Vyul* d&)Ayu + pupu = Mu|Tu + |ul*u, inQ,
-An¢ =u?, in Q, (1.2)
u=¢=0, on 0€2,

where Q ¢ H! is a smooth bounded domain, 4,5 > 0, 1 < g<2or2<qg<4,1>0,andu eR
are some real parameters. They obtained the existence and multiplicity of solutions. In
particular, when a = 1, b = 0, An and Liu in [1] established the existence and multiplicity
of solutions of problem (1.2). Using the Green representation formula, the concentration
compactness, and the critical point theory, they proved that the above system has at least
two positive solutions for u < § x meas(Q)‘% and A small enough. In addition, they also
established that there is a positive ground-state solution for (1.2).
Lei and Liao [13] considered the following system

—Au+rpu=—— + lul*y, inQ,

|| Buy
_A¢ = u2, in ,
u>0, in ,
u=¢=0, on €2,

where0<7/<1,0§ﬁ<5+7y

using the variational method and the Nehari manifold method.

and A > 0 is parameter, they obtained two positive solutions

In [20], Pucci and Ye studied the logarithmic and critical nonlinearities for the Kirchhoft-
Poisson system

~M([o, |Vrul* d&)Apyu + pou = |ul*u+ Alu| uln|u®, in<Q,
—Apd =u?, in Q,
u=¢=0, on 0€2,

where Q is a smooth bounded domain of H!, g € (20,4), 1 € R, and A > 0 are some real
parameters. Under suitable assumptions on the Kirchhoff function M, covering the de-
generate case, they proved the existence of nontrivial solutions for the above system when
A > 0 is sufficiently large. For more on the results of the Heisenberg group, we refer the
reader to 2, 8, 10, 14, 16—18, 21] and the references therein.

Furthermore, for the system (1.1) in the Heisenberg group, there is no result that this
paper answers positively. Before giving the theorem, we define the solutions of (1.1) if u
satisfies

/vHuvHvdg +M/ ¢uuvd5-xf L dg=0, wweSiQ),
Q Q Q u¥

we say that « is a solution of problem (1.1).
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Theorem 1.1 Assume that 0 <y <1, u =1 and A > 0, then system (1.1) has a unique
solution.

Theorem 1.2 Assume that 0 <y < 1 and jn = -1, then there exists Ao > 0 such that for
every A € (0, Ay), system (1.1) has at least two positive solutions.

Remark 1.3 Our approach is novel, unlike the Euclidean case, since the presence of sin-
gular terms gives us great difficulties; the critical point theory for nonsmooth functional
is used to overcome the difficulties, generalizing the results of literature [22].

2 Some preliminary results

In this section, we review the Heisenberg group. For more results, see [7, 11]. Let H! be
the Heisenberg group of topological dimension 3, that is, the Lie group where underlying
manifold is R?, endowed with the non-Abelian law

r:H! - H, (&) =608,
where
Eot' =(x+a,y+y,t+t +2(x'y—xy)),

for V&,& € HY, with & = (x,y,£) and &' = (x',y, '), satisfy the inverse operation. Consider
the family of dilations on H! defined by

8;(8) = (sx,57,57t), V& eH',

80 85(§ 0 &) = 85(§) 0 85(&”) (see [19]). The number Q = 4 is the homogeneous dimension of
H!, definition

|Bri(&0,7)| = wqr<,

where By (&, r) is the Heisenberg ball of radius r centered at &, i.e.,
Bu(§o,r) = {§ € H' 1 dyy(50,6) <1},

A (&0, €) = |7 0 &ly and wq = |By(0,1)].
The Kohn-Laplacian Ay on H! is defined as

AHM = diVH(VHM),

where Vyu = (Xu, Yu). Indeed, the vector fields

d 0 0 0 ad
X=—+2—, Y=—-2x—, and T =—,
ox at ay at at

are a basis of the Lie algebra of H! thus constituting a set of left invariant vector fields
on H!. Widely known that Ay is a degenerate elliptic operator, and the Bony maximum
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principle is satisfied (see [4]). In the present section, the existence and multiplicity of so-
lutions of system (1.1), when p = —1, are studied. We prove that system (1.1) has two posi-
tive solutions using the critical point theory for nonsmooth functional and the variational
method for A > 0 small enough.

Let us review critical points of nonsmooth functions related concepts. Let (X, d) be a
complete metric space with metric 4 and f : X — R be a continuous functional in X. De-
note by |df|(u) the supremum of § in [0, 00) such that there exist 7 > 0 and a continuous
map o : U x [0,7] — X, satisfying

flow,0) <fv)-dt, (v,t)eU x[0,r],
doc(v,t),v) <t, v,t) e U x [0, r].

(2.1)

The number |df|(x) is called the weak slope of f at u. Thus, u € X is a critical point of f if
|df|(u) =0, and ¢ € R is a critical value of f if there exists a critical point # € X of f with

flu)=c.
Since we are solving for the positive solution of system (1.1), so consider the functional
I, defined on the closed positive cone U* of S§(2), which is defined as

ut= {u € 55(Q), u(x) > 0,ae.x € Q}

The Hilbert space S}(€2) is defined as the closure of C5°(2) under the inner product
(u,v) = fQ VuuVpvdé. Accordingly, the norm is denoted by |[u|| = ||u||5(1)(9) =

(fQ |VHu|2d$)%. The norm in L#(Q2) is denoted by ||u|, = (fQ |ulP dé)%’. The embedding
S3(R) < LP(Q) is continuous for p € [1,Q*], where Q* = % = 4 is the critical exponent
in H'. Let us denote by B, and S, a closed ball and a sphere, respectively, of a center of
zero and radius p. Let S be the best Sobolev constant, namely

Vyul|*d
S: 1nf fH1| Hul 5

. (2.2)
ueSGENO) ([ ul* dE)2

First, using the Lax-Milgram theorem, for each u € Sé(Q), there exists a unique solu-
tion ¢, € S}(£2), which satisfies the second equation of system (1.1). Then, system (1.1) is
transformed into the following problem

—Agu+ pug,u=ru’, in€,
u>0, in , (2.3)
u=0, on 0%2.

For problem (2.3), we define the functional
1 " A _
b = s+ 5 [ gutde -2 [ i as, 2.4
Q —vJa

We know that the functional I, is well defined and I, € C! (S(l)(Q), R). Besides, we say that
u is a weak solution of problem (2.3) if u satisfies

<I,/\(u),v> :/ VuuVyvdé + ,u/ o uvdé —A/ i dg =0, YveSy(Q). (2.5)
Q Q o u”
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By the Holder inequality and (2.2), we obtain
/|u|”ds55*1—’%|9|3*Ty||u||1*y.
Q
Lemma 2.1 (See [1]) For all u € SY(RQ), there exists a unique solution ¢, € Sy(RQ) of

Ao =u?, inQ,
¢ =0, on 0%,

and
(1) ¢, > 0and ¢y, = t2¢, for each t > 0;
(2) Ifu, — uin SY(KQ), then ¢y, — ¢y, in SH(Q) and

lim/q’)ununvdéz/q&uuvdé, Vv e S5(Q);
Q Q

n—00

(3) Forall u € S}(S), there holds that
/ \Vidul® d§ = f Gurdg < S ullly < SR ulh
Q Q

(4) Foru,v € S§(RQ), [qo(putt — ¢pv)(u —v)dE = Iy — dull*.

Lemma 2.2 Assume that u € U* and |dI, |(u) < +00. Then, for all v e U*, one obtains

A/ V’”dss/ vHuvH(v—u)ds—/¢uu(v—u)d5+|dh|(u)||v—u||.
Q Q Q

uY

Proof Letu#ve U and ||v—ul| >25. Defineo : U x [0,8] — U" by

o(z,t)=z+ —,
lv—zl

where U is a neighborhood of 4, then ||o (z, t) — z|| = £. By (2.1), there exists (z, ) € U x [0, §]

such that I, (0 (z,t)) > I,(z) — ct. Hence, we assume that there exist sequences {u,} C U*

and {t,} C [0, +00), such that u,, — u, ¢, — 0%, and

V—uy
IA (un + tni) = Ik(un) = Cly.
v —unll

That is say

I)»(un + Sn(v - un)) = Ik(un) - CS,,”V - un”’

Page 5 of 16
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where s, = — 0% as n — oo. Dividing (2.8) by s,,, we deduce that

IIV un |

2 /[un+sn(V—un)]1 —uy”
d§

1- Y Sn
1 Iz, + Su(v— 14;'1)”2 - ”un”2 (2.9)
-2 Sy
2 2
¢un+sn(v—un)(un + S:(V —Uy))” — ¢unun dt +cllv—u].
Further, we can infer that
[ + 82V = )]V = 1" / [ty + 50 (v — 1)1 = [(1 = s, )] 7
d§ = d
A Sud— ) : T :
[ =)' —uy "
/ su(1— ) dé
/ [y + 8,(v — un)]l_y -[1 _Sn)un]l_y dt (2'10)
Sn 1 - V)
(1 _Sn)l Y — 1-
e / o417 i

:Iln + Izy,.

By mean value theorem, one has

Vs, %
Ilnz/ ¢ dé: _yd‘i:r
Q

Sn Q {n

where ¢, € (1, — Sulty, y + $,(v — uy,)), that is ¢, — u(u,, — u) as s,, - 07, since Iy, > 0 for
all n. Applying Fatou’s Lemma to [;,,, one gets

n—00

liminf Iy, > / Y oag, weur
o u”
For I5,, by the dominated convergence theorem, it holds that
lim Iy, = —/ lu|*7 dE.
n—00 Q

For every v € U*, and the above information, we have

+12n)
Q

< [ VuuVutv-wde - [ guutv-w)de +clv-ul,
Q Q
where |dI, |(u#) < c is arbitrary. O

Lemma 2.3 I satisfies the (P.S.) condition.

Page 6 of 16
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Proof Let {u,} C U* be (P.S.) sequence of [, that is

|dL | () — O, L(u,) > ceR asn— oo.

By Lemma 2.2, Vv € U, we can infer that

A f VT e < f VitttV (v — 10,) d — / GtV — 1) dE +o(L)[v =0y, (2.11)
Q Q Q

n

taking v = 2u, € U" in (2.11), we have that

A/ || S/ IVHun|2d$—/ Puu, Uy dE + (1) [ 1,]. (2.12)
Q Q Q

Since I, (u,) — ¢,

1 1 A
—/ |VHun|2d§——/¢unufld§——/ |4, |17 dE = c+0(1). (2.13)
2 Q 4 Q l—V Q

From (2.12) and (2.13), we have

1 1 1
— | |\ Viuu*de <2l —— == ) | |ua" dE +c+0(1) + o(1)||u,|
4 Jq 1-y 4/ Jq
(2.14)
3+y

<A =Y 4 C+o(1 ,
< 4(1_)/)Ilunll +C+o(1)|luall

which implies that {u,} is bounded in S}(2). Thus, there exists a subsequence, still denoted
by itself, and a function u € S}(2), such that u, — u in S}(RQ), u,(x) — u(x) a.e. in Q as

n — oo. Choosing v = u,, as the test function in (2.11), we have

)‘/ um—yun dSE/ VHunVH(um_un)ds_/‘¢unun(um_un)d§+0(1)”um_un”‘
Q Q Q

n

Exchanging u,, and u,, gives a similar inequality, and adding two inequalities together and
Lemma 2.1(4), it holds that

1 1

Nty — thll* <A | (Wn —u)| = — = ) dE
Y Y
Q 2% U

- /Q(d)umum - ¢unun)(un - um)d‘i: + O(I)HMm — Uyl
< = [ @t = )t = ) + 001~ 1
Q

1 2
=< _E ||¢um - ¢un I* + o)ty — |

< o(D)lety, — unl.

We have lim,,_, o ||, — t4 || = 0. Therefore, u,, — u in S}(2) as n — oo. O
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Lemma 2.4 Suppose that |dl,|(u) = 0, then u is a weak solution of the problem (2.3).
Namely, u™ ¢ € L'(Q) for all ¢ € S}(), there holds

%
/S;VHMVHq)dS—/Q@,mpdE :)L/QWdS. (2.15)

Proof By Lemma 2.2, we deduce that

A/ﬂV‘”dsS/QVHMVH(v-u)ds—/Qq’w(v—u)dér

1724

forevery v € U*. Letting s € R, ¢ € S}(), taking v = (4 +s¢)* and v € U* as a test function
in (2.7), one gets

OSAVHuVH((u +S(p)+—u)d&—‘/quuu((u+sg0)+—u)d§—k/9(Lt-ksl;’#df

:s(/ VuuVye dé —/ buup dé —A/ 2dé) —/ VuuVy(u + s@) dé
Q Q Q u {u+sp<0}
U+ sQ

+ / Guuu +s@)dé + / d&
{u+sp<0} {u+sp<0} ur

Ss(/gvﬁuvms—fnd)uwds—x/m‘l’#yds)

- / (VuuVue — ¢uup) ds,
{u+sp<0}

since Vyu(x) = 0 for a.e. x € Q with u(x) = 0, and Meas{x € Q : u(x) +sp(x) < 0, u(x) > 0} —
0 as s — 0, one obtains

/ (VuuVye — ¢puup) dé = (VuuVue — ¢yup) ds — 0.
{u+sp<0} {u+sp<0,u>0}

Therefore

Ofs(/ VHuVHgodS—/ ¢Mu<pd$—)»/ idé) + o(s),
Q Q Qu”

as s — 0, we obtain that
| VuSuods - [ pupde -1 [ £ a0
Q Q Q ur

By the arbitrariness of ¢, also holds for —¢

/ VyuViede —f b dE —x/ Y g -o.
Q Q Qu”
Hence, we can deduce that (2.15) holds. O

Lemma 2.5 Given 0 < y < 1, there exist constants r, p, Ao > 0, such that the functional I

satisfies the following conditions for 0 < A < Ag:
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() L.()lues, = >0, inf,cp, I, (u) < 0;

(ii) There exists e € Sy(2) with |le|| > p such that I; (e) < 0.

Proof (i) It follows from (2.6) and Lemma 2.1(3) that

1 1 A
I _Z 2_ - uzd _—/ l—yd
() = Sl 4fg¢u §- T [ el

3ty
z

1 A 1-
> lull® - —S|QY ullt - ——5 2 |Q T flul',
4 1-vy

N

which implies that there exist constants r, p, Ag > 0, such that I |,es, > r > 0 for every
X € (0, Ag). Moreover, for u € S}(2)\{0}, it holds that

Lt A
lim A(”):——/ \u|~ dE < 0.
t—>0t =¥ 1-y Jao

So, we obtain that [, (tu) < 0 for all # # 0 and ¢ small enough. Therefore, for |«| small

enough, one has

m = inf L, (u) <O.
u€B,

(i) For every u* € S}(2), u* #0 and ¢ > 0, we get

I ) Ay .
L) = —ull® - — | ¢uu”dé - lu|"™" d§ — —o0,
2 4 Jo 1-y Ja
as t — +00. Therefore, we can find e € S}(R) such that |le]| > p and ; (e) < 0. O

3 Proof of main results
In this section, we show that for each A > 0, the functional /; attains the global minimizer
in S}(£2), which is the unique solution of system (1.1) for & = 1 and multiple solutions of

the system for = —1, A > 0 small enough.
Proof of Theorem 1.1 We prove Theorem 1.1 in three steps.

Step 1. For every A > 0 and u = 1, the functional ; attains the global minimizer in S}(<2),

in other words, there exists u, € S§(R2) such that

Li(uy) =my = inf I, <0.
()

In fact, for all # € S}(2), combining with Lemma 2.1(1) and (2.6), we infer that

1 1 A
L) = Sllull” + ngm#d& - m/ﬂw” dt
(3.1)

—_

A 1- 34+
> —ul? - ——S52|QIT [|ul"7,
2 1-vy
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this implies that I; is coercive and bounded from below on S§(2) for each A > 0. Thus,
m; = infsé(sz) I,. For t > 0 and given u € S}(2)\{0},

2 t* ALY
L) = S ) + —/ Gt di / ] de.
2 4 Jo 1-y Ja

We deduce from that for ¢ > 0 small enough, I, (tu) < 0. Therefore, m; = infs(l) @b <0.

From the definition of m1;, existence of minimizing sequence {u,} C S}(2) such that
lim,, oo I (u,) = my, < 0. Since I, (u,) = L, (|u,|), we can assume that u, > 0. By (3.1), we
know that {u,} is bounded in S}(2). Suppose there exists a subsequence, still denoted by
{t,}, and u, € S}(R) such that

Uy — Us, weakly in S3(Q2),
Uy —> Uy, strongly in L(Q2) (1 <p<4),

U, (x) = u,(x), a.e. in Q.

Then, combining with the weakly lower semi-continuity of the norm and Lemma 2.1 (2),
one has

1 1 A
B = S el + 1/ G dE - ﬁ/ ' d
Q - Q

<liminfl (u,) = m,.

n—00

Furthermore, I, (11,,) > m;, thus I (1) = m; < 0.
In addition, we show u, > 0 in Q. From the information above, u, > 0 and u, # 0. Fix
ne Sé(Q), n >0 and ¢ > 0, we obtain that

(g + tn) — L (1)

I
0 < liminf =

t—0 t
)7 — }F—V

:/(VHM*VHM%*M*U)GIE— limsup/ Gy + o) ‘ dg,

Q 1_)/ t—0 Q t
that is
A et —

limsup f (ot 1) T 2t~ g f [V, Vi) + b o] . (3.2)

1-y o Jo t Q

Notice that

/ (e + )7 ="
Q

. dg =(1—J/)/(u*+tn§)‘yndé,
Q

where ¢(x) € (0,1) and
(u*(x) + tn(x);(x))_yn(x) —> u (%) "nx), ae.xe,t— 0.

Since (u.(x) + tn(x)¢ (%)) n(x) > 0, using Fatou’s Lemma, from (3.2), it holds

A
— | u.'nd§ 5/[VHM*VHU+¢u*u*n] dk.
1-y Ja Q
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Using a similar approach, the above equation also holds for 0 < € S}(2), that is

/Q(VHM*VHn + Gu, i) db — % /Q w,’nd§ >0, neSy(),n=0. (3.3)
Thus,

Ayl + @y, > 0.
Note that ¢, (§) > 0 forany & € 2, u, > 0 and u,, # 0. According to the maximum principle
(see [3,4]), uy >0in Q.

Step 2. We prove that u, satisfies (2.5) for u = 1. Let § > 0 and define /: [-§,8] — R by
h(t) = I, (uy + tu,,), then k1 attains its minimum at ¢ = 0, and it holds that

H(0) = ||| +/ b, u> dE —A/ lu |17 dE = 0. (3.4)
Q Q
We take n € SJ(2)\{0}, & > 0 and define ® = (u, + en)*. Let
Q= {x € Q:uy(x) +enlx) > 0}, Q= {x €Q:u(x)+enlx) < O}.
Then, ®|q, = u, + en, |g, = 0. Inserting ® into (3.3) and using (3.4), we can get
0< / (Vau VD + ¢y u.® — Aui)” @) dé
Q
= / [ Vet Vi (s + €0) + G (it + €0) = Ait” (s + £n)] d§
2
= / [Vau Vi + en) + Gu (s + £6) — Mt (u + £n)] dE
Q\2

= 8/ (Vius Vyn + gu,men — Au? n) dé - / [Vius Vi, + en)
Q Q

+ Py, v (U + €0) — Au” (s + sn)] dé

< 8/ (VeuVun + du,un — 2" n) d& = | (Vi Vun + du,u.n) dé.
Q Qo

Due to u, >0 and the measure of the domain 2, = {x € Q : u,.(x) + en(x) < 0} tends to zero
as ¢ — 0, there holds

f (Veu Ven + ¢y u.m) dé — 0.
Q2
Then, dividing by ¢ > 0 and letting ¢ — 0 in (3.5), we have

/ (VHM*VHn + Py ey — A n) ds >0, ne Sé(Q).
Q
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The above inequality also holds for —7, and we can get
| (B + w7 n) s =0, n e s},
Q

Then, u, € S}(2) is a solution of system (1.1) for A >0 and u = 1.
Step 3. We prove that u, is the unique solution of (1.1) for u = 1. We may assume that

v, € S3(82) is also a solution of system (1.1), and from (2.5), we get

/ [VHM*VH(M* — V) + Oy, s (U — V*)] dé — A/ w,” (us —v,)dé =0, (3.6)
Q Q
and
/ [VHV*VH(u* - V*) + ¢V,V*(u>k - V*)] d%‘ - )V/ V:y (u* - V*) df =0. (37)
Q Q

Combining with (3.6) and (3.7), it holds that

it =+ [ @it = v, —vde =2 [ (w7 =)o -v)ds. 6
Q Q
For y €(0,1), u,, v, >0in Q, and
/ (u;y - V:V)(u* -v,)dé <0.
Q
Hence, by (3.8) and Lemma 2.1(4), we get
lus —vill* <0,
that is say
s = vill* = 0,
that is u, = v,. Hence, u, € Sj(R2) is the unique solution of system (1.1). O
Proof of Theorem 1.2 We prove Theorem 1.2 in two steps.
Step 1. Suppose that 0 < A < Ao, then system (1.1) admits a positive solution u, such that
Li(uy) =m<0.
In fact, we claim that there exists u; € B,, such that I,(u;) = m < 0. By the defini-
tion of m, we know that there exists a minimizing sequence {u,} C B, C U* such that

limy,, o I5.(4,,) = m < 0. Since {u,} is bounded in B,,, we may assume that, up to a subse-
quence still denoted by itself, there exists u; € S}(2), such that

Uy — Uy, weakly in S§(Q),
U, — Uy, strongly in L (2) (1 < p < 4),

u,(x) = u, (x), ae.in,
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as n — 00. Set w,, = u,, — uy, and using Brézis-Lieb’s Lemma (see [5]), one has
et ll® = llwnll* + Nl ]I* + 0(1). (3.9)

Hence, by Lemma 2.3, we can infer that

1
m = lim L (u,) =L, (4;) + lim Enwnn2 > I (up), (3.10)
n—0o0

n—00

which implies that m > I, (). Since B,, is closed and convex, one has that u, € B,. Thus,
we obtain I, (u;) = m < 0 and u; # 0 in Q. From the above arguments, we know that u;_is
a local minimizer of I;.

Now, we prove that u, is a critical point of . Note that u; > 0 and u; # 0. Then, for
any ¢ € U* C S§(RQ), let £ > 0 such that u; + ty € S}(R), and one has

0 < L.(up + ty) — I.(u)

1 1 A
= Sl + v - ngfﬁuww(ux +y) - o /Q i+ 0| d (3.11)

A
/ 0,17 .
-V Ja

1 1
-l g [ duid e
Actually, from (3.11), we can see that

A -
1oy Jole o) -]

1 1
< §(||M)L + tlﬁ||2 - ||MA||2) 2 / [¢uk+t¢(u)~ + L‘w)2 - ¢mu§] dék.
Q

Dividing by ¢ > 0 and passing to the limit as ¢ — 07, it holds that

1- 1-y
/ (Mx+t1ﬁ) Y —u, déf/ VHMAVdeg—/%AMAWd? (3.12)
Q Q

Notice that

/ (s + )17 — d.g:k/(u)\+ﬂ1/f)_y‘/’d‘§'
1-y t @

Where ¢ — 0" and (u; + {ty) "¢ — u,” ¢ a.e.x € Qast — 07, since (u; + ty) 7 ¢ > 0.
By Fatou’s Lemma, one has

A t 1-y _ 1 Y
A/ ;" dt < liminf/ s D)7 =t e
Q 1 Q t

-y t—>0*

Therefore, we deduce from (3.12) and the above estimate that

[ Sy ds - [ guwvde-» [ wvdezo y=o (3.13)
Q Q Q
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Since I, (u,) < 0, this, together with Lemma 2.5, implies that u, ¢ S,; therefore, we obtain
llzex || < p. For u, there is 8; € (0,1) such that (1 + £)u,, € B, for |t| < §;. Define k : [-81, 1]
by k() = I, ((1 + £)u,). Clearly, k(¢) achieves its minimum at ¢ = 0, namely

K (6)le=0 = llu|I* - /Q Py 117 dE — x/Qui*V di = 0. (3.14)
Suppose that for any v € S}(R), € > 0. Define W € U* by

W= (uy, +ev)’.
Combining with (3.13) and (3.14), we get

0< fQ(VHuAva — G,V — A" ) dE

= / [ Vi Vi (. + €v) = by 3, (u5, + €V) — i, (wy. + €v) | dE
{u; +ev>0}

= (/ —/ )[VHM)LVH(M)L +€V) — by 1y (g, + €v) — i, (wy, + €v)| dE
Q {u; +ev=<0}
sl = [ i = [ 1
@ ¢ (3.15)
te / (Vuu Vuv = ¢u, wpv — A" v) dé
Q
- / (Vi Vi (. + €v) = g ws. (s, + €v) = A, (wy, + €v) | dE
{u; +ev=<0}
<€ / (Vuuw Vuv = ¢u, v — A, " v) d
Q
—€ / (Ve Vv — ¢y, upv) d&.
{u; +ev=<0}

Since the measure of the domain of integration {u; + ev < 0} — 0 as € — 0, it follows that

lim (Vuu, Vyv — ¢y, upv) dé = 0.

€20 Jy, rev<0

Therefore, dividing by € and setting € — 0 in (3.15), one gets

/ Vyu Vv dé —/ Gu, v dE —A/ u,"vdé > 0. (3.16)
Q Q Q
By the arbitrariness of v, the inequality also holds for —v
/ Vi Vyvdé —/ Gu, v dE —A/ u,"vdé = 0. (3.17)
Q Q Q
Since u; > 0 and u;, # 0, from (3.17), there holds

—Apiy = ¢y, uy > 0.

Page 14 of 16
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Note that u; > 0 and u; # 0, then by the maximum principle (see [3, 4]), it suggests that
u; > 0 in Q. From the above arguments, we obtain that u, is a positive solution of system
(1.1) with L, (1) = m < 0.

Step 2. Assume that 0 < A < Ay, then system (1.1) has a positive solution v, such that
L(vy)>0.

In fact, by Lemma 2.5, I, satisfies the geometric structure of the mountain pass Lemma.
By Lemma 2.3, there exists a sequence {v,} such that

|dI}|(v,) = O, L(vy) —> ¢, asn— oo.

We know that {v,} C S}(€2) has a convergent subsequence, still denoted by {v,}, we may
assume that v, — v, in §§(£2), and

L,(vi) = lim L, (vy) = ¢, |dL|(v) — 0.
n—00

Applying Theorem 1.3.1 in [6], similar to step 1, v, satisfies problem (2.3) with I, (v,) = ¢ >
0. Thus, v, is the second positive solution of system (1.1). O
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