AlShammari Journal of Inequalities and Applications (2024) 2024:18 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-024-03095-4 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Higher order (7, m)-Drazin normal operators

Hadi Obaid AlShammari'”

“Correspondence:
hahammari@ju.edu.sa Abstract

"Mathematics Department, College . . .
of Science, Jouf Ufﬂvew Sakakf The purpose of this paper is to introduce and study the structure of p-tuple of

2014, Saudi Arabia (n,m)-D-normal operators. This is a generalization of the class of p-tuple of n-normal
operators. We consider a generalization of these single variable n-D-normal and
(n,m)-D-normal operators and explore some of their basic properties.

Keywords: D-normal; n-D-normal operators; (n, m)-D-normal; Joint normal
operators; Joint n-normal tuples

1 Introduction
Let K be a complex Hilbert space, B[K] be the algebra of all bounded linear operators
defined in K. For every N in B[K], denote ker(N) as the null space and N* as the adjoint
of R, respectively.

The Drazin inverse of bounded linear operators on complex Banach spaces was intro-
duced by Caradus [14] and King [26]. For more detailed study and applications of the
concepts of Drazin invertibility, we invite the interested readers to refer to ([11, 12, 32]).
It is well known that the Drazin inverse of the operator N € B[K] is the unique operator

NP e B[K] if it exists and satisfies the following conditions

NPN = NNP,
(NP)N = NP,

N IND =N" for some integer v > 0.

We denote by B;[K] the set of all Drazin invertible elements of B[K].
For N € B,[K], it was observed that the Drazin inverse N of N satisfies the following

conditions

(N*)D — (ND)*
(N9P = (NPY,  VkeN.

Moreover, it was observed that if N € B;[K] and T € B[K] is an invertible operator, then
T-INT € B;[K] and (T-'NT)P = T-'NPT.
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Lemma 1.1 ([14, 34]) Let N, T € B,[K]. Then the following properties hold.
(1) NT is Drazin invertible if and only if TN is Drazin invertible. Moreover

(NT)DzN[(TN)D]DT and ind(NT) < ind(TN) + 1

(2) IfNT = TN, then (NT)P = TPNP = NPT?, NPT = TNP and NTP = TPN.
(3) IfNT = TN =0, then (N + T)? =NP + TP,

The success of the theory of normal operators on Hilbert spaces has led to several at-
tempts to generalize it to large classes of operators, including normal operators.

For N, T € B[K], we set [N, T] = NT — TN. An operator N € B[K] is called

(i) normal if [N, N*] =0 ([17, 22, 30]),

(ii) #-normal if [N", N*] = 0 ([2, 24, 25]),

(iii) (n, m)-normal if [N, (N™)*] = 0, where 1, m are two nonnegative integers ([1, 3, 4]).

These concepts of normality, studied for N € B[K], have been extended to the class of
Drazin inverse of bounded linear operators on K as follows: For R € B;[K], R is said to be

(i) D-normal if [NP,N*] = 0 ([19]),

(ii) n-power D-normal if [(NP)", N*] = 0 ([19]),

(iii) (n, m)-power D-normal if [(NP)",(N*)"] = 0 for some positive integers # and m
(128]),

The study of p-tuples of operators has received great interest from many authors in
recent years. Some developments in this field have been presented in [7, 9, 10, 13, 15, 16,
23, 27, 29], and further references can be found therein.

Given a p-tuple N := (Nj,...,N,) € B[K]?, we define [N*,N] e BIK® --- @ K] as the

self-commutator of N, which is given by
[N*,N]k,l = [N/,Nk ] Yk D) edl,...,pP,

where N* := (Nf,...,N;).
We shall say, following ([7, 18]), that N is jointly hyponormal if

[NT;NI] [N;,Nl] [N;INI]

[NT;NZ] [N;,NZ] e [N;,NZ]
[N*,N] = ' '

[Niker] [N;»Np] e [Nlerp]

is a positive operator on K@ - - - @ K, or equivalently

dOIN; Nelxlx)=0 VxeK
1<ik=<p

N is said to be jointly normal if N ([8]) satisfying

[NoNi]=0, klefl,...,p}
[N;:rNk]:O; k:1,...,p
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Recently, in [5], the author has introduced the concept of jointly #n-normal tuple as fol-
lows: N = (N,...,N,) € B[K]” is said to be joint #-normal operators if R satisfying

[N/()Nl] =0, k,le {1,,p}
[N]:er;:]:Oy kzl,...,p,

for some positive integer n.

Let N = (Ny,...,N,) € B4[K]?. We set N := (NP,...,ND).

The present paper proposes and studies the concept of p-tuples of (7, m)-D-normal op-
erators. These are natural generalizations of D-normal, n-power D-normal, and (1, m)-
power D-normal single operators as done in [19, 28]. For more details on some classes of
Drazin inverse operators, the reader is invited to consult [20, 21, 33].

This paper has been organized into two sections. In section two, we introduce the class
of p-tuples of (n, m)-D-normal operators associated with Drazin invertible operators us-
ing their Drazin inverses. Some properties of this class are studied along with examples.
In the third section, the tensor product of some members of this class is discussed.

2 p-tuple of (n, m)-Drazin normal oreators
In this section, we introduce and study the class of jointly (#, m)-power D-normal multi-
operators.

Definition 2.1 Let N := (Nj,...,N,) € B4[K]?. We said that N is p-tuple of (n, m)-Drazin

normal operators for some positive integers # and m if N satisfies the following conditions

INGN]=0; Yk D) e(l,...,p)?
[(NPY, N =0 Vk=1,...,p.

When n = m = 1, we said that N is p-tuple of D-normal operators and if m = 1, N is p-tuple
of n-D-normal operators.

Example 2.1 Let N € B4[K] be an (n,m)-D-normal operator, then N = (N,...,N) €
B,[K]? is p-tuple of (n, m)-D-normal operators.

Example 2.2 Let N := (Ny,...,N,) € B4y[K}? be commuting operators. If each N is

(n, m)-D-normal single operator, then N is p-tuple of (n, m)-D-normal operators.

The following example shows that there exists a p-tuple of operators N = (Nj,...,N,) €
B,(K)? such that each N is (1, m)-D-normal for k = 1,..., p, however N is not p-tuple of
(n, m)-D-normal operators. This means that the study of these concepts is not trivial.

Example 2.3 Let N = (N1, N>) € B[C*] where

1 0 0 O 01 0 O

1 0 0 O 1 0 0 O
N = and N =

0 0 01 0 0 0 1

01 10 0 0 0 O
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It was observed in [19] that N; and N; are in B;[C*] and

1 0 0 O 01 0 O

0 0 0O 1 0 0 O
N1D = and N2D =

0 0 0 O 0 0 0 O

0 0 0 O 0 0 0 O

It is easy to check that [N7,N>] # 0 and [(N]D)",]\lj*”‘] =0 for j = 1,2. This means that, each
N; is (n, m)-power D-normal, while that N is not p-tuple of (1, 71)-D-normal operators.

In the the following theorem we collect some properties of p-tuple of (1, m)-D-normal
operators.

Theorem 2.1 LetN = (Ny,...,N,) € B4[K? be p-tuple of (n, m)-D-normal operators, then
the following properties hold.

(1) N is p-tuple of (rn,sm)-D-normal operators for some positive integers r and s.

(2) N7:= (N7,... ,NZ”) is p-tuple of (n, m)-D-normal operators for q = (q1,...,q,) € NZ.

(3) N* = (NT,. ..,N;) is p-tuple of (n, m)-D-normal operators.

(4) If V is an unitary operator, then V*NV := (V*N,V,..., V*N, V) is p-tuple of (n, m)-D-
normal operators.

Proof (1) Since N is a p-tuple of (1, m)-D-normal operators, it follows that [Ny, N;] = 0 for
k,l=1,...,p. However,

(V)" N = (NP) "N = NN

(N,?)" ... (N,?)" N NFT NPT N (N,?)" ... (N,?)"

r—times s—times s—times r—times

= NE" N (NR) - (ND) N N (ND) - (NR)

s—times r—times s—times r—times

=0.

(2)If gy =1 forallk € {1,...,q}, then [N, N/'] = 0.
If g > 1 forall k € {1,..., p}, by taking into account [29, Lemma 2.1], we have

[NFSNT= Y NENS NG NINGNE
a+o’=qp—1
B+B'=qi-1

Now, under the assumption that N is a p-tuple of (1, m)-D-normal operators, it follows
that

[NF NP = > NIN/INGNINENE =0, V(D) e(L,...,p)%

a+o’=qp-1
B+B'=q-1

By looking that N is an (n, m)-D-normal, then from [28, Proposition 2.10], we obtain that
N/* is an (n,m)-D-normal for all k € {1,...,q}. This means that (N{",... ,Ng”) is a p-tuple
of (n, m)-D-normal operators.

Page 4 of 13
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(3) From Definition 2.1, we have under the condition that N is a p-tuple of (#n, m)-power

D-normal operators that is

[Nt,Ni]=0 forall (k1) € {1,...,p}>
[(NE), N =0 fork=1,...,p.

and therefore,

[N;,N/1=0 forall (k,})€{l,...,p}*
[(N/(D)*",N,T] =0 fork=1,...,q.

Hence, N* is a p-tuple of (1, m)-D-normal operators.
(4) We observe that

[V*NV,VENV] = (VENGV) (VENV) = (VEN V) (VENGY)
= VNNV = V*NINV
= VI[N, NjJV

=0.
Moreover,
[(V*Ni V)D", (V*NeV)™] = VX (NPY'VV*NE"V - VINE"VVH(NP)'V
= VY (NEY'Ng'V - VN (NEPY'V
=VI[Ne) NV
=0.
Hence, V*NYV is a p-tuple of (1, m)-D-normal operators. O

Proposition 2.1 Let N = (Ny,...,N,) € B4[KJ?. The following statements are true.

(1) If N is a p-tuple of (n, n)-D-normal operators then (NP)" := ((NID)”, e (Nf)”) isa
p-tuple of normal operators.

(2) If (NP)" is a p-tuple of normal operators and NyN; — NiNi = 0 for all k,l = 1,...,p,
then N is a p-tuple of (n, m)-D-normal operators.

Proof (1) If N is a p-tuple of (1, n)-D-normal operators. Then we get
[NoN]=0 = [NI,NP]=0 Vki=1,...p.

However,
[(NPY' N =0 = [(ND).(ND)"]=0, Vkel,..,p.

Therefore (N?)" is a p-tuple of normal operators.

Page 5 of 13
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(2) Since (NP)" is a p-tuple of normal operators, we have that
[(NP)",(NP)™"] =0, foreachk=1,...,p.
Moreover, it is well known that [N, ,? ,N¢]=0foreachk=1,...,p and hence
[(NP).N¢]=0, k=1,...,p.

By taking into account the Fugled—Putnam theorem ([31]), it follows that [(N, kD LN =0
for each k = 1,...,p. Therefore N is a p-tuple of (n, m)-D-normal operators. g

Proposition 2.2 Let N = (Ny,...,N,) € B4[KJ?. The following assertions hold.

(1) IfN is a p-tuple of (n, m)-D-normal and a p-tuple of (n + 1, m)-D-normal operators,
then N is a p-tuple of (n + 2, m)-D-normal operators.

(2) IfN is a p-tuple of (n,m)-D-normal and a p-tuple of (n,m + 1)-D-normal operators,
then N is a p-tuple of (n, m + 2)-D-normal operators.

Proof Since N is a p-tuple of (1, m)-D-normal and a p-tuple of (n + 1, m)-D-normal oper-

ators, we have

[NoNi]=0 VkiI=1,...,p
[(N]P)H;N;m]zo k=1,,..,p
[(NPY*L,NE™" =0, k=1,...,p.

This implies that

[NIONZ]:O; Vk;lzl,...,p
(NPY'INPN™ —N"NP]=0, k=1,...,p,

and therefore,

[NoNi1=0 VkiI=1,...,p
[(NPY"2,Ni™ =0, k=1,..,p.

So, N is a p-tuple of (n + 2, m)-D-normal operators.
(2) The proof of the statement (2) is similar to the proof of statement (1), so we omit
it. O

Proposition 2.3 Let N = (Ny,...,N,) € B4[KJ?, the following statements hold:

(1) If N is a p-tuple of (n1, m)-D-normal and a p-tuple of (ny, m)-D-normal operators,
then N is a p-tuple of (n1 + ny, m)-D-normal operators.

(2) If N is a p-tuple of (n,m1)-D-normal operators and a p-tuple of (n, my)-D-normal
operators, then N is a p-tuple of (n, my + my, )-D-normal operators.

(3) If N is a p-tuple of (n1, m)-D-normal and a p-tuple of (ny, m)-D-normal operators,
then N is a p-tuple of (rny + sny, m)-D-normal operators for r,s € N.

(4) If N is a p-tuple of (n,my)-D-normal and a p-tuple of (n, my)-D-normal operators,
then N is a p-tuple of (n,rmy + smy, )-D-normal operators for r,s € N.
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Proof (1) We have [Ny, N;] =0 for k,l=1,...,p and moreover for k= 1,...,p,

[(N/’(D)HI“’IZ,NZWI] — (N )nl+”2N]>(i<m _N;:m(N]'(D)VllJrnZ

(2) We have [Ny, N;] =0 for k,/=1,...,p and moreover for k = 1,...,p,

[(NkD)n,NZ(m“mZ)] _ ND)”NZ(WIHmz) _N;(mﬁmz)(NkD)nH"z

(
[
0

(

k
NP) NN

Therefore, the required results are satisfied. O

Theorem 2.2 Let N = (Ny,...,N,) € B4[KV? such that

ker(N”) := ﬂ ker NP = {0}.
1<k<p

IfN is a p-tuple of (n1, m)-D-normal and a p-tuple of (ny, m)-D-normal operators for some
positive integer ny, ny and m, then, N is a p-tuple of (max{ny,ny} — min{ny, ny}, m)-D-
normal operators. In particular, if N is jointly (n, 1)-D-normal and a p-tuple of (n+1,1)-D-
normal operators, then N is p-tuple of D-normal operators.

Proof We have [N, N;] = 0 for all (k,) € {1,...,p}2. Moreover, for each k = 1,...,p, we
have

[(NPY"N;™) = 0
[(ND)2,N™ =0
Considering the case where 17 > 15, we get
[(NO)" N =0 = (NP)?[Ne)P)y""2,Nf"] =0
= [(ND)" N =0,
and hence N is a p-tuple of (n; — 13, m)-D-normal operators. d

Proposition 2.4 Let N = (Ny,...,N,) € B[KJ? be commuting tuple of Drazin invertible
operators. For n,m € N, set

N = (Nj,...,Ny) = (NP)" + N1, (NP)" + N3™)

and

N"=(Nj,....N)) = (NP)" =Ny, (N) = N3,

Then the following axioms hold.
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(1) N is a p-tuple of n-D-normal operators if and only if [N, N/'] = 0 foreach k = 1,...,p.

(2) If N is a p-tuple of (n, m)-D-normal operators, then Z = ((NlD)”Nf‘m,...,(NI?)”N;’")
commutes with N' and N

(3) N is a p-tuple of (n, m)-D-normal operators, if and only if (NP)" commutes with N'.

(4) N is a p-tuple of (n,m)-D-normal operators if and only if (NP)" commutes with N

Proof Obviously, [Ny, Nj] = 0¥(k, 1) € {1,...,p}. On the other hand,
[NGN{] =0
& NN/ -N{N;=0
= ((NO) + N ((ND)" = Ne™) = (NE) = N ((NR)" + Ng™) = 0
= (NP)" - (NP)'N" + N (NP)" - N
~ ((N2)™ + (NP)"N™ = Nf™(NP)" = Ng2™) = 0

= (NO)'N"-N"(NP)'=0, Vke{l,...p}h
This completes the proof. d

Theorem 2.3 Let N = (Ny,...,N,) € B4[K]? be p-tuple of (n, m)-D-normal operators for
n > m.Ifeach N} is a partial isometry for k = 1,...,m, then N is a p-tuple of (n + m, m)-D-
normal operators.

Proof Suppose N is p-tuple of (n,m)-D-normal operators for n > m. It is easy to see
that each Nj is (1, m)-D-normal for 1 < k < d. Under the hypothesis that N} is a par-
tial isometry, it follows from [28, Theorem 2.4] that Nj is (n + m, m)-D-normal operator
for k=1,...,p. Consequently, N is a p-tuple of (n + m, m)-D-normal operators. d

The following proposition shows that the class of p-tuple of (n, m)-D-normal operators
is closed subset of B, [K]?.

Proposition 2.5 The class of p-tuple of (n, m)-D-normal operators is a closed subset of
B,[KJ”.

Proof Suppose that (Nx = (N1(k),...,N,(k)))x € B4[K}? is a sequence of p-tuple of (n, m)-
power D-normal operators for which

[[Nx —NJ| = (|N;(k) = Nj||) — 0, ask —> oo,

sup
1<j=<p
where N = (Ny,...,N,) € B4[K]?. Obviously, for each j € {1,...,p}, we have
lim |Nj(k)-N;| =0. (2.1)
k—+00

Since (]\[/(k)D)”M(k)*’” = N}-(k)*’"(N/(k)D)” foreachj=1,...,p, it follows from [28, The-
orem 2.4] that

(NPY'N" =N (NP)'s Vi€ (1)

Page 8 of 13
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Moreover, for all i,j € {1,...,p} and k € N, we can see that

[NGON () = NNy | = [N (N, ) = N)) + (Ni(k) = NN |
< [N | | N;(K) = NG | + || N (k) = N[ 1N
< (| Nik) = Ni || + IN: 1) [|N; () = N | + | N (k) = N[ IING .-

Hence, in view of (2.1), we obtain
|N;()N;(k) = NiN; | — 0, as k — +00,¥(i,)) € {1,...,q}>.

On the other hand, since {Ny}x = {(N1(k), ..., N,(k))}« is a sequence of p-tuple of (1, m)-D-

normal operators, then
[Ni(k),Nj(k)] =0 V(i,j) €(1,...,p}*;and k € N.
Therefore, we immediately get
[N,Nj]=0 V(,j)e(1,2,...,p}"
Therefore, N is a p-tuple of (1, m)-D-normal operators. d

Proposition 2.6 Let N = (Ny,...,N,) € By4[KV and S = (S,...,S,) € By4[KJ? be two p-
tuple of (n, m)-D-normal operators. The following statements hold.

(1) If [N, S)] = O,Vk, L € {1,...,p}* and [N, S§] = 0 for all k € {1,...,p}, then NS =
(N1S1,...,N,Sy) and SN = (S1N4, ..., S,N,) are p-tuple of (n, m)-D-normal operators.

(2) If[Ni,S;]1 =0,Vi, j e {1,...,p} and NiSx = Nk S; =0 for all k e {1,...,p}, then N+ S =
(N1 +S1,...,N, +Sp) is a p-tuple of (n, m)-D-normal operators.

Proof For the statement (1), we have for all k,/ € {1,..., 4},

[Nk Sk, NiS1] = NiSiNiSi — NiSiNie Sk
= NiNiSiS; — NN S; Sk
= NiN;SiS; — NiNiS; Sk
= NiNi(SkSi — SiSk)

= NkNl[Sk, Sl] =0.
On the other hand, let k € {1,..., p}, we have
(NkSK)* (NS " = SiNE(NL)" (SE)”
= SE(NE) N (SE)" = Sk(N)"SiNg
= ()" (50)"SeNg

= (NkSK)"™P (NkSk)*.
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This implies that NS is a p-tuple of (1, m)-D-normal operators. In same way, we show that
SN is a p-tuple of (n.m)-D-normal operators.
(2) For all (i,j) € {1,...,p}?, we have
[Nk + Sk Ni + Si] = (Ni + S) (N + 81) = (N; + S) (N + Sk)

= [Nk, Ni1 + [Sk, Sil + [Nk, St + [Sk, Ni] = 0
Besides, for k € {1,2,...,p}, we get

(Ni + )™ ((Nk + S)P)”

n

= (N + SO (N + ST)

. (Z (7)) ( (Joerisey)

= (NF"+ S ((NE)" +(SE)")
=(NF"(NLD)" + N (D) + Sg™(NE)" + s (SF)”
= (NP)'N{" + (SP)"5i”

(N2)" + (SE)") Nk + S0

(
( ” N,? (sP)" ")(Nk+sk)*m

j=0

= ((Nk + SP)" (Nk + S
So, N + S is a p-tuple of (1, m)-D-normal operators. d

3 Tensor product
Let N = (Ny,...,N,) € B[K]” and S = (Sy,...,S,) € B[K}”. We denote by

N®S:(N1®SI,~";Np®Sp)

If N,S € B[K], then N ® S is n-normal if and only if N and S are n-normal (see [6]) How-
ever, If N,S € B;[K] such that N and S are (n, m)-D-normal operators, then N ® S is
(n,m)-D-normal (see in [28]). The following theorem studied the tensor product of two
p-tuples of (1, m)-D-normal operators.

Theorem 3.1 LetN = (Ny,...,N,) € B4[KV and S = (Sy,...,S,) € B4[KV are two p-tuples

of (n,m)-D-normal operators, then N ® S is a p-tuple of (n, m)-D-normal operators.

Proof Since N = (Ny,...,N,) and S = (Sy,...,S,) are p-tuples of (#, m)-D-normal opera-
tors, we have all (k,[) € {1,...,p}?

[(Ne ® Sk), (N ® S))]
= [N ® S)WN; ® S)) — (N1 ® S1)(Nk ® Si) |



AlShammari Journal of Inequalities and Applications (2024) 2024:18 Page 11 0f 13

= NiN; ® S;S; — NiNi ® S;S¢
= N|Ni ® S;Sk — N|Ni ® S;Sk

=0.
Moreover, for all k € {1, ..., p}, we have
((Nk ® S)P)" (Ne ® i)™ = (NF)'N™ @ (SP)" S
N (NP) ©57(S7)"
= (Nk ® S (N ® SiP)".
So, N ® S is p-tuple of (n, m)-D-normal operators. d

The converse of the above theorem need not hold in general, as shown in the following

example.

Example 3.1 Let N = (_81 g §> e B[C?*] and N, = <§ z é) e B[C?]. A direct calculation

shows that

1 0 0 0 0O O OO
0 -1 0 0 0 O0 O 0O
0 0 -1 0 00 O 0O
0O 0 0 -1 00 0O OO

N®N;=|0 0 0 O 1 0 0 0 O
0O 0 0 0 01 0 00O
0O 0 0 0 OO0 -1 00
0O 0 0 0 OO0 O 1 0
0O 0 0 0 OO0 O 01

and

0000 O0OOOTUO0 1
000 0O O0OOO0ODT1O0
0000 O0OOT1TO0OO
000 0O OT1O0TO0TFO0

No®N=|10 0 0 01 0 0 0 O
0001 0O0O0TO0TO
001 00OO0OO0TO
01 00O0OO0OTO0TO
1000 0 0 0 O0O

Let N = (N1,N;) and N ® N = (N] ® N1,N; ® Ny)). We observe that N is not 2-tuple of
(2,3)-D-normal operators since N1 N, # NoN;. However

(N ® N)P =N, ® Ny, N, @N,)P =N, @ N, and

(Ne ® N (N @ N)P)? = (Ne @ NOP) Nk @ NO)®, - ke (1,2).

Hence, N ® N is 2-tuple of (2, 3)-D-normal pairs.



AlShammari Journal of Inequalities and Applications (2024) 2024:18 Page 12 0f 13

In the following theorem we give the conditions under which the converse of Theo-

rem 3.1 is true.

Theorem 3.2 Let N = (Ny,...,N,) € B4[K]” and S = (S1,...,S,) € B4[KJ? be a commuting
p-tuple of operators. Then, if N ® S is a p-tuple of (n, n)-D-normal operators, then and only
then N and S are p-tuples of (n, n)-D-normal operators.

Proof Assume that N® S is a p-tuple of (n, n)-D-normal operators. By taking into account
the statement (1) of Proposition 2.1 it follows that

(N®S)P)" = (N1 ® S1)P)",..., (N, ® S,)P)")
(ND)' ® (D) (ND)" @ (S,)")

is a p-tuple of normal operators. From which we deduce that
(Ne®S$0P)" = (RY)" @ (S¢)"
is normal for each k = 1,...,p. By [19, Propositon 3.2] it is well known that
(NP)" ® (SP)" is normal if and only if (N}°)" and (S7’)" are normal operators.

However, According to [19, Propositon 3.2] it is well known that (, ,? )" is normal if and
only if that N is n-power D-normal and similarly, (S,?)" is normal if and only if that Sy is
n-D-normal. Therefore, N and S are p-tuple of (1, n)-D-normal operators.

The converse follows from Theorem 3.1. a
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