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1 Introduction
Back in 1920, Hardy [1] defined an operator for a locally integrable g € R” known as the
Hardy operator,

y
%g(y)zy*I/O g)dz, y>0, (1)

and established the following inequality:

12¢lr®) <P lIglp@y, oo>p>1, (2)

where p’ = p/(p — 1) is shown to be the best possible constant. At a later stage, Faris [2]
gave an n-dimensional extension of (1) of which the equivalent form is given by

Hg) = B0, y)| / g0z, @)

B(0,1y1)

where |B(0, |y|)| is the Lebesgue measure of the ball B(0, |y|) in n-dimensional Euclidean
space R”. Recently [3], it was shown that H satisfies

IHg oy < P'lIgllp@ny, 1<p <00, (4)
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where p’ is declared a sharp constant. Inequalities (2) and (4) were recently extended to
power weighted Lebesgue spaces in [4] and [5] where sharp constants depend upon the
weight indices. Inequalities (2) and (4) are known as strong-type (p, p) Hardy inequalities
because in these inequalities the Hardy operator maps L to L”. The authors in [6] have es-
tablished the weak-type (p, p) Hardy inequalities in which the Hardy operator maps L to
LP*°, However, it was shown that the optimal constant for weak-type Hardy inequalities is
1, which is less than p/(p — 1). Subsequently, the sharp constants for weak-type Hardy in-
equalities on Morrey-type spaces were obtained in [7] and [8]. Likewise the sharp constant

for the high-dimensional fractional Hardy operator [9]

Hyg) = B0, y1)]*" /B |, fds 0=p<n 5)

on Lebesgue spaces was not fixed until 2015. Zhao and Lu [10] solved this problem by ex-
tending the Bliss results for the one-dimensional fractional Hardy operator. The bound-
edness of the Hardy operator Hg has been shown in [10], and the following inequality has
been established:

1HpgllLamn) < AllgllLrn), 6)

where

) ol
A= - _B oy, .
q qB qaB q'B

For g1,82,...,gm € L}, .(R") and m € N, the m-linear Hardy operator was introduced by

Z. Fu and L. Grafakos in [4], written as follows:

1 m
H(g1;~~~rgm): m / Hgi(yl')dyl’“wdym~
1™ Sy 31, 7m)

|<|| i=1

They also developed the sharp bounds for the m-linear Hardy operator. The 2-linear op-
erator is known as the bilinear operator. The authors of [11] used the commutator of the
bilinear Hardy operator

[bi’Hi](gl’ (X ’gm)(z) = bi(Z)H(gl’ (X »gm)(z) - H(gl: v »gi—l:gibi’giﬂr v ’gm)(z)

and obtained the boundedness of bilinear commutators generated by the bilinear Hardy
operator. Later on, in [12] A. Hussain defined the fractional m-linear p-adic Hardy opera-
tor. Now, in the present paper, we introduce the definition of the fractional m-linear Hardy

operators as

m

1
Hp(gi, .. 8m) = T/ g dyr, ..., dVm,
"8 Sy m>\<\x\[1[

" -
H,g(gl,..,,gm)=/ T—ﬁl |gi(yi)dy1,...,dym,
101l I
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where y = (y1,%2,...,¥m). We also introduce a definition for the commutator of fractional

m-linear Hardy operators
[b;H/S](gly ;gm) Z bz:H (gb ;gm (Z)
i=1

[b;H;](gl: ,gm) Z an (gh :gm
i=1

[bhH[lj](gl:;gm)( ) Z)Hﬂ(gl) 7gm Hﬁ(gl! 1gi—11gibi!gi+l:---rgm)(z)y
[bi H (g1 gn)(@) = bi(2)H (g1, .., @) (@) = Hj (@1, 81, Gibi Gists - ) (2).

Hardy inequalities have been the main focus of interest in various monographs [13, 14].
The optimal bounds for Hardy-type inequalities are established only in a few cases and
the research in this area is an active part of modern analysis. Some recent publications
in this area include [15, 16]. Besides this, sharp constants for Hardy-type inequalities on
the product of some function spaces have also been exposed in [17]. Essential reviews of
Hardy operators on various function spaces include [4, 5, 18—-20].

The work in [21] sparked the idea of generalizing function spaces. The variable Lebesgue
space L") was initially presented by Rékosnik and Kovacik in [22]. Following that, the
creation of variable exponent Lebesgue spaces began, as did the exploration of the bound-
edness of numerous operators, notably the maximum operator on the variable exponent
Lebesgue space L”) [23, 24]. In recent times, the theory of generalized function spaces
has piqued the interest of researchers working in several domains of mathematical anal-
ysis, including image processing [25], electrorheological fluid modeling [26], and partial
differential equations [27].

Furthermore, Izuki proposed variable exponent Herz spaces an 20 in [28]. After this,
Drihemn and Almeida [29] proposed a revised definition of Herz spaces that included «
as a variable exponent. However, in [30], the Herz space with all exponents as variables was
developed and investigated. Variable exponent Morrey—Herz spaces MI 0 *  appeared for
the first time in [31]. The generalized concept of Morrey—Herz spaces was prov1ded in [31]
by substituting the exponent o with «(-). A few significant thoughts in this regard were
given in [32, 33]. Its weighted theory formulation based upon the Muckenhoupt weights
[34] is a recent accomplishment in the field of variable exponent function spaces. Cruz-

Uribe in [35] introduced the boundedness for the Hardy-Littlewood maximal operator M,

1
Mgt = sup /E l6(@)| dz,

E:ball,teE

on the variable exponent weighted Lebesgue space L”)(w). Histo and Diening demon-
strated in [36] the equivalence between the continuity criteria of M on L”")(w) and the
Muckenhoupt condition. However, weighted variable exponent Morrey—Herz spaces are
set out and investigated in [11, 37].

In the present paper, we will study the boundedness of the m-linear fractional Hardy op-
erator on variable exponent weighted Herz—Morrey space. Furthermore, we also discuss

the boundedness of commutators generated by the m-linear fractional Hardy operator on
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variable exponent weighted Herz—Morrey space. It is worth mentioning that we study Ba-
nach spaces and Muckenhoupt weights. We consequently expand a few results introduced
in [18]. To control the continuity criteria of the m-linear fractional Hardy operator, we will
utilize the boundedness of the fractional integral defined as

Iﬁ(g)(t) = ./]R” %dﬂ

The boundedness of the Riesz potential on variable exponent Lebesgue spaces is reported
in [38]. The boundedness of the fractional integral operator on weighted Herz spaces is
introduced by Noi and Izuki [39].

This article contains four sections. The next section includes some lemmas and defini-
tions. In the third section, we provide some important lemmas which are used in Sect. 4
to get our main results.

2 Notations and definitions

The letter C is used throughout this paper to represent a constant, and the value of the
constant may differ from one line to the next. We consider a set S which is nonempty and
measurable in R”, and xs stands for the characteristic function of S, where |S| denotes the
Lebesgue measure. Let us begin by defining variable exponent Lebesgue spaces using the
basic articles and books [22, 24, 40, 41].

Definition 2.1 Suppose we have a measurable function ¢(-) : R” — [1,00]. Moreover,
L1Y)(R") represents a Lebesgue space where the variable exponent is a set of every mea-
surable function g, i.e.,

F,(g) = v/Rn(’g(x)’)q(x) dx < o0.

The space L1*)(R") becomes a Banach space with the following norm:

q(x)
||g||Lq(->=inf{a>o:Fq(5>=/ (M) dxgl}.
o n o

Definition 2.2 We denote by P(R") the set of all measurable functions g(-) : R” — (1, 00)
such that

l<q-<qx) <q.<00,
where

q- := essinfg(x), q. = esssup g(x).

xeR” xeR"

Definition 2.3 Let g(-) be a real-valued function on R”. We state that:

(i) Cfli’ocg (R™) is a set consisting of all local log Holder continuous functions g(-) fulfilling

-C 1
lg®) - q0)| S 7= ly-xl<=, xyeR"
log(|x — 2

y)’
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(ii) if g(-) € G (R™), then it satisfies the following condition at the origin:

la(x) - 4(0)| < , xeR%

log(l5 +el)
(iii) ifg(-) € %o‘;’g (R™), then it fulfills the following inequality at infinity:

lg®) - goo| < ———, xR
log(|x| + e)

(iv) Eloe = ‘flg’f Ngae represents the set of every global log Holder continuous
function ¢(-).

It was shown in [42] that if g(-) € P(R") N €'°¢(R"), then M is bounded on L7")(R").
Assume that w(x) is a weight function on R” that is both nonnegative and locally in-
tegrable. Let L19(w) be the space of all complex-valued functions f on R” such that

1
fwio e L1Y(R"). The space L1)(w) is a Banach function space with respect to the norm

1
1l a0y = w0 ||Lq(-)'

In [34], Benjamin Muckenhoupt proposed A, weights theory with 1 < p < 0o on R”. Noi
and Izuki recently expanded the Muckenhoupt A, class by using p as a variable in [39, 43].

Definition 2.4 Assume g(-) € P(R"). A weight w is said to be an A, weight if

~1/q(-

b 1BIH w1 x| [ W x5 ] a0 < 0.

It was proved in [44] that w € A, if and only if M is bounded on L") space.

Remark 2.5 [39] If q(-), p(-) € P(R™) N €'°2(R") and ¢(-) < p(-), then we have

A1 C Ay CApo)-

Definition 2.6 Suppose § € (0, ) and p1(-), p2(-) € P(R”) in such a way that ﬁ = ml(x) +
E. A weight wis called A(p; (-), p2(-)) weight if
£y
|B| 7 ”XB”(LFH(-)(WH(-)))/ ”XB”LI’z(')(WPz(-)) <C.
Definition 2.7 [39] If B € (0,n), pi(),p2() € P(R"), and & = s + £, then w e

A(Pl(-)vpz(-)) if and only if sz(‘) (S A1+p2(-)/p’1(~)'
The variable exponent weighted Morrey—Herz space MI%;;()f))‘ (w) is defined now. Let
Xk = Xap Be={x e R": || < 2%}, and Ay = By \ Bi_, for k € Z.

Definition 2.8 [19] Let 0 < g < 00, 0 < A < 00, () : R” — R with «(-) € L2(R"), p(-) €
P(R™), and let w be a weight on R”. Then MI(;;()_‘; (w) is defined by

MEGL 00 = {f € LR\ 101, ) 11, < 20},

Page 5 of 19
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where

ko l/q
— —koA 2 ka(-)q q
"f”MK;;z‘;‘(W) = sup 2 ( 2 ”ka”Lp(A)(W)> .

koez k=-00
When X = 0, we have a weighted Herz space with variable exponent KZ;()‘)(W),

3 Main lemmas
This section presents several relevant lemmas that will aid in the proof of our main bound-
edness result.

Lemma 3.1 [45] If Y is a Banach function space, then:
(1) The associated space Y' should also be a Banach function space;
2) I~ ly and || - llyry are parallel;
(3) (generalized Holder inequality) iff € Y' and g € Y, then

[ lewr] <1l

Lemma 3.2 [46] Consider a Banach function space Y. M is weakly bounded on Y, such that

I xairspilly S o7 Il

is true for p > 0 and every f € Y. Then we have

sup — I xallvllxally <oo.

1
Biball |B

Lemma 3.3 [39] For all balls B and for a Banach function space Y, we have

1
1< —lxsllylxally-
B

Lemma 3.4 [39] If Y is a Banach function space and M is bounded on Y', then for any
E CR" and S C E, there exists a constant § € (0, 1) such that

8
HmM§<@)'
lxelly |E|
Lemma 3.5 [47] We have:
(1) Y(R", W) is a Banach function space with respect to the norm

W lly@ew) = Ilfwlly,
where
YR, W) ={f eM:fWeY};

(2) Y'(R", WY is also a Banach function space.
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Remark 3.6 Consider p(-) € P(R”). When we compare Lebesgue space L7")(w?")) and
L7 O (w70 with Y(R", W), we get:

1: if w= W and Y = LZO(R"), then LPO (w?V)) = LPO(R”, w);

2 ifwl=Wand Y = ZO(R"), then LF'O(R”, w1) = LF'O (w0,

By the result of Lemma 3.5, we obtain
r'o (R",wl) = (LP(~)(RH,W))’ - LP'(‘)(w‘P/(‘)) - (LP(')(WP(~)))"

Lemma 3.7 [48] Let p(-) € P(R") N €'°¢(R") and w”>¥) e Ap,() admit w #20) ¢ A, L) Then
there exist 811,822 € (0,1) such that

I xsll (LP2C)yp2()y < ( |S|) ’ Ixsll (LP1Oyp1() < ( |S|> @)
Ixell (LP2C)yp2() |E] I xell (LP1Oyp1 )y |E]|
for every ball E and for each measurable set S C E.

Lemma 3.8 [39] Let p(-) € P(R") N €'¢(R"), 0 < ,3 <L and 45 = - B Then If is
bounded from LPV) (W) to L1O(wA)) for w € A(p(-)

Lemma 3.9 [49] Assume that q(-) € P(R"). Then for all b € BMO and all j,i € Z with j > i

we have
1
“bllsmo < sup ——— [[(b-ba)xe | ;40 < Cllbllzaos (8)
B:Ball ”XB”Lq()
| (&= b5,) x5, 1ty < CG = DNl sasol xa;ll a0 - ©)

4 Main results

Lemma 4.1 Ifw?20,w”10) € A, q(-) € P(R") N C"°¢(R"), and p(-) is such that ﬁ = ﬁ - g
1

i 1 _ 1 .1
with 50 =m0t no’ then

k(2n— -1 -1
1Bl 200 a0y = C2 PPN XN oy oy 18 s oty -
Proof 'We assume that f = x5, and use the definition of /g

Is(x8,)(x) > C2X° xp, (x),

XBy (x) = Czikﬁlﬁ(XBk)(x)'
Applying the norm on both sides and using the results of Lemmas 3.2 and 3.8, we obtain

3B, Nl 20 owary < C27 111 X8, Nl 1a0) a0
(wat)) (wi))

-k,
<C2 f l xB, ||Lp(-)(wp(-))

-k,
< C27 1 X8| 11010y | X8 | 1220 a0

< C2KCP)| g, (10)

” Lpl Wpl() ”XBk ” Lpz Wp2( ))
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Proposition 4.2 [11] Let p(-) € P(R"), 0 < g < 00, and 0 < % < oo. If a(-) € L®(R") N
ELRY), then

”Hﬂ(fl’fZ) : Xk”jwka(-),k(wp(.))
a.p()

ko
= sup 27k0r Z Zkac)q“Hﬂ(ﬁ,fZ) . Xk||;1p(-)(wp(-))

koeZ k=00

ko

~ max{ sup 27K0* Z 2O Hg (£,£) - X ||Z,<.)(Wp(.)),
koeZ
ko<0

k=—00

-1
sup 2—k0Aq( Z zka(O)q”Hﬁ(fl,fz) - Xk ”ZP(‘)(WP(‘))

koeZ k=—00
ko>0

ko
N sza(oo)q “Hﬂ (fl,fz) : Xk”Zp(-)(wp(-))) ]

k=0

Theorem 4.3 Let0 < q,q1,q2 < 00, q(-) € PR*)NE°8(R"), and p(-) be such that % = ﬁ -

% with ﬁ = ﬁ + ﬁ.Also, let wP2O), w10 € Ay, let & = A + Ay, and let a(-) € €O2(R") N
L>®(R") be a log Holder continuous function at the origin satisfying a(0) = a1(0) + a2(0),
a(00) = a1(00) + az(00) with a(0) < a(00) < ndi1 + A + 18y, where 855,811 € (0,1) are the

constants arising in (7). Then

||Hﬁ(f1;fz) ”Mf(“‘(')‘l(wq(')) = CHfl”MKal(‘)vM( p1(~))|[fZ||M1'<a2('):*2( P20y
a.4() " azpa ()"

Proof For each fi,f; € MI(;I(;’?(')(WPI(')), if we express fi; =fi - Xj =fi - xa; and fo; = fo - x; =

J2+ Xa, for any j € Z, then we have

fil®) =A@ x@®) = fi),

J==0 J=m00

£ =Y H@)x@ =" f0).

Jj=—00 J=—00

The generalized Holder inequality gives

Hoth ) 9] = s [ [ @] de a0

- |x|2;”‘/3 /Bkvl(tl)“dtl /kaz(tz)dtg - xx (%)

k
-2k
< C27% 3 fijll o1 o 0 1631 g1 guor 0y 1l a0 )

j==00

X Xl 120 a0y 27 k(). (11)

Page 8 of 19
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Utilizing Lemmas 3.7 and 3.2, we acquire

|Hp(fifo) - Xk”Lq(-)(Wq(-))

k
k
<C2 s Z ”ﬁj”Lm(-)(WPN-))||Xj||(Lp1(-)(Wp1(-))y”f2j||Lp2(-)(sz(-))

j=—00

-2k
X X (1220 20y 27 Xk 10 )

K
< C Y WAl 0y il oo gty

j=—00

—k(2n—
X ||X/||(1}71(~)(WP1(-)))/||X/’||(1}72(~)(WP2(-)))/2 @n ﬂ)”Xk”Lq(»)(wq('))-

To move forward, we use Lemma 4.1 and (12), and we obtain

” Hg(fi.f2) - Xk ” 190 (wal))

k
=C Z ||,flj||Lﬂ1(4)(M,,01(~))”f2j||[,p2(l)(wp2(~))||Xj||([}71(4)(wpl(~)))/||X1‘||([}72(4)(W172(~)))/
j=—00

-1 -1
X ||Xk||(Lp1(.)(Wp1(.>)),||Xk||(Lp2(.)(Wp2(-)))/

”Xj”(l,pz(')(wpz(-)))/ ||Xj||([}71(-)(wp1(-)))/

k
< C Y WAl 0oy sl oot

)
je—oo ) Il (P20 w20y Il (P10 (w1 0)y

k
<C Z 2n8110_k)2n5220_k)”fli”[,m(‘)(wm(-))|lf21'||[}72(~)(wpz(-))

j=—00
k
i~k
<C Z 2(m811:41822)( )Hflj”l}’l(')(wpl('))||f2j||Lp2(~)(wp2('))'

Jj==00

(12)

(13)

In the remainder of the proof, in order to calculate ||fy;]| 1210 (w10 and ||f]] 1720 (wp20))y W

consider the following two cases.
Case 1: Forj <0,

1
—ja1(0 i1 (0 1
Ul = 2740 @m0 )

. 1
J a1
—ja1 (0 i1 (0 q
=27 )<Z 2Oy ulm-)(wm-)))

i=—00

1

J a1
< 2/0-1-1(0))9—jr1 (Z oia1()q1 ”fli”ﬁﬂ-)(wm(-)))

1=—00

(A -1 (0
< Cf1-a( ))Hfl||M1'<"‘1(')‘A1(w1’1('))‘
q1.p1()

Similarly

. (A2—a2(0))
”fZ/”Lpz(-)(wpz(-)) < C2¥rn ”fZ||M1'(;22,;)2’?§(w”2('))'

Page 9 of 19
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Here we are using «(0) = «1(0) + a2(0) and A = A1 + Ay:

1711 210 (o1 0y W25 1] 120 o2
j(A1-01(0)) /(A2 -02(0))
< C2 2 |V‘1||MI-<a1(»),?t1 (wpl(‘))”fankaZ(')'k? (WPZ(A))
q1.r1(") q2.02(")

_ j(A—ce(0))
=C2 ”fl”MK )A}(Wpl ”fZ”MKorz (A)z wh2 ()’

Case 2: Forj > 0,
i1 (00) {mjry 1
”flj”[,m(‘)(wm(-)) =274 (2] 1o ”fll ) (wP1() )) n

' 1
j q1
< 9ei(e0) (Z geatedha 1| Zzlﬂ“)(wm(')))
=0
1

j a1
< Qf1-er(e) gt (Z 2 on ”ﬁi||3ﬂ(‘)(wpl('))>

i=—00

< CYMen gy (14)

M1< () M 0100y
Similarly
j(h2—0ra (00
“f2}||LP2 JwP20)) = <C2 ”fz”MK ? wp20))’
Here we are using (00) = a1(00) + ap(00) and A = A1 + Ay:

”flj”yn(») Wpl(‘))”ijnyfz(') wh2())

(A (A
< Cr1-a1(0)) gjlha—ez (oo Hfl”MK )(A}(Wpl ”fZ”MK (>(w1’2('))

= C/*-a(o
=C2 ”fl”MK Al(wpl Hfz”MK ()( wP2()y"

With the use of the definition of variable exponent Herz—Morrey space and Proposi-

tion 4.2, we can get the following inequality:

“Hﬂ (f1.f2) “M['(“(‘)'*(Wtz(‘))

94(")
ko ?;
—ki ko(-
= sup 2704 | )" 2RO Hy (£, ) - Xl 2 s
koeZ k=—00
%
< max{ sup 27%0* Z 2k"‘(0q||H,3(f1,fz) XkHLq Yowat)) | (15)
koeZ k=—00
ko<0
-1 i
—k ki
sup 2704 (D 2O Hy (£, 1) - x| oo a0
koeZ k=—00
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1

ko
+ (Z 2ka(°o)qHHﬂ(ﬁ’f2) : Xk”zlq(»)(wq(-))> ) }

k=0

= max{Yl, Y2 + Yg},

where

koeZ
ko<0

ko
Y] =sup2” ko ( Z k(@ q”Hﬂ(fl’fz) Xk”Lq()(Wq >)>

k=-00

-1
Y2 = Sup 2*/(0}\ ( Z 21(0((0 q”Hﬁ(fl!_fz) Xk”Lq )(Wq )))
k()EZ k=—00
ko>0

ko
= sup 2 kor (Z hateo q||H,3(f1,f2) Xk”Lq )

k=0
kOZO

First, we will find the estimate of Y7. Since a(0) < a(00) < 1811 + 183 + A,

1
ko k q\ g
Y; < Csup 2—kok< Z 2k0l(0)q< Z (=n822-nb11) (k=) ”fl ”Lpl(')(wpl(‘))”f2||1,1?2(‘)(wpz(‘))> )
J

koeZ k=—00 _
ko<0
ko k
< Csup 2—k0)» Z 2/(0[ )q Z 2 -né11-nda2)(k—j 21A a(0)) |lfi||Mk°‘1 )‘I(Wpl :
koez k=—00 =—00
ko<0

0}
X ”fZ” ;a9 (),hg %)
quZ»PZ(') (wP21))

< ClAN, a0 ¢ W2l | ser ©
Mgy () )T EME G ) P20

1

ko q
X sup 2= k()}\.( Z 2qu<z 2 (1811 +n822 +r—a(0))(j— k) )
j=—

koeZ k=00
ko<0

< o (- o .
= Wil Vo lizis oy
The estimate of Y5 is the same as that of Y;. Finally, we approximate Y3:

1
q

koGZ

ko k q
Ys < Csup 2~ ko2 (Z ke oo)q( Z 2(-nd2a-nbi)(k=)) A ||LP1(-)(WP1(‘))”f2||1}72(~)(wpz(~))> )
j=

k=0 —
ko>0
ko k
Kok ka( 1811 -1832) (k—j) i
< Cksup 9-ko ZZ a(c0)q Z (=n811-n822)(k=j) a(oo))”fl||M]'(¢¥1(‘)v11(wp1(}))
0€Z k=0 ji=—00 q1.21()
ko>0

9\
X |lf2 ”M]'(sz(‘),kz w20
q2.22()
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= C”fl ”M]'(M(-)J»l wP10)) ”f2 ”M,'(az(d,lz(wm(-))
q1.,1() q2.2(")

j=—00

ko k q %
X sup 2—k0A (Z 2kkq ( Z 2(n811+n822+k—a(oo))(j—k)) )

koeZ k=0
ko>0

= C“fl ||M]'(a1(-):)»1 (wP10)y ”f2 ||M]'(a2(‘),l2(wp2(.))~
q1.p1() a2:02(")

Putting the approximations of Y3, Y3, and Y3 into (15) yields the required outcome. [

Theorem 4.4 Let q1, q2, q, p1(-), p2(-), p(:), w, a(-), and B be as in Theorem 4.3. Addition-
ally, if a(c0) > «(0) > A — ns, where § € (0,1) is a constant arising in (3.4), then

Hy (11,2 || e gy < CIAN ca10a1 o on 21 caa0a, ooy
“ Py ||MKq.q(~) (W) MK WO VETME DS w20)

Proof By utilizing Holder’s inequality, we obtain

(3, ) () - )] < /

R™\By

/I; \B W;”%lﬁ(tl)uﬁ(tz)\dtl dty - xi(x)
"\Bj

o0
<C Z 27|51 o1 0y U5 120 a9
j=k+1

X ||Xj||([,ﬂ1(‘)(wp1(‘)))/ ||X]'"(Lﬂz(‘)(wpz(‘)))/Xk(x);
[o.¢]
_i(on—
||H;(f1,f2)(x) . Xk“Lq(-)(Wq(-)) =< o Z 2 i2n ﬂ)Hflj”zm(')(wm(-))Hfzjnyﬂzt)(Wm(-))
j=k+1

X ||Xj||(m1(~)(wp1(')))/ ”Xj“(mzt)(wpz(')))/||Xk||Lq(~)(Wq(.))- (16)

In the light of inequality (10), we acquire
oo
||H;(ﬁ’f2)(x) . Xk”Lq(-)(Wq(-)) <C Z Hflj”lmt)(wm('))|lﬁj||mz(~)(wpz(-))
j=k+1

-1
X X1 200 g 1 Xkl La0) )

00
<C Z 2n8(k_])”flj”yfl(‘)(wm('))|[f2j||[,ﬂ2(<)(wpz(‘))’ (17)
j=k+1

where we used the result of Lemma 3.7.
We will use the same procedure as in Theorem 4.3 to obtain

* q _
I3ty g, = maxtZa, 22+ Zs), (18)
where
ko
7y = ksugz—kokq Z zka(O)q”H;(fl’fz)(x) . Xk”jquq“),
0€ k=—00

ko<0
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-1

Z, = sup 27%0* Z k(0 q||H*(f1,f2 () - )(k” y
koeZ k=—00
ko>0
ko
Za= sup 240 50 BN G0
koeZ k=0
ko>0

The boundedness of Z; (I = 1,2, 3) is alike to that of Y; (I = 1,2, 3) of Theorem 4.3. Here we

are close to our result. O

Theorem 4.5 Let0 < q, q1,q2 < 0, q(-) € P(R")NE'°(R"), and p(-) be such that i = ;% -

B with L. = L Also, let w20 . wP10) € A; let A = Ay + Ay, and let a(-) € ‘51"5(R”) n
n 0" ot pz

L*>*(R") be a log Holder continuous function at the origin satisfying «(0) = a1(0) + o2(0),

a(00) = a1(00) + az(00) with a(0) < a(00) < né11 + A + ndayy, where 855,811 € (0,1) are the
constants arising in (7). Then [b, Hg] is bounded from MK;II'LI(A.)I (wr0)) x MK;;';;)Q (wP2))
to MKM( w0, where b = (by, by) and by, by € BMO.

Proof We have

I[bl,H,s](ﬂ,fz)(Z) @)
= i |, [ @)@ - be) | s 0

< ¢ k@n=p) Z/ [ OA®) (b1(2) ~ (b1)g, + (b1)s, — br(1))| dtr dtz - xx(2)
j=— By J By
k
< C2*@n=p) &) (t) (b1(2) = (01)g,)| dtr dts - xi(2)
j;O/Bkv/Bklfz 2 1(12 131)| 148+ Xk\Z

k
+ C2‘k(2”_ﬂ)i§o /Bk '/Bk [ﬁ(b)ﬁ(h)(h(h) - (b1)B,) | dty dt; - xr(z)
=1+1I,

k
[ = C27kCn=p) Z /B /}; lfz(tZ)fl(tl)(bl(z) - (bl)Bj)‘dtl dty - xx(2).
=00 ¥ B ¥ Br

By utilizing the Holder inequality, we obtain

k
I < Coenh) Z = (b1);) - Xk @ Wil 1O uorn 1 651l 21 o 0y

X |f2ll oo ) (wP2() ”X/”Lpz ) (wP2()yy +
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Utilizing Lemmas 3.7, 3.2, and 3.9, we acquire

1] 40 a9y
k
= Czkﬂ Z ||flj||[,ﬁ1(‘)(wp1(‘))||Xj||(LP1(<>(WP1(‘))y||ij||LP2(<)(W172(‘))
J=—00
X ||X1'||(Lp2(»)(wp2(-)))/2_2kn ” (bl(z) - (bl)Bj)Xk ||Lq(4)(wq(z))

k
_k(2n—
<C2 @n=F) Z ”f11'||1,ﬂ1(4)(wp1(~))”f2j||[,p2(l)(wpz(~))||Xj||(LP1(4)(WP1(~)))/

j=—00

X x5 (1220 2y (k = Db LBMO | Xkl L0 a5 (19)

k
II = 27k@n=p) Z / lfz(tz)ﬁ(tl)(bﬂh) - (bl)B/) i dty dty - xk(2)
j=—o00 Y Bk Y Bk

k
_ okCn-p) p bee — )
2 j;o/;k%(m t2/];kﬁ(tl)( 1(21) — ( 1)3,) t - xi(2)

k
< Cc27k@n=p) Z Wil o0 gy || (B2 (81) —(b1)B,)X/||(Lp1(-)(wp1<.>)), 152711 220 (w200
J=—00
X ”Xj”([,Pz(-)(WPz(‘)))/ - xk(2),

k
—k(2n—
”H”L‘I(')(wq(')) <C2 (@n-f) Z Hflj”Lpl(-)(wpl(-)) H (bl(tl) - (bl)Bj)Xj”(Lp1(~)(wp1(l)))/

j=—00

X WUl 220 2 1 22 ooy | X6 ) | g 0y

k
k(25—
<C2 @n-F) Z |lﬁf||LP1(')(WP1(‘))”bl”BMO||Xj||(LP1(‘)(WP1(‘)))’

Jj==00

X fajll o) (wP20)) Il il P20 w20y || Xk (x) “ 140 (wa )y (20)

From inequalities (19) and (20), we have

| (b1, Hg) (A @) - k| o oy
k
< C27k(2n7ﬂ) Z (k _j)||b1 ”BMO”flj”Lp](‘)(wmﬂ)) |[][2j||LP2(4)(W172(~)) ||Xj||([}’1(')(wp1(-))y

j=—00

XN X5l 220 a2 0yy 11Xk M L) )y -
To move forward, we use Theorem 4.3:

H [blyHﬂ](fl; 2)(2) - Xk||Lq(~)(Wq(~))
K
< C Y 200 (e — )1y || a0 Ui | o1 guor 0 o1 120 - (21)

j=—o00
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With the use of the definition of variable exponent Herz—Morrey space and Proposi-

tion 4.2 we get the following inequality:

” (b1, Hpl(f1,/2)(2) HMI(;&?_’;‘W“")

Q=

ko
= sup 2—/(0)»( Z 2ka(~)q|| [hl,Hﬂ](fl,fz)(Z) . Xk”zq(’)(wq('))>

koeZ k=00

1
ko q
< maxi sup 2‘]‘0’\( Z 2O\ (b, Hg1(f1,)(2) - i ||Zq(.)(wq(.))> ,

koeZ
ko<0

k=—00

1 i
sup 27Ko* (( Z oka(0)q H (b1, Hp) (1, /5)(2) - Xk”iq(-)(wq(-)))

k=—00

ko %
, (2 toon| [beﬁ]m,m(z)~><kuzq<w) )}

k=0

=max{A1,A; + A3}, (22)

where

1

ko q

Az = sup 2k0k< Z 2k(x(0)q|| [blfHﬂ](fler)(z) : Xk“‘LZq(,)(Wq(.))) ’
koeZ
ko<0

k=—00

koeZ
ko>0

1
-1 7
4s = sup z( S 20| [y, Hyl(h, )G - 1 lliq(}w(»)) ,

k=—00

1
ko q
Asz = sup 27F0* <Z 240N || [by, Hp) (.£5)(@) - xx “Zq(-)(m-))) :

koeZ =0
ko>0

In the remainder of the proof, we use the same calculation as in Theorem 4.3. We obtain

the following result:
” [bl,Hﬂ](fl;ﬁ) ”ngggj)k(wq(.)) <Clb ”BMO”fl ”MKthll;)lr?} (wP10)y ”f2 ”Mk;tzz;)z,g(wpz(_)).
Similarly, we can easily estimate the following result:

182 Hs)foofo) gy uar, < CMB2llmstolflyggentns oy Volyggentriz iy O
Theorem 4.6 Let q1, 42, q, p1(-), p2(-), p(-), w, &(-), and B be as in Theorem 4.3. Addition-
ally, if a(oo) = «(0) > A — né, where § € (0,1) is a constant arising in (3.4), then [b, Hi] is
bounded from Mlqll';i’('\.)l (wr0)y x Mf(;;;l‘é)z (w20 to MI%;;E?;L(W‘I(')), where b = (b1, b,) and
bl, b2 € BMO.
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Proof We have
(61, H3)(h.)@) - xa(2)]
= /Rn\Bk /Rn\Bk W%lﬁ(ﬁ)fl(tz)(bl(z) - b(tr))| dtr dtz - xi(2)

<C Z 2-/(2;1—;3)/ [f1(81)fo(82) (b1(2) = (b1)s; + (b1)s; — br (1)) | diy dit
j=k+1 R™M\By J R™\B
Xk (2)
<C'y 2 / () (0 (b1(2) - (1)) | d dts - x4(2)
) Ry SRy
+C Z 2_j(2”_ﬂ)/ le(tZ)fl(tl)(bl(tl) - (bl)Bj)|dt1 dty - xx(2)
] R\By JR\By
=lI+1V,
ni=cC Z 2—j(2n—ﬂ)/ le(tZ)fl(tl)(bl(z) - (bl)B,)|dtl dty - xx(2).
] R\B JRI\B

By utilizing the Holder inequality, we obtain

oo
mr<cy 27 p /

/ |(b1(2) = (b1)5)) - X6 (@) | Il o1 0
j=k+1 RM\By JR"\Bg
X ||X/||(LP1(~)(WP1(-)))/ ||f2j||1}72(~)(WP2(-))||Xj||(1,ﬂ2(#)(wpz(~)))/-

Utilizing Lemmas 3.7, 3.2, and 3.9, we acquire

||HI||Lq(-)(Wq(-))

oo
<C Z 2_](2n_ﬂ) ”ﬁj”Lpl(-)(wm(-)) ||Xj||(Lp1(-)(wp1(-)))/ |lf2j||LP2(-)(wp2(-))
j=k+1

X ||Xj||(m2(-)(wp2(-)))/ H (bl () - (bl)B/)Xk ||Lq(~)(wq(~))

o0
<C Z Z_j(Zn_ﬂ) ”f1j||Lp1(->(Wp1(-)) Hf2j||1}72(-)(wp2(-)) ||Xj||(l,p1(-)(wp1(-)))/

j=k+1
X ||Xj||([,ﬂ2(-)(wp2(-)))/(k _j)||b1 ”BMO”Xk”Lq(-)(Wq(-))’ (23)
1V = Z 2_j(2”_5)/ le(tZ)fl(tl)(bl(tl) - (bl)B,)|dt1 dty - xx(2)
! B\ JR\B
=y g / e/ (60 (br(81) - (b)) | ezt - xu(@)
j=k+1 R"™\By J R"\By

o0
<C Z 2_j(2n_ﬁ>|[ﬂj||m1(~)(wp1(-)) [ (B1(t1) - (bl)B,)X/||<Lp1<-)(wp1(->)),Ilfzjlle(«)(sz(»))
j=k+1

X ||Xj||(Lpz(A)(sz(»)))r - Xk (%),
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o0
1V g0 a0y < C Z 2_j(2"_ﬂ)|lﬁj||Lp1<->(wp1<«))|| (br(tr) - (b1)3,)x;||(Lp1(.)(wpl<.>)),
j=k+1

X |lf21 ||Lpz(~) (wh20)) [ Xj [ LP20 w20y || Xk (%) ” L40) (wa())

[ee]
<C Y 27 P Al 10 uer ) 101 a0l X5 1 g 0y
j=k+1

X ”fZ/ ||1}72(-) (wh20)) I Xj [ P20 w20y || Xk (%) H 140 (wa0)y (24)

From inequalities (23) and (24), we have

| (21, H3 161 2)@ - k| a0 ey

o0
<C Y 27 P = p1b1llamo il 116 guer 0y Uil a0 oz 1 X3 o1 guon 0y
j=k+1

X ||Xj||(l,P2(')(WP2(')))/ ||Xk||Lq(»)(wq(-))~

With the use of Proposition 4.2 we get the following inequality:

[0 H3 161 it oar

ko i
- sup 2—kok( Z 2ka(~)qH [bl,H,}f](fl,ﬁ)(Z) - Xk HZW(M')))
koeZ k=00
1

ko q
< max{ sup 2_k°A< Z 2]“"(0)‘7” [bl,H;](fl»fz)(Z) * Xk ”Zq(-)(wq(-))> )

koeZ
ko<0

k=—00
1
q

/(()EZ
ko>0

o 1
+ (Z ZkQ(OO)q” [bl;H;](fil 2)(2) ' Xk”&L]q(')(wq('))> ) }

k=0

-1
sup 270 (( Z 2k°‘(0)qH [bl,Hg](fl,fz)(Z) : Xk”Zq(-)(wq(-))>
k=—o00

= max{B1, B, + Bs}. (25)

We can easily find the estimates of B; (i = 1,2, 3) by similar methods to the ones in Theo-
rem 4.5. O
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