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1 Introduction
Let A denote the class of the analytic functions f in the open unitdisk U ={z e C: |z]| < 1},
normalized by the conditions f(0) = f/(0) — 1 = 0 of the Taylor—Maclaurin series expansion

f(z)=z+2akzk. (1.1)
n=2

Further, assume that S denotes the subclass of A that contains all univalent functions
in U satisfying (1.1) and P represents the subclass of all functions /(z) of the form

h(Z)=1+mz+hZ? +hsz® +---, (1.2)

which are analytic in the open unit disk U and Re(k(z)) >0, z € U.
For a function f € A defined by (1.1), the Ruscheweyh derivative operator (see [23]) is
defined by

R'f@) =2+ Qy,ka,
k=2
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where § e Ng={0,1,2,...} =NU {0}, z€ U, and

I'(y +k)

0T TG 1

The Koebe 1/4-theorem (see [12]) asserts that every univalent function f € § has an
inverse f~! defined by

f71(f(z)) =z (zeU) and f(ffl(w)) =w (|w| <ro(f), ro(f) = i)
The inverse function g = f~! has the form
gw) = w) =w—ayn? + (2a§ - 6l3)W3 - (Sag —5asa3 + ﬂ4)W4 e (1.3)

A function f € A is said to be biunivalent if both f and f ! satisfy the univalent property.
The class of biunivalent functions in U is denoted by X. Some examples of functions in
the class ¥ are given as follows:

z 1 1+z
) —log(1 - d -1 — ),
T2 og(l-z) an 5 0g<1_z)

with the corresponding inverse functions

ev -1 w e -1
, and ———,
ev 1+w e+ 1
respectively.

Determination of the estimates for the Taylor—Maclaurin coefficients a, is a crucial
problem in geometric function theory and provides knowledge about the geometric char-
acteristics of these functions. Lewin [17] investigated the class ¥ of biunivalent functions
and showed that |a;| < 1.51 for the functions belonging to the class ¥. Brannan and Clunie
[8] conjectured that |ay| < /2. Subsequently, Netanyahu [20] showed that max |a,| = %
for f € X. Srivastava et al. [26] improved the investigation for various subclasses of the bi-
univalent function class ¥ and established bounds on |a;| and |as| in recent years. Many
recent studies are devoted to studying the biunivalent functions class ¥ and obtaining
nonsharp bounds on the Taylor-Maclaurin coefficients |a;| and |as3]| (see, for example,
[1, 7, 18, 29, 30]). However, the coefficient estimates bound of |a,|(n € {4,5,6,...}) for
a function f € ¥ defined by (1.1) remains an open problem. In fact, there is no natural
way to obtain the upper bound for coefficients greater than three. In exceptional cases,
there are some articles in which Faber polynomial techniques were used for finding upper
bounds for higher-order coefficients (see, for example, [4, 6, 31]).

The Hankel determinant is a valuable tool in studying univalent functions whose compo-
nents are coefficients of functions in the subclasses of S. The Hankel determinants H,(#)
(n,q € N) of the function f are defined by (see [21])

ay Apl e Apig-1

An+l (277 A An+q
Hy(n)=| . . (a1=1).

Anvg-1 Gpvg °°° Gnt 2g-2
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Note that
Hy1) =" *
ay ds
and
dy as
H)(2) = .
as dg

Estimates for the upper bounds of |H(1)| = |as — a3| and |H5(2)| = |ayas — a3| are
called Fekete—Szeg6 and second Hankel determinant problems, respectively. Addition-
ally, Fekete and Szegd [13] proposed the summarized functional a3 — pa?, in which p is
some real number. Lee et al. [16] presented a concise overview of Hankel determinants
for analytic univalent functions and obtained bounds for H,(2) for functions belonging to
some classes defined by subordination. The estimation of |H;(2)| has been the focus of
recent Hankel determinant papers (see, for example, [5, 11, 22, 25, 32]).

For each function f € S, the function

N

h(z) = (f(2"))" (zeU,meN) (1.4)
is univalent and maps the unit disk into a region with m-fold symmetry. A functionf is said
to be m-fold symmetric (see [15]) and denoted by .A4,,, if it has the following normalized
form:

f@=2+) amnz™" (zeUmeN). (L5)
k=1

We denote by S, the class of m-fold symmetric univalent functions in U, which are
normalized by the series expansion (1.5). In fact, the functions in the class S are 1-fold
symmetric. In view of the work of Koepf [15] the m-fold symmetric function / € P is of
the form

h(z) =1+ 12" + hopz™™ + h3pz™™ + - - . (1.6)

Analogous to the concept of m-fold symmetric univalent functions, Srivastava et al. [27]
defined the concept of m-fold symmetric biunivalent functions in a direct way. Each func-
tion f € ¥ generates an m-fold symmetric biunivalent function for each m € N. The nor-
malized form of f is given as (1.5) and the extension g = f~! is as follows:

gW) =w = @ W™ + [(m + Das,,; — asmer W
1 s (1.7)
- I:E(m +1)(3m + 2)zzfn+1 - (Bm + 2)a,100m1 + a3m+1i|w mel L

We denote by X, the class of m-fold symmetric biunivalent functions in U. For m = 1,

the series (1.7) coincides with the series (1.3) of the class X. Some examples of m-fold
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symmetric biunivalent functions are given as follows:

1 1
FA R 1 T+2"\|™
|:1—zm:| , [-log(1-2")]" and |:210g(1—z’”):| ,

with the corresponding inverse functions

1 " 1 m 1
wn o\ ™ ev —1\" d e —1\m
) m an m )
1+wn e” e +1

respectively.

Recently, some authors have studied the m-fold symmetric biunivalent function class
¥m (see, for example, [9, 19, 28, 33]) and obtained nonsharp bound estimates on the
first two Taylor—Maclaurin coefficients |a,,,1| and |dy,,,1]. In this respect, Altinkaya and
Yalcin [3] obtained nonsharp estimates on the second Hankel determinant for the subclass
Hy,, (B) of the m-fold symmetric biunivalent function class Xp,.

For a function f € A,, defined by (1.5), analogous to the Ruscheweyh derivative R :
A — A, the m-fold Ruscheweyh derivative R : A,, — A,, is defined as follows (see [24]):

R'f(z)=z+ i Mamk+lzm"+1 (y eNg,meN,zeU).
—~ D(k+1)I(y +1)

Considering the significant role of the Hankel determinant in recent years, the object
of this paper is to study estimates for |H>(2)| of a general subclass of m-fold symmetric
biunivalent functions in U by applying the m-fold Ruscheweyh derivative operator and to
obtain upper bounds on |a,,;;143/,41 — a%mﬂl for functions in the subclass Ex,,(%, y; B).

In order to derive our main results, we need to define the following lemmas that will be

useful in proving the basic theorem of Sect. 2.

Lemma 1.1 [12] Ifthe function h € P is given by the series (1.2), then

lh| <2 (keN) (1.8)
and
h3 |7y |?
hy— Ll <o 21, 1.9
275 | = 5 (1.9)

Lemma 1.2 [14] If the function h € P is given by the series (1.2), then

2hy = hi +x(4-h3) (1.10)
and

dhy =13 +2(4 - 1) x — hy (4= hy)x* +2(4 - h7) (1 - |x1%)z, (1.11)

for some x, z with |x| <1 and |z| <1.
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2 The main result and consequences
Our main aim in this section is to study estimates for the second Hankel determinant of
the subclass Ey,,(,y; B) of m-fold symmetric biunivalent functions in U, and we show

that our results are an improvement on the existing coefficient estimates.

Definition 2.1 A function f € %, given by (1.5) is said to be in the class Ex,(A,y; )
(A>1,y €Ny, 0=<p<1and m e N) if it satisfies the conditions

Re{(l - ,\)%(z) + A(Ryf(z))’} > B (2.1)
and
Re{ (1-2) Ryfv W, A(Ryf(w))/} > B, (2.2)

where z,w € U and the function g = f~! is given by (1.7).

Theorem 2.1 Let f € Ex,, (A, y; B) be given by (1.5). Then,

2
Am+1A3m+1 — Aoy |

4(1-8)* 1 (m+1)*(1-p)* 6
< (y+1)2(mr+1) [(;/+1)2(m)\+1)3 + (y+2)(y+3)(3mk+l)]’ 'B € [O’T]’

= 4(1-p)* [02(1-) +903—4wa]*
G2 @i 2 T oo P20 P12 rtan v P € [T 1),
where
w1 := (m+ 1)%(y +2)%(y +3)2mA + 1)*(3mA + 1), (23)
wy :=m(y + 1)y +2)(y + 3)(mA + 1)>2mAr + 1)(3mr + 1), (2.4)
w3 :=(y + 1)%(y +2)mr + 1)>Q2m + 1)%, (2.5)
wy = (y + 1)y +3)(mr + D*(BmA + 1) (2.6)
and
L@t N L2005

20)1

Proof 1t follows from (2.1) and (2.2) that there exist p and g in the class P such that

RV f(2)

z

(1-2) +A(RVf(2)) = B+ (1 - B)p(2) (2.7)

and
¥
1- A)%(W) + )L(R”f(w))’ =B+ (1-B8)q(z), (2.8)

where p and g are given by the series (1.6).
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We also find that

(1- x)%@ +A(RYf(2))

1
=1+ (y +1)(mh + D)a, 12" + i(y +1)(y +2)2Am + Dagy 122"

1
+ 7+ Dy +2)(y +3)Bhm + Dagmnz™ + -
and

(13 ew)
w

+A(R”g(w))’

=1-(y + )(mAr + Da, v + %(y +1)(y +2)2mA + 1)

x [(m + Dak,,, — azma W - é(y +1)(y +2)(y +3)Bmr + 1)

m+1

1
X [E(m +1)Bm+2)a> ., — Bm + a1 dome + a3m+1]w3m +oee

Equating coefficients in (2.7) and (2.8) we have

(v + D(mhr + Day = (1= B)pm,

S0+ Dl + 2@+ Dazr = (1= Bpan,
£+ 10+ 20 + 3B+ Vs = (- Hps

and
—(y + 1)(mA + Va1 = (1= B)gms
S0+ Dl + 2@+ D]+ a1 @] = (0 B

—%(y +1)(y +2)(y +3)(3mAr + 1)

1
X |:§(Wl + 1)(3Wl + Z)a::m.l - (3}’1’1 + 2)am+1‘lZm+1 + aSm+1:| = (1 - ﬁ)qu

From (2.11) and (2.14), we obtain

Pm=—qm

and

1-8
A+l = ( Pm-

y + 1)(mA + 1)

Now, from (2.12), (2.15), and (2.18), we obtain

(m+1)(1-8)?> . (1-8)
2(y +1)2(mA + 1)217,,, (y +1)(y +2)2mAr +1)

Aam+1 =

(sz - q2m)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Page 6 of 17
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Also, from (2.13), (2.16), (2.18), and (2.19), we find that

(Bm+2)(1-p)?

Bams1 = 20y + 1)2(y + 2)(mA + 1)(2mA + l)pm(pzm = dam) (2.20)
N 31-p) (Do — o) .
(y + D)(y +2)(y +3)(BmA + 1) 3m = q3m)-
Then, from (2.18), (2.19), and (2.20) we have that
Am1A3m+1 _ﬂ§m+1
_ (m+1P(-p)*
T T4y + )rma+ 1A
+ Wl(l - IB)B 2 (p _ )
2y + 13(y + 2)(mh + 1)2(2ma + 1) P2~ Qo 2.21)
N 3(1-p)* D3 — Gom)
(o + 120 + 2)(y + 3 mr + D@ + 1) "~ B
(1 - ﬂ)z 2
C(y + 12(y +2)22mA + 1)2 2 = qom)”
According to Lemma 1.2 and (2.17), we can write
Pom = Gom = — “(x—y) (2.22)
and
3 m 4'_ %n m(4_ %y,)
pSm_qsm:%erp ( . 12 )(x+y)_p - P (22 1 2)
(2.23)
4 —an 2 2
=)z = (1= y?)w],
4 — 2
Pom + Qo = PP + —L7 (5 + ), (2.24)

2

for some «, y, z, and w with |x| <1, |y| <1, |z| <1, and |w| < 1. Using (2.22) and (2.23) in
(2.21) we obtain

|ﬂm+la?:m+1 - ﬂ%m+1 i

| m+1?2(-8)* m(1 - B)?
T4+ Drmr + ) T a4y 1 13(y + 2)(mh+ 122mk + 1)

x po,(4-pl)x—y)

3(1-B)? [pfn Pm(4-p2)

i (y +1)2(y +2)(y +3)(mAr + 1)(3mA + 1)Pm 2 " 2 )

— 2 - 2
_ ’W(ﬁ +97) + 4%[(1 ~ )z = (1= yI*)w]

Page 7 of 17
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) (1B
4y +1)2(y +2)22mA + 1)
(m+172*1-p* . 3(1-B)* 4
40y + 1)*(mh + 1)4p”’ 2(y + 1)2(y + 2)(y + 3)(mA + 1)(3mA + l)p”’
3(1-B)?
" (y +1)2(y +2)(y +3)(mr + 1)(3mA + 1
m(1- )
[4()/ +1)3(y +2)(mh + 1)2(2mA + 1)
3(1-B)?
" 2(y +1)2(y + 2)(y + 3)(mA + 1)(3mA + 1)

3(1-B)?
i [4(y +12(y +2)(y + 3)mh + DBm+ 1)

- oY (4- 2)](|x|2+| )
2y + 12(y +2)(y + 3)mh + D@+ 1)L " Pm 4

s (1-8)?
A0y + 1)2(y +2)2(2mA + 1)2

2 (4' _p%n)z(x _y)z

=

)pm(4 )

po(4-p2)

pfn(4—piﬂ)}(|x| +1y1)

po(4-p2)

(a=p2)" (121 + Iy1)*

Since p in the class P, we have (Lemma 1.1) |p,,| < 2. Letting p,,, = p, we may assume,
without loss of generality, that p € [0,2]. Thus, for 1 = |x| <1 and u, = |y| <1, we obtain

’ﬂm+16lsm+1 - a%,,m} < Fi + Fy(uy + po) + F3 (M% + M%) + Fa(py + 12)?,

where
Fi =F(p)
_(m+1)*(1-B)p* 3(1-8)*p*
T4y + 1)A(m + 1)4 i 2(y + 1)2(y + 2)(y +3)(mA + 1)(3mA + 1)
. 3(1-B)*p(4-p?) —0
(y + 12(y +2)(y +3)(mr + 1)Bmr +1) —
F, =F(p)
~ m(1 - ) p*(4 - p?)
T4y +1)3(y + 2)(mA + 1)2(2mA + 1)
N 3(1-B)*p2(4-p?) -
2y + D2y +2)(y +3)(mr + 1)(Bmr +1) —
Fs = F3(p)
~ 3(1- B)*p*(4-p?)
T4y + 1)2(y +2)(y +3)(mA + 1)(3mA + 1)
~ 3(1-B)°p(4-p?) -0
2y + 12(y +2)(y +3)(mr + 1)BmAr +1) —
V24 A2)2
Fu=Fi(p) = (1-B)°(4-p?)

40y + 1)2(y +2)22mx +1)2 — 0

Figure 1 demonstrates that Fy, F,, F4 are non-negatives, and F3 is non-positive.

Page 8 of 17
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(a) F‘17F'27F‘37 and F4 for ﬁ =0. (b) F1,F2,F3, and F4 for ﬁ =0.1.
01000
- Filp), p=0.2 008571 —p— Fi(p), B=0.9
> Fap), B=02 oonal > Fyp),
> Fi(p), B=02 s 00571 - Ey(p).
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0.000 0143 0286 0.425 0571 0.714 0.857 1000 1143 1286 1429 1571 1714 1857 2,000
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(d) Fy, F», F3, and Fy for B =0.9.

Figure 1 Graphof f1,F,, F3,and Fsfory =0and A=m=1

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0
-0.1
-0.2
-0.3
-0.4
-0.5
-0.6
-0.7

F3+2F, , B=0
F3+2F, , B=0.1
F3+2F, , p=0.2
F3+2F, , B=0.9

YYYY

F(p)

0.000 0.143 0.286 0.429 0.571 0.714 0.857 1.000 1.143 1286 1429 1.571 1.714 1.857 2.000
p

Figure 2 Graphof 3 +2fsfory =0and A=m=

Now, we need to maximize

F(u1, i2) = Fy + Fy(uy + o) + F3 (i3 + p3) + Fa(uer + po)?
in the closed square S = [0,1] x [0,1] for p € [0,2]. We investigate the maximum of
F(u1, 42) when p € (0,2), p =0 and p =2, keeping in mind the sign of

F

M1

F

2
Hapy (Fuwz)

(according to the Second Derivative Test for functions of the two dependent variables yi;

and p»).
First, let p € (0,2). Since F3 < 0 and F3 + 2F, > 0 for p € (0,2) (see Fig. 2), we see that

Fuyui Frigpy = (Fuuyuy)? = 4F3 (F3 + 2F,) < 0.

Page 9 of 17
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0.7

0.6 —»— F+2(F3+F4) , B=0
0.5 —»— F,+2(F5+F4), B=0.1
04 > F+2(F3+F4) , B=0.2
0.3

f

F2+2(F3+F4) , B=0.9
0.2
0.0

-0.1
-0.2
-0.3
-0.4
-0.5
—0.6
-0.7

F(p)

0.000 0.143 0.286 0.429 0.571 0.714 0.857 1.000 1.143 1286 1.429 1571 1.714 1.857 2.000
p

Figure 3 Graphof f, +2(F3 + Fa)fory =0and A=m=1

Thus, the function F cannot have a local maximum in the interior of the square S. Now,
we investigate the maximum of F on the boundary of the square S.
Case 1. For 1 = 0 and pu, € [0,1] (a similar argument can be applied for p, = 0 and
1 € [0,1], so we omit the details in that case), we obtain
F(0, i2) = G(42) = Fy + Faip + (F3 + Fa)u3.
Subcase 1. Let F3 + F, > 0. In this case, for 0 < 15 < 1 we have that

G'(u2) = F> + 2(F3 + F4) o > 0,

that is, G(u,) is an increasing function. Hence, the maximum of G(u,) occurs at py = 1
and

max{F(O,uz) : o € [0, 1]} = max{G(,uz) : o €10, 1]} =G()=F, +F, + F3 + F,.
Subcase 2. Let F; + F; < 0. Note that (see Fig. 3):
Fy+2(F3+Fy) > 0.
For wu, € (0,1) since F3 + F4 < 0 we have that
Fy + 2(F3 + Fa)pua > Fy + 2(F3 + F4) > 0,
so G'(2) > 0. Thus, max{G(u>) : s € [0,1]} = G(1).
Case 2. For 1 = 1 and p; € [0,1] (a similar argument can be applied for p, = 1 and
1 € [0, 1], so we omit the details in that case), we obtain
F(L, 2) = H(t3) = Fy + Fy + F3 + Fy + (Fy + 2F3) py + (F3 + Fa) .
Thus, an argument like in Subcases 1 and 2 yields

max{F(1, u2) : o € [0,1]} = max{H(u2) : s € [0,1]} = H(1) = Fy + 2(F; + F3) + 4F,4.



Sabir et al. Journal of Inequalities and Applications (2024) 2024:14

Next, let p = 2. Now, let (i1, 42) € S and note that

40y +2)(y +3)Bmr + 1)(m + 1)2(1 — B)* + 24(y + 1)*(mr + 1)3(1 —

PP

Flu, o) = (7 + D%y + Dy +3)(mi+ 1 G + 1)

Keeping in mind the constant value in (2.25) we have
max {F (i1, p2) : p1 € [0,1], g € [0,1]} = F(1,1) = Fy + 2(F, + F3) + 4F,.

Finally, let p = 0. Now, let (141, 42) € S and note that

4(1 - B)* (11 + pa)?
(y + D2y +2)22mA + 1)2

F(Ml: MZ) =
We see that the maximum of F(jtq, o) occurs at p; = o = 1 and

max{F(u1, u2) : 1 € [0,1], 2 € [0,1]} = F(1,1) = Fy + 2(F; + F3) + 4F3.

(2.25)

Combining all cases, note that since F; + 2(F, + F3) + 4F, > 0 when p € [0, 2] (see Fig. 4),

we have
max{F (i1, 1) : p1 € [0,1], s € [0, 1]} = F(1,1).
Let K : [0,2] — R be given by

K(p) = F(1,1) = Fy + 2(F, + F3) + 4F,.

(2.26)

2.000

1714
1.429
1.143
0.857
0.571
0.286

F1+2(F,+F3)+4F,, =0

F1+2(F,+F3)+4F,, B=0.1
F1+2(F2+F3)+4F4 , p=0.2
F1+2(F;+F3)+4F,

YYYY

F(p)

—0.286
-0.571
-0.857
—-1.143
—-1.429
-1.714
—2.000

0.000{ P—P—Pp—Pp—Pp—Pp—Pp— > —>—>— > — > —>b— > —>

p

Figure 4 Graphof F1 + 2(F, + F3) +4Fsfory =0and A=m =1

0.000 0.143 0.286 0.429 0.571 0.714 0.857 1.000 1.143 1.286 1429 1571 1.714 1.857 2.000
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Substituting the values of F, F,, F3, and Fy in the function K defined by (2.26), yields

K(p)

(1-8)?
A0y + 1)*(y +2)%2(y + 3)(1 + mA)*(1 + 2mA)%(1 + 3md)

X [[(m + D2y +2)%(y +3)2mA + 1)%(Bmr + 1)(1 - B)?

—2m(y +1)(y +2)(y +3)(mr + 1)2(2mA + 1)(3mi + 1)(1 - )

—12(y + 1*(y + 2)(mA + 1)>2ma + 1)* + 4(y + 1)*(y +3)(mA + 1)*Bmi + 1)] p*
+ [8mly + Dy +2)(y +3)(1 + mr)2(1 + 2mA)(1 + 3mr)(1 - B)

+72(y + 1)*(y +2)(mh + 1)°(2mA +1)* = 32(y +1)*(y + 3)(mA + 1)*(3ma + 1)] p*
+64(y +1)*(y +3)(1 + mA)*(1 + 3md)].

Now, the maximum of K(p) occurs either at p =0, p € (0,2) or p = 2. Suppose first the
maximum of K(p) occurs at some p € (0,2). Note that for any p € (0,2) we have

K'(p)

(1-p)
(y + D*(y +2)%2(y +3)(1 + mA)*(1 + 2mA)%(1 + 3mA)

X [[(m +1)%(y + 2%(y +3)2mA + 1)2(Bmr + 1)(1 - B)*

—2m(y + 1)(y +2)(y +3)mr + 1)22mx + 1)(3mA + 1)(1 - B)
—12(y + 1)*(y +2)(mA + 1)>2mA + 1)* + 4(y + 1)*(y +3)(mA + 1)*Bmi + 1)]p°
+[4m(y + 1)(y +2)(y +3)(am + 1)*(1 + 2mA)(1 + 3mA)(1 - B)

+36(y + DAy +2)(mr + 1)3@mx + 1)1 = 16(y + 1)X(y + 3)(mAr + 1)*Bma + 1)],0].

Next, we conclude the following results:
Result 1. Let

w1(1 = B)* = 2wy(1 - B) — 1203 + 4wy > 0,

that is,

Wy + 2 + w1[1203 — 4wy]
w1 ’

ﬁe[o,l—

where w1, wy, w3, and wy are given by (2.3), (2.4), (2.5), and (2.6), respectively.
Note that K'(p) > 0 for every p € (0,2). Thus,

max{K(p):0< o< 2}

k() = 4(1 - B)* (m+1)*(1 - B)* 6
=K(2)= (y + 1)2(mr +1) [(y +1)2(ma + 1)3 * (y +2)(y +3)(3mA + 1)}‘
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Result 2. Let

w1(1=B)* = 2w,(1 - B) — 123 + 4ws < 0,

that is,

IB c (1_ a)2+\/w§+a)1[12a)3—4a)4],1)‘

w1

Then, K'(p) = 0 gives the critical point p; = 0 or

_ 16L()4, - 4&)2(1 — [3) — 366()3
P2Z\ on (1= B)? = 200 (1 — B) — 123 + 4oy

When

’

se1 wy + /@2 + w1 [1203 — dwy] L@t Vs + 12w 03
w1 26()1 ’
we observe that o, > 2. Then, the maximum value of K(p) occurs at 0* or 2. This is a
contradiction since we assumed the maximum of K(p) occurs at some p € (0,2).
When

be (1 o + o)+ 12a)1a)3,1)’

26()1

we observe that p, € (0,2). Since K”(p3) < 0, the maximum value of K(p) occurs at p = ps.

Thus, we have

max{K(p) :p € (0, 2)}

= K(p2)
~ 4(1 - B)? (2.27)
(Y + D2y +2)22ma + 1)2
4 [w2(1 = B) + w3 — 4wy ]
% |: gl (1- B)2 = 2wy(1 — B) — 1203 + 4oy :|

Next, suppose if 8 € [0, 7] and the maximum of K(p) occurs at p = 2. Then,

max{K(p): p € [0,2]}
- K(2)

O 41-p? [ m+1)2(1-p) 6
T+ 12m+ 1) [(y 12+ 1) | (p +2)(y +3) B + 1)}'
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We only now need to note that (see the idea in the second part of Result 2) if 8 € (z,1)
then the maximum of K(p) cannot occur at p = 2 since

4(1-p)?
K(2) < (y + 1)2(y +2)22mA +1)2
[w2(1 = B) + Yw3 — 4wy )
: [4_ wa[o1(1 = B)? = 2w5(1 - B) — 1203 + 4w4]] (=K(p))-

Finally, let us consider § € [0,1) and the maximum of K(p) occurring at p = 0. Then,

16(1 - B)*
(y + D)2(y +2)2@2mr +1)%

max{K(p): p € [0,2]} = K(0) =

We note that (see the ideas in the second part of Result 2) if 8 € (7, 1) then the maximum
of K(p) cannot occur at p = 0 since

4(1-p)*
K(0) < (v + 1)2(y +2)22mA +1)2
[@2(1 = B) + w3 — dwy)? )
X [4— wafw1(1 = B)? = 2wy(1 — B) — 1203 + 4w4]] (=K(p2)).

Finally, note that (see the ideas in Result 1 and the details in Result 2) if

Wy + 0} + 01[12w3 — 4wy]
w1 ’

56[0,1—

or

w1

be (1 ot Vol + o1[12w3 —4a)4],1>,
then the maximum of K(p) cannot occur at p = 0 since K(0) < K(2).
This completes the proof. d
By setting A = 1 and y = 0 in Theorem 2.1, we obtain the following consequence.

Corollary 2.1 [3] Let f € Ex_ (B) (0 < B8 < 1) be given by (1.5). Then,

4(1-p)2 1 (1-p)? 1
|a a _ 6l2 | m+1 [ m+1 + 3m+1]’ ﬁ € [0’ V]’
el Bl T Ramadl =) qpp? (1)1 +3v5-2y5]? , Belvl)

(2m+1)2 [4- V3[(2m+1)(1-B)2 41 -m(1-B) 1 +¥3-2912]
where
Y1:=02m+1)Bm+1),
Vo= (m+1)2m + 1)%,

Y3 := (m+1)?Gm +1)

and

L. Bm+ D)7+ 4) = m>3m + 1) + 8y (3m + 1)
= ™ .
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By taking m = 1 in Theorem 2.1, we conclude the following result.

Corollary 2.2 Letf € Ex(A, v;8) (A > 1,y € Ny, 0 < 8 < 1) be given by (1.1). Then,

8(1-p)* 2(1-p)* 3
’a a _ﬂz‘ < (V+1)2(A+1)[(y+1)2(x+1)3 + ()/+2)(V+3)(3)»+1)]’ B €l0.8];
204 B3] = 4(1-p)> [4- [92(1-8)+903-404]> 1, Belt)
(y+1)2(y +2)2(21+1)2 94401 (1-8)2 205 (1-B)-1203+494] e
where

D=y + 2%y +3)21 +1)2(31 + 1),
D= (y + 1)y +2)(y +3)(A + 1)2(21 + 1)(31 + 1),
3= (y + D)Xy +2)(L + 1)321 +1)%,

Dai=(y +1)*(y +3) (A + 1)*(31 + 1)

and

192 ++/ 1922 + 48191193

=1-
§ 8

Remark 2.1 Corollary 2.2 improves a result in Altinkaya and Yalgin [2, Theorem 3].

By putting y = 0 in Corollary 2.2, we obtain the following result.

Corollary 2.3 Letf € Ex(A;8) (A= 1,0 < B < 1) be given by (1.1). Then,

8(1-8)* r2(1-p)? 1
|a 4 _ﬂ2| I e [ o3 T ey B €0,¢€],
2% 3= a2, [12(1-)+3n3-2n4]? l, Belel)
(22+1)2 n4[8n1(1-B)%-2n2(1-B)—4n3+2n4] ’ rEh

where

m =21+ 1)2(3A + 1),
nai=(+ 1221+ 1)BA + 1),
ns:= (A +1)321 + 1)%,

Ng = (A + 1)*31 +1)

and

~ A+1)2Br+1)+ \/(A + 1)%3BA+1)2 +32(A + 1)3(2A + 1)2(31 + 1)

=1
¢ 162+ H3A +1)

Remark 2.2 Corollary 2.3 improves a result in Altinkaya and Yalgin [2, Corollary 5].

By setting A = 1 in Corollary 2.3, we obtain the following consequence.
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Corollary 2.4 [10] Let f € Ex(B) (0 < B < 1) be given by (1.1). Then,

A-pPlA-p7+3] pelo H57],

(1-B)2 [ 6082-848-25 11-/37
52 oprizpar ) pel=5m— 1.

|azaq - ag| <

Remark 2.3 Corollary 2.4 recovers a result in Altinkaya and Yalgin [2, Corollary 4].

3 Concluding remarks

In this investigation, we consider a constructed subclass Ex,, (A, y; 8) of the class X, of m-
fold symmetric biunivalent functions and several properties of the results are discussed.
Moreover, with a specialization of the parameters, some consequences of the class are
mentioned and they improve some existing upper bounds for H5(2) on certain subclasses

of 1-fold symmetric biunivalent functions.
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