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1 Introduction

The goal of approximation theory is to approximate a target function using straightfor-
ward, computable, and more useful functions. In 1912, Bernstein [1] defined the Bern-
stein operators for every function on the interval [0, 1]. Later, the various generalizations
of Bernstein polynomials were investigated in [2—4].

In addition to classical Bernstein polynomials, there are many studies on two-
dimensional Bernstein polynomials and generalizations, such as [5]. Different types of
Bernstein—Kantorovich operators have been studied in [6-9]. In [10], for n € N, f €
L1([0,1] x [0,1]) Pop and Farcas constructed two variable Bernstein—Kantorovich-type
operators K, : L1(S) — C([0,1] x [0, 1]). For any (x,y) € S, these operators are defined as:

n n-k L ktl
n+l n+l
K, (f;%,9) = (n + 1) E 2 Pk, y) . /k f(t,s)dtds,
k=0 j=0 n+l n+l

where k,j > 0.
In 2020, the Stancu variant of Bernstein—Kantorovich operators based on the shape pa-

rameter o was introduced [11]. Also, the Stancu variant of well-known operators such
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as Bernstein, Baskakov, and Szdsz was introduced in [12—19]. The bivariate form of Bern-
stein operators has been also studied in the literature (see, for instance, [20-27] references
therein). One of these extensions is bivariate Bernstein—Kantorovich—Stancu operators.
These operators are defined [28] for the functions f € C(4), A = [0,1] x [0,1] as

K%h(f3%,9)

m n l+ag+1 k+aq+1
n+fy+1 m+p1+1
=m+pBr1+1)n+pr+1) Z me,y,,k(x,y) /l+a2 foa f(t,s)dtds (1)
k=0 [=0 n+po+1 m+p1+1

and

Prnk(%,y) = ('Z) (’Z>xk (12" (1 -y,

Where S,t € [O) 1] and m,ne N; a= (0[1,0{2), ﬁ = (,Bb ﬁZ)) 0 S o1 S ,31: 0 S o S ﬂ2' In [22]’
Aral et al. gave the modification of exponential forms of Bernstein operators as follows

G f(x) =G,(f;x) = Ze‘“k/"e_"”‘p,,,k(a,,(x))f<k), x€[0,1],meN,

n
k=0

where

Puk(an()) = (Z) (@n(®) (1 = an)" ™

and

eozx/n -1

an(x) = 2)

ea/n_l :

They defined the relation of their operators between the classical Bernstein operators as

G )= exp, B, 0,0, )
exp,

Here, the exponential function is symbolized as exp,, (x) = e**, for a real parameter « > 0.
The generalization of Bernstein operators given by Aral et al. [22] is a particular case of
the modification introduced by Morigi and Neamtu in [29].

In 2019, Aral et al. [30] gave the Bernstein—Kantorovich operators that reproduce ex-
ponential functions for n € N and «, 8, « > 0 and x € [0, 1]. They considered the operator
K, : C[0,1] — [0, 1] for the functions f € C[0,1] as

k+1

K(f32) = ayy (n + 1)e* > (Z) (@n @) (1~ am(x))"_k/m e'f(¢)dt.

k
k=0

n+l1

This paper consists of 6 sections. In Sect. 2, we give the definition of generalized bivariate
Bernstein—Kantorovich—Stancu operators and we obtain some auxiliary results. In Sect. 3,
we mention the rate of convergence with the help of the modulus of continuity. In Sect. 4,
we present Voronovskaya-type results. In Sect. 5, we illustrate numerical examples with
graphics. In Sect. 6, we give the conclusions.
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2 Preliminaries
In this article, we construct bivariate Bernstein—Kantorovich—Stancu operators that re-
produce exponential functions.

Definition 2.1 LetS,, = {(x,y) € R%x,y >0, ry+r, <1} C Sforeachm,n e Nand pu,v >
0. We define Bernstein—Kantorovich—Stancu operators for the functions f € C(S,,,) as

Kb (f;x, y)

=7, ), 0)m + B+ 1)+ Bo+ D™ > " pryir(ru (%), 10 (7))

k=0 1=0
l+ag+1 k+ap+1
n+Po+1 m+p1+1 e
X e MVSE(t,5) dt dis, (4)
l+ag k+aq

n+fo+1 m+pp+1

pm,n,k,l(rﬂ(x)’ ry (y)) = (7;:) (7) Tu (x)k(l —Tu (x))m_krv ()/)l(l -ry ()/))n_l,

where s,t € [0,1] and m,n € N, and o = (@1,a2), B = (B1,B2), 0 <a; < B1, 0 <ay < Bs.

Here,
. vylntBo+l _
= G O G ;
and so
. petmprel , (6)
n (erm+Pr+l _ 1)(m + By + 1)
rlv (y) pey/n+pa+l (7)

(@R 1)+ By + 1)

W1, v > 0 are real parameters and expﬁfj’v represents the exponential function defined by
exp};’ (t,s) := " for 0 < i,j < 4.

Lemma 2.1 Let m,n € N and (x,y) € S,,,,. The following equalities hold:

R (153,)

pa—p(ag+1) | vy-v(ag+1) -u nx-1)
=e mth1+l + n+fo+1 +Mx+vy(em+ﬂ1+l — em+P1+1 +1)m

—y v(y-1) "
X (en+ﬁ2+1 _en+ﬁ2+1 + 1) ,
7B L,
K&bimr (et x, y)
n nx vy-v(ap+1)
— em+ﬁ1+1+ n+fy+1 TUXFVY
M
(m + By + 1)(e™ Pt —1)
-V v(y-1)
X (en+l32+l _ en+ﬂ2+l + l)n’
I(fy‘,’,’f,""” (e”s; x, y)
v vy ux—paq +1)

_ ; 6W+Wﬂm+\)y
O+ o+ 1)(e™ T ~1)
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-1 nx-1)
X (em+ﬁ1+1 em+ﬂ1+l + 1)

Ry )

pxt+pay +pxm | vy—v(ag+1) v(y-1)
—e mBIFl T Pyl +Mx+vy(e”+ﬂ2+1 — enthPrrl +1)

LB (208,
K, ( HA y)
px—p(ep+1) | vy+vag+vyn —u n(x—1)
=e MBI+l n+Po+1 +l"‘x+vy(em+ﬁ1+l —emtP1+l 4 l)m

Ry (¥5n0)

m+/f51+1 ux+2pay | vy-v(ag+l) o=
e + 1em+7n+52+1 +mc+vy(en+,32+1 —embBrl 4 1)
2

wx+1)
X (em+ﬁ1+1 _ em+ﬂ1+l + em+f$1+l)

)

m+31+ +Bl+ 1x+3pu0] vy—u(oz2+1) v(y-1)
e te” +1 e m+ﬂ1+l n+Po+1 tHx+VY (e n+ﬂz+1 — en+ﬁ2+l + 1)
3

w(x+2) alx+1)
X (em+f31+l + emtB1+l em+ﬁl+1 + em+f31+l — em+ﬁ1+1)

T BV UE+VS,
Km,ﬁ” (e‘ 3%, y)

_oux

uve m+pr+1 s n+ﬂ2+1 THX+VY

1+ By + 1)(m + By + 1)(e7 AT — 1)(emaT — 1)

Proof By taking f(¢,s) = 1 in (4), we obtain
Kb (15%,)

= K, 0)(m+ By + D+ By + D™ S pnia (r (@), 7, )
k=0 [=0

l+ag+1 k+ap+1
n+py+1 m+p+1

eV dt ds,
l+ag k+ay
n+Py+1 m+p+1

px—pu(eg +1)  vy—v(ag+1) -1 n(x=1) — v(y-1)

v
=e MBI+l BT +”'x+‘)y(em+ﬂ1+1 em+P1+l 4 1) (en+ﬂ2+1 —enthrtl 4 l)n.

By taking f(¢,s) = "’ in (4), we achieve
R @,3,)

=7, @), 0)m + By + 1)1+ B+ D™ > " prunir(ru (%), 10 (7))

k=0 1=0
l+ag+1 k+ap+1
n+fy+1 m+p1+1 _
X e "dtds,
l+ag k+ay
n+fo+1 m+pr+1
n px vy=v(ep+1) —v v(y-1)

_ B e(m+ﬁ1+1)+ (n+By +1) +”’x+vy(e(n+ﬁ2+1) —emtpa+l) 4 1)
(m + B1 + 1) (e Pl — 1)

Page 4 of 13
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By taking f (¢, s) = €% in (4), we obtain

)

= P @, 0)(m+ By + D+ By + D™ SO prnsa (r (), 7,0)

k=0 [=0
l+ag+1 k+ap+1
n+fy+1 m+p1+1 _
x e dt ds,
l+ag k+ay
n+Py+1 m+p+1
px+pog +pxm | vy-v(ag+1) —v v(y-1)
m+p+1 + n+Py+1 +Mx+v}/(en+52+l _en+52+1 + l)n'

=e
By taking f(¢,s) = e>* in (4), we have

R (e45,)

=1, L) m+ B+ 1)+ Bo + D™ D" priea (ru ), 10 ()

k=0 =0
l+ag+1 k+ap+1
n+Py+1 m+p1+1 _
x e2Mvs d ds,
l+ay k+aq
n+py+1 m+py+1

Y
emtP1+l 4 1 px vy 2ua;  v(ag+l) v v(y-1) "
em+/31+l n+fy+1 " m+B1+1 n+Py+l (en+ﬁ2+l _ en+f52+1 + 1)

(x+1) "
X (em+51+1 _em+/S

1+1 + emjé?ﬂ )m'
By taking f (¢, s) = e in (4), we obtain

I?f[’ﬂ'“'“ (e‘“”;x,y)

=7, @), @) m+ pr+ 1)(n + By + 1) Z me,n,k,z(m(x);ru(ﬂ)

k=0 1=0
l+ag+1 k+ap+1
n+Py+1 m+p1+1 _
x M8 dt ds,
l+ag k+aq
n+fo+1 m+pr+1

3pay _V(Ot2+1) =) v(y-1) "
m+p1+1 n+Py+1 (en+ﬁ2+1 —enthrtl 4 1)

21 "
em+f51+1 +em+f51+1 + 1
3

1(x+2) x+1) " ux 2u m
X (em+51+1 +em+B1+1 _em+51+1 +em+51+1 _em+131+1) .

nx vy
em‘*ﬂl at n+py+1 +

By taking f(z,s) = e"**** in (4), we obtain

I?flt,ﬂyll-yv (elltﬂ’s; x’y)
m n
=7, @), 0)m + B+ 1)1+ B+ ™™ D" pryir(ru (%), 10 (7))

k=0 1=0

l+ag+1 k+ap+1

n+Py+1 m+p1+1

X dtds,
l+ag k+aq

n+fo+1 m+pr+1
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MX vy
ve B Ty THETYY

“ _ v 1.0
(n+ B2 + 1)m + By + (7Y (e
Other results can be obtained in a similar way. O

Theorem 2.1 Let o, B € (0,00). Then, we have

lim KoAm " (expl;"s%,9) = expl;” (x,9)

Jor (i,j) € {(0,0),(1,0),(0,1),(2,0),(0,2)}.

Proof Hereby, by choosing the test functions exp;;" (¢,s) := " for
(i,)) € {(0,0),(1,0),(0,1)}, we obtain that

lim K28V (1x,9) = 1, (8)
m,n— 00

lim K“ BIv (s x,y) = e, 9)
m,n— 00

lim  K&B0Y ("5 x,y) = €. (10)
m,n— 00

By choosing (i,/) = (2,0) and (i,j) = (0,2), in (4), respectively, we obtain

lim 1<aﬁMV( 2/t + esz;x’y) — eZ/Lx + 32])3/. (ID

m,n— 00

Theorem 2.2 Let ,v € (0,00) and f € C(S,,), then K" (f;x,y) converges to f uni-
formly.

Proof Applying the Korovkin theorem, and from (8), (9), (10), and (11),

lim (K2 (f52,9) = f(®,9)]| ¢, =0

m,n— 00

where (i,5) € {(0,0),(1,0),(0,1),(2,0),(0,2)}, we obtain the desired result. O

Lemma 2.2 For any (x,y) € S,.,,, we obtain the limits of the central moments as follows:

lim m(l("‘ﬁ“”(l x,9) — 1)

m—> 00

=—p2x(x—1)+ ux+xp; —a; — 1)

+0(2y+ vy + Boy —ax — 1 = vy?), (12)
Tim (R (e - @)iy)) = S (142 —2x(1 4 ot pr) +206%), (13)
Jim (R (e = ) 5,9)) = —p?e" xlx - 1), (14)
Jim (K50 (e~ ) (e - €”)%,9)) = 0, (15)
Jim (R (e = ) )s,9)) = 0, (16)
lim e (KB ((e7 - e”)");x,9)) = 0. (17)

m— 00
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3 Rate of convergence

The modulus of continuity w(f, §) for two-dimensional functions is given as follows:

o(f,8) = sup{[f(x,y) —f(t,s)| ((t,8) €S,/ (E—x)?+(s—y)? < 8}.

Theorem 3.1 Letf € C(S,,,). The following inequality holds

~ 1 1
|Kebir (F;,y) = f(%,9)| < (1 v ﬁ)w(f,é),

where

X v(ag+1)
nx vy wlog +xm)  v(ag+1) n+py+1
52 — (67m+ﬂ1+1+m+”’x+w) |:(e m+B+1 " mifyrl _ 9 ¢ H

(m+ By + 1) (€T — 1)

—pfeg 1) viag+l) u 1) . — v(y=1) ;
+ (eﬂx + eVJ’)e m+f1+1 "~ n+Py+1 (e(m+/31+1) _ e(m+ﬁ1+1) + 1) (e (n+fy+1) _ e(n+/32+1) + 1)

v _ plag+1)
vlergtyn) _ e +1) " mB ) " (x-1) m
+|e ntPo+l ~ m+Pr+1 -2 . (e(m+ﬂ1+1) _e(m+ﬂ1+1) + 1) .
(m+ By + 1)(emF21 — 1)

Proof From the definition of the modulus of continuity, we have

~ f(’gﬂ:}jltvv t— 2 + _ 2; )
[REB (3, 9) — f (7)< (1 L Ko™ (( x)52 (s—y)%x y)>w(f,8).
By using the Mean Value Theorem, we obtain
(K& (F 2, 9) - f (x,9)|
L1\ Ki (e - ) + (e — e)%,)
= {l-l- <E+§) 52 }a)(f,é)
Here, if we choose
Rl (=) s (6 =€) i),
we have
T B,y 1 1
’I(m,,n’ ’ (f;xd’) —f(x,y)| < 1+ E + ﬁ (,()(f,(S) 0

4 Voronovskaya-type theorem

In this section, we mention a Voronovskaya-type theorem for the IN(,fqﬁ“ "(f;x,9). Let the
inverse of the exponential function for the first variable ¢ be denoted by log,, and the in-
verse of the exponential function for the second variable s be shown as log!.

Theorem 4.1 Letf € C(S,,,). We have

lim m(K&E51 (f;x,) - £ (%,9))

m— 00
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=f(%y)(-1* (% — D + (2 + xp1 — g — 1)
+20(2y + vy + Boy) + 2v(—az — 1 = vy?))

+ %(1+0[1 —2(1+p¢+,31)x+2ux2)

+ %&;,y)(l +20 —2(L+ v+ By)y+ 2vy2)
L[ ) fxy) Pfxy)  3f(xy)
+§{<— FCR T )2x(x—1)+ (— 32 +v 3y )2y(y—1)}

uniformly in (x,y) € Sy,

Proof From Taylor’s expansion for (x,y) € S,,,, we have

f&9)=f ) + (¢ =€) [%f (logj, .)}

(el%,e™)

2

sl tog ]

b (e =) [%f(., logc‘)]

(e%,e) (el¥,e%)

F e e”)z[;—;f(ulogf)]

(el*,e"Y)
t 82
" 2(3“ - )(e ¢ y) |: Byaxf(log“’ log"f)] (eux,evy)}
+R(f,t,5%,y)((e" - e’“‘)2 +(e” - e"y)z), (18)

where R(f, t,s;x,9) — 0 as (t,5) = (x,9).
By applying the operator Koo (;;x,7) to both sides of (18), we write

K28 (frx,9) - f(x,9)

= £ (6, 9) (K&E1 (1%, y) — 1)

et (e )|

(ett*,e")

= 9
+ G (e - e”)sx,9) [5f (- log) )}

(eF*,e"7)
82

1(~
T2 [KZ:’,’;""” (e —e)’5.9) [—f (logj,, ~)]

ox?

(e*,e7)

2

PR (0= ) e - i)

v m
8y8xf(10g“’ log" )j|

(el%,evY) }

+ IN(;‘,‘lﬁ”“" (R(f,t,5%,9) (e - e”“")2 +(e” - e“y)z);x,y). (19)

(el*,e"Y)
2

+ I?f;'ﬁ’“’” ((e™ - e”y)z;x,y) |:;—yzf(, logff)]
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Hence, we have the following derivatives:

e of (%)
(el evY) 1 ax

:e_z,m( 1wy 19 y))
(et*,e"Y)

'Bf(log;,.)i|
0x

"82f(log;,.)}

0x2 u2  ox? uw o ox

[8%f(log},,logk)
ayox ]

~ e~ (ux+vy) g f(x, y)
(e ,evY) j7ay ayax

(20)

and by substituting (20) into (19) and then by taking the limit we obtain

lim m(K&5"" (f;x,5) - £ (%,9))

m— 00

=f(x,y) lim m(l?;‘ff,;”“"’(l;x,y) -1)
m—> 00

e X af(x,y) . S a By .
T Jim (K0 (e - )3, 5))

e ofxy) Rt (g9 _ o).
+ oy W}l—l;noom(1<m,m (" - e”);x,9))

om0 100D g - i)

2 u?r  ox? u  dx ) mooo
2 f(x,y) . ~
(nx+vy) OBV (((pHE _ X (VS _ LY.
toe By Jim m(K20v (e — e (e - e”);x,))

Z9p 1 82f(x,y) 1 8f(x»y) . T, B,V ([ VS vy\2
{8 ) i)
+ tim (R (R s () + (6%~ o))

By using equalities (12)—(17), we obtain

lim m(KZEM (f; %,9) - £ (%,9))

= 06 ) (=12 = D+ (2 + 3By —ty — 1)
+V(2y +vy+ Boy —aa —1-1y?)) + 8f§;,y)<% +a1—(1+u+ﬁ1)x+ux2>
af(xy) (1 1 92f (x, af (x,
+ %ﬂ(i +a2—(1+v+52)y+vy2> + §{<_ j;(xxzy) + 1 fgjcy))x(x—l)
*flxy) 0 (xy)
' <_ oy )y@_l)}

+ lim m(KL51" (R(f, 8,532, y) (e — e”x)z;x,y)

: 0B ,Y Vs vy)2
+ rr}mem(I(m,‘fn” (R(f>t,5;%,9) (e — €7) 5%, ). (21)
When we apply the Cauchy—Schwarz inequality to (21), we obtain

mEK &y R(t,s;%,9)((e"* — e"* > 2 x,y) + mKOPY R(t,s;%,7)(e" — e > 3%,
m,m Yy y m,m y y
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< \/ I?f;fféu'v (R2(t,s;x, y)) (\/ mﬁ(g;fy;u,v ((eut — e#x)4;x, y)

+ \/mzf?,o,[,fy}”'v ((eVS — evy)4;x,y)) .
Since R(¢,s;x,9) — 0 as (t,5) — (x,9),
W}me K&Bm (R(t,5%,9);%,y) = 0
is verified uniformly in C(S,,,,). By using (16) and (17), we achieve the desired result. [

5 Graphical and numerical analysis
In this section, we give a graphical and numerical analysis of I?ff,’f,’”’v(f ;%,y) operators that

illustrate the modeling of the approximation for the function f.

Example 5.1 Letf(x,y) = w for x,y € [0.1,0.9]. In Fig. 1, we show the graphs of

I?f‘ﬂ’ff,'”'v(f;x,y) operators for fixed o) = ay = 81 = By = 1, the various values of u =v €
{1,2,3} and m = n € {70, 80,90}.

%1072
25

0.2
0 o

Figure 1 Graphs of K22 (f.x,y) operators for a; = = By = B = 1 and for the various values of 14 and v

Table 1 Error table for fixed = v € {1,2, 3} with different values of & and

pw=v ar=a Bi=p IREELY () - F1 RSB ) -l RSB ) -l
1 1 1 0.00015218 0.00013448 0.00012046
2 1 1 0.00014441 0.00016100 0.00018188
3 1 1 0.00020645 0.00018297 0.00016428
1 10 10 0.00016428 0.00071263 0.00066243
1 100 100 0.00046861 0.00042362 0.00038641
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We calculate the maximum errors of [|[K&5™"(f) — f| for the function f(x,y) =
cos(x+1) cos(y+1)
eXty+5

{70,80,90}.

by choosing x = y € [0.1,0.9] and step size /7 = 0.1 in Table 1 for m =n €

Example 5.2 Let f(x,y) = €?. We give in Fig. 2 the graphs for 1?7561960'9’0'9(f;x, ¥),
I~(718’728'O'9’0'9(f;x,y), and I~<723’758’0'9'0'9(f; x,y) for x =y € [0.1,0.9].

We calculate the maximum errors of | K&2""(f) - || for the function f(x,y) = €** by
choosingx =y € [0.1,0.9], & = v = 1 and step size & = 0.1 in Table 2 for m = n € {70, 80, 90}.
In Table 3, by choosing f(x, y) = €**?, we give the comparison of IN(;ZQ (f;x,) and our new

bivariate Bernstein—Kantorovich—Stancu operators Ko™ (f; x, y).

1W
05 0

01 0.8 0.6 0.4 0.2

Figure 2 Graphs ofm’f‘“’v(f;x,y) operators for m = n =70 and different values of ¢, 8, i, and v

Table 2 Error table for fixed = v = 1 with different values of & and B

ar=a=p =P RSB ()~ FI IR ()~ I IR -l
1 0.0342 0.0300 0.0267
10 0.0642 0.0567 0.0507
100 0.0484 0.0434 0.0394
1000 0.0364 0.0322 0.0288
10000 0.0344 0.0302 0.0269

Table 3 Comparison of?go’gg’] (f;x,y) and nggo(f;x,y) for different values of o and 8

ar=a Bi =B IR (I IR0 ) I
1 5 0.0520 0.1970

5 10 0.0507 0.2709

10 10 0.0507 0.7197

10 100 0.0394 1.6340
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6 Conclusion

In this work, we construct the exponential bivariate Bernstein—Kantorovich—Stancu op-
erators. Then, we calculate the rate of convergence with the modulus of continuity of the
functions defined on C(S,,,). Also, we give the Voronovskaya-type theorem. Finally, the
error tables of the exponential bivariate Berntein—Kantorovich operators are given for dif-
ferent values of w1, 1, u, v, «, and B.
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