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Abstract
By means of the techniques of real analysis, applying some basic inequalities and
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1 Introduction
If p > 1, 1

p + 1
q = 1, am, bn ≥ 0 are such that 0 <

∑∞
m=1 ap

m < ∞ and 0 <
∑∞

n=1 bq
n < ∞, then

we have the following Hardy–Hilbert’s inequality with the best value π
sin(π/p) (cf. [1, Theo-

rem 315]):

∞∑

m=1

∞∑

n=1

ambn

m + n
<

π

sin(π/p)

( ∞∑

m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

. (1)

With regards to a similar assumption, the well-known Mulholland’s inequality was given
as follows (cf. [1, Theorem 343]):

∞∑

m=2

∞∑

n=2

ambn

mn ln mn
<

π

sin(π/p)

( ∞∑

m=2

ap
m

m

) 1
p
( ∞∑

n=2

bq
n

n

) 1
q

. (2)

For λi ∈ (0, 2] (i = 1, 2), λ1 + λ2 = λ ∈ (0, 4], a generalization of (1) was obtained (see [2])
in 2016 as follows:

∞∑

m=1

∞∑

n=1

ambn

(m + n)λ
< B(λ1,λ2)

[ ∞∑

m=1

mp(1–λ1)–1ap
m

] 1
p
[ ∞∑

n=1

nq(1–λ2)–1bq
n

] 1
q

, (3)
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where the constant B(λ1,λ2) is the best value and

B(u, v) :=
∫ ∞

0

tu–1

(1 + t)u+v dt =
�(u)�(v)
�(u + v)

(u, v > 0)

is the Beta function related to the Gamma function. For λ = 1, λ1 = 1
q , λ2 = 1

p , (3) reduces
to (1); for p = q = 2, λ1 = λ2 = λ

2 , (3) reduces to an inequality published in [3].
In 2019, by means of (3), Adiyasuren et al. [4] gave a generalization of (3) as follows: For

λi ∈ (0, 1] ∩ (0,λ) (λ ∈ (0, 2]; i = 1, 2), λ1 + λ2 = λ, am, bn ≥ 0, we have

∞∑

m=1

∞∑

n=1

ambn

(m + n)λ
< λ1λ2B(λ1,λ2)

( ∞∑

m=1

m–pλ1–1Ap
m

) 1
p
( ∞∑

n=1

n–qλ2–1Bq
n

) 1
q

, (4)

where λ1λ2B(λ1,λ2) is the best value, and two partial sums Am :=
∑m

i=1 ai and Bn :=
∑n

k=1 bk

(m, n ∈ {1, 2, . . .}) satisfy

0 <
∞∑

m=1

m–pλ1–1Ap
m < ∞ and 0 <

∞∑

n=1

n–qλ2–1Bq
n < ∞.

Some generalizations of (1) and (2) were obtained in [5–15]. In 2021, Gu and Yang [16]
gave an improvement of (4) with the kernel 1

(mα+nβ )λ . But we find that the constant is not
the best possible unless α = β = 1. In 2016, Hong et al. [17] gave a few equivalent conditions
of the parameters related to the best value in the general form of (1). Some further works
were provided in [18–29].

In this article, following the methods of [16, 17], by means of the techniques of analysis,
several basic inequalities and formulas, a new reverse Mulholland’s inequality with one
partial sum in the kernel is given. The equivalent conditions of the parameters related to
the best value in the new inequality are obtained. We also deduce the equivalent forms
and a few equivalent inequalities for particular parameters.

2 Some lemmas
In what follows, we assume that 0 < p < 1 (q < 0), 1

p + 1
q = 1, λ > 0, λi ∈ (0, 2]∩ (0,λ) (i = 1, 2),

λ̂1 := λ–λ2
p + λ1

q , λ̂2 := λ–λ1
q + λ2

p , N = {1, 2, . . .}, m, n ∈ N\{1}, am, bn ≥ 0, Am :=
∑m

k=2 ak =
o(et ln m) (t > 0; m → ∞), and

0 <
∞∑

m=2

lnp(1–λ̂1)–1 m
m1–p ap

m < ∞, 0 <
∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n < ∞.

Lemma 1 (cf. [5, (2.2.3)]) (i) If (–1)i di

dti h(t) > 0, t ∈ [m,∞) (m ∈ N), h(i)(∞) = 0 (i =
0, 1, 2, 3), Pi(t), Bi (i ∈ N) are the Bernoulli functions and numbers, then

∫ ∞

m
P2q–1(t)h(t) dt = –εq

B2q

2q
h(m) (0 < εq < 1; q = 1, 2, . . .). (5)

For q = 1, B2 = 1
6 , we have

–
1

12
h(m) <

∫ ∞

m
P1(t)h(t) dt < 0. (6)
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If (–1)i di

dti h(t) > 0, t ∈ [m,∞), h(i)(∞) = 0 (i = 0, 1), then we still have (cf. [5, (2.2.13)])

–
1
8

h(m) <
∫ ∞

m
P1(t)h(t) dt < 0. (7)

(ii) (cf. [5, (2.1.14)]) If n > m ∈ N, f (t)(> 0) ∈ C1[m,∞), f (i)(∞) = 0 (i = 0, 1), then the
following Euler–Maclaurin summation formulas are valid:

n∑

i=m

f (i) =
∫ n

m
f (t) dt +

1
2
(
f (m) + f (n)

)
+

∫ n

m
P1(t)f ′(t) dt, (8)

∞∑

i=m

f (i) =
∫ ∞

m
f (t) dt +

1
2

f (m) +
∫ ∞

m
P1(t)f ′(t) dt. (9)

Lemma 2 If s > 0, s2 ∈ (0, 2]∩(0, s), Ks(s2) := B(s2, s–s2), and the weight coefficient is defined
as follows:

�s(s2, m) := lns–s2 m
∞∑

n=2

lns2–1 n
n(ln mn)s

(
m ∈ N\{1}), (10)

then we have the following inequalities:

0 < Ks(s2)
(

1 – O
(

1
lns2 m

))

< �s(s2, m) < Ks(s2)
(
m ∈ N\{1}), (11)

where O( 1
lns2 m ) := 1

ks(s2)
∫ ln 2

ln m
0

vs2–1

(1+v)s dv > 0.

Proof For a fixed m ∈ N\{1}, we set gm(t) as follows: gm(t) := lns2–1 t
(ln m+ln t)st (t > 1).

(i) For s2 ∈ (0, 1] ∩ (0, s), in view of the decreasingness property of series, we have

∫ ∞

2
gm(t) dt <

∞∑

n=2

gm(n) <
∫ ∞

1
gm(t) dt. (12)

(ii) For s2 ∈ (1, 2] ∩ (0, s), in view of (9), we have

∞∑

n=2

gm(n) =
∫ ∞

2
gm(t) dt +

1
2

gm(2) +
∫ ∞

2
P1(t)g ′

m(t) dt =
∫ ∞

1
gm(t) dt – h(m),

h(m) :=
∫ 2

1
gm(t) dt –

1
2

gm(2) –
∫ ∞

2
P1(t)g ′

m(t) dt.

We obtain – 1
2 gm(2) = – lns2–1 2

4(ln m+ln 2)s . Setting v = ln t and using integration by parts, we
find

∫ 2

1
gm(t) dt =

∫ ln 2

0

vs2–1

(ln m + v)s dv =
∫ ln 2

0

dvs2

s2(ln m + v)s

=
vs2

s2(ln m + v)s |ln 2
0 –

∫ ln 2

0

vs2

s2
d

1
(ln m + v)s
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=
lns2 2

s2(ln m + ln 2)s +
s

s2(s2 + 1)

∫ ln 2

0

dvs2+1

(ln m + v)s+1

>
lns2 2

s2(ln m + ln 2)s +
s

s2(s2 + 1)
lns2+1 2

(ln m + ln 2)s+1 .

Since ln t
t2 > 0, ( ln t

t2 )′ = 1–2 ln t
t3 < 0 (t > 2), by (7), we have

g ′
m(t) =

(s2 – 1) lns2–2 t
(ln m + ln t)st2 –

s lns2–2 t
(ln m + ln t)s+1

ln t
t2 –

lns2–2 t
(ln m + ln t)s

ln t
t2 ,

–
∫ ∞

2
P1(t)

(s2 – 1) lns2–2 t
(ln m + ln t)st2 dt

= (1 – s2)
∫ ∞

2
P1(t)

lns2–2 t
(ln m + ln t)st2 dt > 0 (s2 ∈ (1, 2]),

∫ ∞

2
P1(t)

[
s lns2–2 t

(ln m + ln t)s+1
ln t
t2 +

lns22 t
(ln m + ln t)s

ln t
t2

]

dt

> –
1
8

[
s lns2–1 2

4(ln m + ln 2)s+1 +
lns2–1 2

4(ln m + ln 2)s

]

,

–
∫ ∞

2
P1(t)g ′

m(t) dt > –
s lns2–1 2

32(ln m + ln 2)s+1 –
lns2–1 2

32(ln m + ln 2)s .

Hence, for s2 ∈ (1, 2] ∩ (0, s), we obtain

h(m) >
lns2 2

s2(ln m + ln 2)s +
s

s2(s2 + 1)
lns2+1 2

(ln m + ln 2)s+1

–
lns2–1 2

4(ln m + ln 2)s –
s lns2–1 2

32(ln m + ln 2)s+1 –
lns2–1 2

32(ln m + ln 2)s

=
lns2–1 2

(ln m + ln 2)s

(
ln 2
s2

–
1
4

–
1

32

)

+
s lns2–1 2

(ln m + ln 2)s+1

[
ln2 2

s2(s2 + 1)
–

1
32

]

≥ lns2–1 2
(ln m + ln 2)s

(
ln 2
2

–
9

32

)

+
s lns2–1 2

(ln m + ln 2)s+1

(
ln2 2

6
–

1
32

)

> 0
(
ln 2 = 0.6931+)

.

Therefore, we have h(m) > 0. We still have

∞∑

n=2

gm(n) =
∫ ∞

2
gm(t) dt +

1
2

gm(2) +
∫ ∞

2
P1(t)g ′

m(t) dt

=
∫ ∞

2
gm(t) dt + h1(m),

h1(m) :=
1
2

gm(2) +
∫ ∞

2
P1(t)g ′

m(t) dt.

For s2 ∈ (1, 2] ∩ (0, s), in view of (7), we find

∫ ∞

2
P1(t)

(s2 – 1) lns2–2 t
(ln m + ln t)st2 dt > –

s2 – 1
32

lns2–2 2
(ln m + ln 2)s ,
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–
∫ ∞

2
P1(t)

[
s lns2–2 t

(ln m + ln t)s+1
ln t
t2 +

s lns2–2 t
(ln m + ln t)s

ln t
t2

]

dt > 0,

∫ ∞

2
P1(t)g ′

m(t) dt > –
s2 – 1

32
lns2–2 2

(ln m + ln 2)s ,

h1(m) >
lns2–1 2

4(ln m + ln 2)s –
s2 – 1

32
lns2–2 2

(ln m + ln 2)s ≥ lns2–2 2
4(ln m + ln 2)s

(

ln 2 –
1
8

)

> 0.

Hence, we have (12).
(iii) For s2 ∈ (0, 2] ∩ (0, s), by (12), setting v = ln t

ln m , it follows that

�s(s2, m) = lns–s2 m
∞∑

n=2

gm(n) < lns–s2 m
∫ ∞

1
gm(t) dt

=
∫ ∞

0

vs2–1 dv
(1 + v)s = B(s2, s – s2) = ks(s2),

�s(s2, m) > lns–s2 m
∫ ∞

2
gm(t) dt =

∫ ∞

ln 2
ln m

vs2–1 dv
(1 + v)s = ks(s2)

(

1 – O
(

1
lns2 m

))

> 0,

where we indicate that O( 1
lns2 m ) = 1

ks(s2)
∫ ln 2

ln m
0

vs2–1

(1+v)s dv, satisfying

0 <
∫ ln 2

ln m

0

vs2–1

(1 + v)s dv ≤
∫ ln 2

ln m

0
vs2–1 dv =

1
s2

(
ln 2
ln m

)s2

.

Therefore, inequalities (11) follow.
This proves the lemma. �

Lemma 3 If a ∈ (–1, 1), m ∈ N\{1}, then there exists a constant C such that

m∑

k=2

lna k
k

=
lna+1 m
a + 1

+ C + O
(

1
m

lna m
)

(m → ∞). (13)

Proof We set f (t) := 1
t lna t (t ≥ 2). Then we find

f ′(t) =
a
t2 lna–1 t –

1
t2 lna t = ag1(t) – g2(t),

where g1(t) = 1
t2 lna–1 t, g2(t) = 1

t2 lna t (t ≥ 2).
We obtain (–1)ig(i)

1 (t) > 0 (t ≥ 2; i = 0, 1). Since

a < 1 < 2 ln 2 ≤ 2 ln t, g ′
2(t) =

a – 2 ln t
t3 lna–1 t < 0 (t ≥ 2),

it follows that (–1)ig(i)
2 (t) > 0 (i = 0, 1). In view of (2.2.12) in [5], we have

∫ m

2
P1(t)gj(t) dt =

εj

8
gj(t)|m2 (0 < εj < 1; j = 0, 1).
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By (8), we have

m∑

k=2

f (k) =
∫ m

2
f (t) dt +

1
2
(
f (m) + f (2)

)
+

∫ m

2
P1(t)f ′(t) dt

=
∫ m

2
f (t) dt +

1
2
(
f (m) + f (2)

)
+ a

∫ m

2
P1(t)g1(t) dt –

∫ m

2
P1(t)g2(t) dt.

By simplification, we obtain (13), where

C := –
1

a + 1
lna+1 2 +

(
1
4

+
ε2

32

)

lna 2 –
ε1a
32

lna–1 2 and

O
(

1
m

lna m
)

:=
lna m
2m

+
ε1a
8m2 lna–1 m –

ε2

8m2 lna m (m → ∞).

This proves the lemma. �

Lemma 4 For t > 0, the following inequality is valid:

∞∑

m=2

e–t ln mm–1Am ≥ 1
t

∞∑

m=2

e–t ln mam. (14)

Proof Since Ame–t ln m = o(1) (m → ∞), by Abel’s summation by parts formula, it follows
that

∞∑

m=2

e–t ln mam = lim
m→∞ Ame–t ln m +

∞∑

m=2

Am
[
e–t ln m – e–t ln(m+1)]

=
∞∑

m=2

Am
[
e–t ln m – e–t ln(m+1)].

For a fixed m ∈ N\{1}, we set f (x) := e–t ln x, x ∈ [m, m + 1]. Since f ′(x) = –th(x), where
h(x) := x–1e–t ln x is decreasing in [m, m + 1], by the differentiation intermediate value the-
orem, there exists a constant θ ∈ (0, 1) such that

∞∑

m=2

e–t ln mam = –
∞∑

m=2

Am
(
f (m + 1) – f (m)

)

= –
∞∑

m=2

Amf ′(m + θ ) = t
∞∑

m=2

h(m + θ )Am

≤ t
∞∑

m=2

h(m)Am = t
∞∑

m=2

m–1e–t ln mAm,

namely, inequality (14) follows.
This proves lemma. �
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Lemma 5 For 0 < p < 1 (q < 0), the following reverse inequality is valid:

Iλ :=
∞∑

n=2

∞∑

m=2

ambn

(ln mn)λ
>

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q

×
[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p
[ ∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n

] 1
q

. (15)

Proof In view of the symmetry, for s1 ∈ (0, 2] ∩ (0, s), s > 0, we set and obtain the next
weight coefficient as follows:

0 < ks(s1)
(

1 – O
(

1
lns1 n

))

< ωs(s1, n) := lns–s1 n
∞∑

m=2

lns1–1 m
m(ln mn)s

< ks(s1) = B(s1, s – s1)
(
n ∈ N\{1}), (16)

where O( 1
lns1 n ) := 1

ks(s1)
∫ ln 2

ln n
0

vs1–1

(1+v)s dv > 0.
In view of the reverse Hölder’s inequality (cf. [30]), we find

Iλ =
∞∑

n=2

∞∑

m=2

1
(ln mn)λ

[
m1/q ln(λ2–1)/p n
n1/p ln(λ1–1)/q m

am

][
n1/p ln(λ1–1)/q m
m1/q ln(λ2–1)/p n

bn

]

≥
[ ∞∑

m=2

∞∑

n=2

1
(ln mn)λ

mp–1 lnλ2–1 n
n ln(λ1–1)(p–1) m

ap
m

] 1
p
[ ∞∑

n=2

∞∑

m=2

1
(ln mn)λ

n(q–1) lnλ1–1 m
m ln(λ2–1)(q–1) n

bq
n

] 1
q

=

( ∞∑

m=2

�λ(λ2, m)
lnp(1–λ̂1)–1 m

m1–p ap
m

) 1
p
( ∞∑

n=2

ωλ(λ1, n)
nq(1–λ̂2)–11n

n1–q bq
n

) 1
q

.

By (11) and (16) (for s = λ, si = λi ∈ (0, 2] ∩ (0,λ) (i = 1, 2)), we obtain (15).
This proves the lemma. �

3 Main results
Theorem 1 The following reverse Mulholland’s inequality with Am in the kernel is valid:

I :=
∞∑

m=2

∞∑

n=2

Ambn

(ln mn)λ+1m
>

1
λ

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q

×
[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p
[ ∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n

] 1
q

. (17)

In particular, for λ1 + λ2 = λ, we have

0 <
∞∑

m=2

lnp(1–λ1)–1 m
m1–p ap

m < ∞, 0 <
∞∑

n=2

lnq(1–λ2)–1 n
n1–q bq

n < ∞,
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and the following reverse inequality:

∞∑

m=2

∞∑

n=2

Ambn

(ln mn)λ+1m
>

1
λ

B(λ1,λ2)

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ1)–1 m

m1–p ap
m

] 1
p

×
[ ∞∑

n=2

lnq(1–λ2)–1 n
n1–q bq

n

] 1
q

. (18)

Proof In view of the following expression related to the Gamma function:

1
(ln m + ln n)λ+1 =

1
�(λ + 1)

∫ ∞

0
tλe–(ln m+ln n)t dt,

by (14), it follows that

I =
1

�(λ + 1)

∞∑

m=2

∞∑

n=2

1
m

Ambn

∫ ∞

0
tλe–(ln m+ln n)t dt

=
1

�(λ + 1)

∫ ∞

0
tλ

( ∞∑

m=2

e–t ln m 1
m

Am

) ∞∑

n=2

e–t ln nbn dt

≥ 1
�(λ + 1)

∫ ∞

0
tλ

(
1
t

∞∑

m=2

e–t ln mam

) ∞∑

n=2

e–t ln nbn dt

=
1

�(λ + 1)

∞∑

m=2

∞∑

n=2

ambn

∫ ∞

0
tλ–1e–(ln m+ln n)t dt

=
�(λ)

�(λ + 1)

∞∑

m=2

∞∑

n=2

1
(ln mn)λ

ambn.

Then by (15), in view of �(λ + 1) = λ�(λ), we have (17). For λ1 + λ2 = λ in (17), we have
(18).

This proves the theorem. �

Theorem 2 Assume that λ1 ∈ (0, 2) ∩ (0,λ), λ2 ∈ (0, 2) ∩ (0,λ). If λ1 + λ2 = λ, then the
constant 1

λ
(kλ(λ2))

1
p (kλ(λ1))

1
q in (17) is the best possible.

Proof We now show that 1
λ

B(λ1,λ2) in (18) is the best value under the assumptions of this
theorem.

For any 0 < ε < min{pλ1, |q|(2 – λ2)}, we set

ãm :=
1
m

ln(λ1– ε
p )–1 m, b̃n :=

1
n

ln(λ2– ε
q )–1 n

(
m, n ∈ N\{1}).

For a = λ1 – ε
p – 1 ∈ (–1, 1), by (13), we have

Ãm :=
m∑

k=2

ãk =
m∑

k=2

lnλ1– ε
p –1 k

k
=

lnλ1– ε
p m

λ1 – ε
p

+ C + O
(

1
m

lnλ1– ε
p m

)

(m → ∞),

satisfying Ãm = o(et ln m) (t > 0; m → ∞).
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If there exists a constant M(≥ 1
λ

B(λ1,λ2)) such that (18) is valid when we replace
1
λ

B(λ1,λ2) by M, then for am = ãm, bn = b̃n, and Am = Ãm, we have

Ĩ :=
∞∑

n=2

∞∑

m=2

Ãmb̃n

(ln mn)λ+1m

> M

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ1)–1 m

m1–p ãp
m

] 1
p
[ ∞∑

n=2

lnq(1–λ2)–1 n
n1–q b̃q

n

] 1
q

.

We obtain

Ĩ > M

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
ln–ε–1 m

m

] 1
p
( ∞∑

n=2

ln–ε–1 n
n

) 1
q

= M

( ∞∑

m=2

ln–ε–1 m
m

–
∞∑

m=2

1
m

O
(

1
lnλ2+ε+1 m

)) 1
p
(

ln–ε–1 2
2

+
∞∑

m=3

ln–ε–1 m
m

) 1
q

> M
(∫ ∞

2

ln–ε–1 x
x

dx – O(1)
) 1

p
(

ln–ε–1 2
2

+
∫ ∞

2

ln–ε–1 x
x

dx
) 1

q

>
M
ε

(
ln–ε 2 – εO(1)

) 1
p

(
ln–ε–1 2

2
ε + ln–ε 2

) 1
q

.

In view of (11) (for s = λ + 1 > 0, s2 = λ2 – ε
q ∈ (0, 2) ∩ (0,λ)), we obtain

Ĩ =
∞∑

n=2

∞∑

m=2

ln(λ2– ε
q )–1 n

(ln mn)λ=1mn

[
1

λ1 – ε
p

lnλ1– ε
p m + C + O

(
1
m

lnλ1– ε
p m

)]

=
1

λ1 – ε
p

∞∑

m=2

ln–ε–1 m
m

[

ln(λ1+1+ ε
q ) m

∞∑

n=2

ln(λ2– ε
q )–1 m

(ln mn)λ+1n

]

+
∞∑

n=2

∞∑

m=2

C ln(λ2– ε
q )–1 n

(ln mn)λ+1mn

+
∞∑

n=2

∞∑

m=2

ln(λ2– ε
q )–1 n

(ln mn)λ+1mn
O

(
1
m

lnλ1– ε
p m

)

<
1

λ1 – ε
p

kλ+1

(

λ2 –
ε

q

) ∞∑

m=2

ln–ε–1 m
m

+
∞∑

n=2

ln(λ2– ε
q )–1 n

(ln n)λ2+1n

∞∑

m=2

C
(ln m)λ1 m

+
∞∑

n=2

ln(λ2– ε
q )–1 n

(ln n)λ2+ ε
p +1n

∞∑

m=2

1
(ln m)λ1– ε

p m
O

(
1
m

lnλ1– ε
p m

)

=
1

λ1 – ε
p

kλ+1

(

λ2 –
ε

q

)(
ln–ε–1 2

2
+

∞∑

m=3

ln–ε–1 m
m

)

+
∞∑

n=2

1
(ln n)

ε
q +2n

·
∞∑

m=2

C
(ln m)λ1 m

+
∞∑

n=2

1
(ln n)ε+2n

·
∞∑

m=2

O
(

1
m2

)

<
1

λ1 – ε
p

kλ+1

(

λ2 –
ε

q

)(
ln–ε–1 2

2
+

∫ ∞

2

ln–ε–1 x
x

dx
)

+ O1(1) + O2(1)

=
1

ε(λ1 – ε
p )

kλ+1

(

λ2 –
ε

q

)(

ε
ln–ε–1 2

2
+ ln–ε 2

)

+ O1(1) + O2(1).
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Then we have

1
λ1 – ε

p
kλ+1

(

λ2 –
ε

q

)(

ε
ln–ε–1 2

2
+ ln–ε 2

)

+ εO1(1) + εO2(1)

> εĨ > M
(
ln–ε 2 – εO(1)

) 1
p

(
ln–ε–1 2

2
ε + ln–ε 2

) 1
q

.

Setting ε → 0+, in view of the continuity of the Beta function, we obtain

1
λ

B(λ1,λ2) =
1
λ1

B(λ1 + 1,λ2) ≥ M.

Therefore, M = 1
λ

B(λ1,λ2) is the best value in (18).
This proves the theorem. �

Theorem 3 Assume that λ > 0, λ1 ∈ (0, 2] ∩ (0,λ), λ2 ∈ (0, 2) ∩ (0,λ). If the constant
1
λ

(kλ(λ2))
1
p (kλ(λ1))

1
q in (17) is the best possible, then for

λ – λ1 – λ2 ∈ (
–pλ1, p(λ – λ1)

) ∩ [
q(2 – λ2), p(2 – λ1)

]
, (19)

we have λ1 + λ2 = λ.

Proof Since λ̂1 = λ–λ2
p + λ1

q = λ–λ1–λ2
p + λ1, λ̂2 = λ–λ1

q + λ2
p = λ–λ1–λ2

q + λ2, we find λ̂1 + λ̂2 = λ.
In view of (19), for λ–λ1 –λ2 ∈ (–pλ1, p(λ–λ1)), we have λ̂1 ∈ (0,λ), λ̂2 = λ– λ̂1 ∈ (0,λ), and
then B(λ̂1, λ̂2) ∈ R+; for λ – λ1 – λ2 ≤ p(2 – λ1), we have λ̂1 ≤ 2; for λ – λ1 – λ2 ≥ q(2 – λ2),
we have λ̂2 ≤ 2. Then, for λi = λ̂i (i = 1, 2) in (18), we still have

∞∑

m=2

∞∑

n=2

Ambn

(ln mn)λ+1m
>

1
λ

B(λ̂1, λ̂2)

[ ∞∑

m=2

(

1 – O
(

1

lnλ̂2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p

×
[ ∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n

] 1
q

. (20)

In view of the reverse Hölder’s inequality (cf. [30]), we find

B(λ̂1, λ̂2) = kλ

(
λ – λ2

p
+

λ1

q

)

=
∫ ∞

0

1
(1 + u)λ

u
λ–λ2

p + λ1
q –1 du =

∫ ∞

0

1
(1 + u)λ

(
u

λ–λ2–1
p

)(
u

λ1–1
q

)
du

≥
[∫ ∞

0

1
(1 + u)λ

uλ–λ2–1 du
] 1

p
[∫ ∞

0

1
(1 + u)λ

uλ1–1 du
] 1

q

=
[∫ ∞

0

1
(1 + v)λ

vλ2–1 dv
] 1

p
[∫ ∞

0

1
(1 + u)λ

uλ1–1 du
] 1

q

=
(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q . (21)
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If the constant 1
λ

(kλ(λ2))
1
p (kλ(λ1))

1
q in (17) is the best possible, then, comparing with the

constants in (17) and (20), we have

1
λ

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q ≥ 1

λ
B(λ̂1, λ̂2)(∈ R+),

namely, B(λ̂1, λ̂2) ≤ (kλ(λ2))
1
p (kλ(λ1))

1
q , and then (21) attains the form of an equality.

Inequality (21) becomes an equality if and only if there exist constants A and B such that
they are not both zero and (cf. [30]) Auλ–λ2–1 = Buλ1–1 a.e. in R+. Supposing that A 	= 0, we
have uλ–λ2–λ1 = B

A a.e. in R+. It follows that λ – λ2 – λ1 = 0, namely, λ1 + λ2 = λ.
This proves the theorem. �

4 Equivalent forms and some particular inequalities
Theorem 4 The following reverse inequality equivalent to (17) is valid:

J :=

{ ∞∑

n=2

lnpλ̂2–1 n
n

[ ∞∑

m=2

Am

(ln mn)λ+1m

]p} 1
p

>
1
λ

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p

. (22)

Particularly, for λ1 + λ2 = λ, the following reverse inequality equivalent to (18) is valid:

{ ∞∑

n=2

lnpλ2–1 n
n

[ ∞∑

m=2

Am

(ln mn)λ+1m

]p} 1
p

>
1
λ

B(λ1,λ2)

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ1)–1 m

m1–p ap
m

] 1
p

. (23)

Proof Assuming that (23) is valid, by the reverse Hölder’s inequality, we have

I =
∞∑

n=2

[
ln– 1

p +λ̂2 n

n
1
p

∞∑

m=2

Am

(ln mn)λ+1m

](
ln

1
p –λ̂2 n

n–1/p bn

)

≥ J

[ ∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n

] 1
q

. (24)

In view of (23), we have (17). Assuming that (17) is valid, we set

bn :=
lnpλ̂2–1 n

n

[ ∞∑

m=2

Am

(ln mn)λ+1m

]p–1

, n ∈ N\{1}.

Then we find

∞∑

n=2

lnq(1–λ̂2)–1 n
n1–q bq

n = Jp = I. (25)
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If J = ∞, then (23) is valid; if J = 0, then it is impossible that makes (23) valid, namely,
J > 0. Assuming that 0 < J < ∞, by (17), it follows that

Jp = I >
1
λ

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p

Jp–1,

J >
1
λ

(
kλ(λ2)

) 1
p
(
kλ(λ1)

) 1
q

[ ∞∑

m=2

(

1 – O
(

1
lnλ2 m

))
lnp(1–λ̂1)–1 m

m1–p ap
m

] 1
p

.

Hence, (23) is valid, which is equivalent to (17).
This proves the theorem. �

Theorem 5 Assume that λ1 ∈ (0, 2) ∩ (0,λ), λ2 ∈ (0, 2] ∩ (0,λ). If λ1 + λ2 = λ, then the
constant 1

λ
(kλ(λ2))

1
p (kλ(λ1))

1
q in (23) is the best possible. On the other hand, if the same

constant in (23) is the best possible, then for λ – λ1 – λ2 ∈ [q(2 – λ2), p(2 – λ1)], we have
λ1 + λ2 = λ.

Proof We show that the constant 1
λ

B(λ1,λ2) in (24) is the best possible. Otherwise, by (25)
(for λ1 + λ2 = λ), we would reach a contradiction that the same constant in (18) is not the
best possible.

On the other hand, if the constant in (23) is the best possible, then the same constant
in (17) is also the best possible. Otherwise, by (26) (for λ1 + λ2 = λ), we would reach a
contradiction that the same constant in (24) is not the best possible.

This proves the theorem. �

Remark 1 For λ ∈ (0, 4), λ1 = λ2 = λ
2 (< 2) in (18) and (24), we have the following equivalent

forms with the best value 1
λ

B( λ
2 , λ

2 ):

∞∑

m=2

∞∑

n=2

Ambn

(ln mn)λ+1m
>

1
λ

B
(

λ

2
,
λ

2

)[ ∞∑

m=2

(

1 – O
(

1
lnλ/2 m

))
lnp(1– λ

2 )–1 m
m1–p ap

m

] 1
p

×
[ ∞∑

n=2

lnq(1– λ
2 )–1 n

n1–q bq
n

] 1
q

, (26)

{ ∞∑

n=2

ln
pλ
2 –1 n
n

[ ∞∑

m=2

Am

(ln mn)λ+1m

]p} 1
p

>
1
λ

B
(

λ

2
,
λ

2

)[ ∞∑

m=2

(

1 – O
(

1
lnλ/2 m

))
lnp(1– λ

2 )–1 m
m1–p ap

m

] 1
p

. (27)

Particularly, for λ = 1, we have the following equivalent inequalities with the best value
π :

∞∑

m=2

∞∑

n=2

Ambn

(ln mn)2m
> π

[ ∞∑

m=2

(

1 – O
(

1
ln1/2 m

))
ln– p

2 –1 m
m1–p ap

m

] 1
p
[ ∞∑

n=2

ln
q
2 –1 n

n1–q bq
n

] 1
q

,

(28)
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{ ∞∑

n=2

ln
p
2 –1 n
n

[ ∞∑

m=2

Am

(ln mn)2m

]p} 1
p

> π

[ ∞∑

m=2

(

1 – O
(

1
ln1/2 m

))
ln

p
2 –1 m

m1–p ap
m

] 1
p

. (29)

5 Conclusions
In this article, by means of the techniques of analysis, applying the basic inequalities and
formulas, a new reverse Mulholland’s inequality with one partial sum in the kernel is given
in Theorem 1. The equivalent conditions of the best value related to parameters are ob-
tained in Theorems 2 and 3. As applications, we deduce the equivalent forms in Theo-
rems 4 and 5, and some new inequalities for particular parameters in Remark 1.
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6. Krnić, M., Pečarić, J.: General Hilbert’s and Hardy’s inequalities. Math. Inequal. Appl. 8(1), 29–51 (2005)
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