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1 Introduction
The applications of greedy algorithms to supervised learning have sparked great research
interest because they have appealing generalization capability with lower computing bur-
den than typical regularized methods, particularly in large-scale dictionary learning prob-
lem [1-6]. Big data sets for the most traditional learning algorithms frequently cause
slow machine performance. To tackle this problem, many researchers [1-3, 7, 8] advo-
cate greedy learning algorithms, which have greatly improved learning performance.

The approximation abilities of greedy-type algorithms for frames or more dictionaries
D were investigated in [7, 9-12], as well as various applications, see [3, 7, 13-19]. The
pure greedy algorithm (PGA) can realize the best bilinear approximation, see [20, 21].
Although the PGA is outstanding at computing, the main problem is that it lacks optimal
convergence properties for a general dictionary, and consequently the slower convergence
rate than the best nonlinear approximation [11, 21-23] corrupts its learning performance.
To improve the approximation rate, the orthogonal greedy algorithm (OGA), the relaxed
greedy algorithm (RGA), the stepwise projection algorithm (SPA), and their weak versions
have been proposed. It was shown that these greedy algorithms all achieved the optimal
rate C’)(m’%) for approximating the elements in the class .A; (D), which will be defined in
(14), where m is the iteration number, see [9, 11].

Both the OGA and the RGA have recently been employed successfully in machine learn-
ing [1-3, 7, 8]. For example, Barron et al. [7] established the optimal convergence rate
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O(n/log n)’% ), where n is the sample size. To reduce the OGA’s computational load, Fang
et al. [1] investigated the learning performance of the orthogonal super greedy algorithm
(OSGA) and derived the almost same rate as the orthogonal greedy learning algorithm
(OGLA). All these results demonstrate that each greedy learning algorithm has its advan-
tages and disadvantages.

We study the applications of weak greedy algorithms to least squares regression in su-
pervised learning. It is well known that the weak type are easier to implement than the
usual greedy algorithms, see [12]. Specifically, the weak rescaled pure greedy algorithm
(WRPGA), one fairly simple modification of the PGA, is the goal of our investigation, see
[24, 25]. When compared to the OGA and the RGA, the WRPGA can also furthermore re-
duce the computational load. The best rate O(m‘%) for functions in the basic sparse class
has been proved [24]. Motivated by research results of [24], we proceed to use the same
method employed for the RPGA in [24] to deduce the error bound of the K-functional
estimate in the Hilbert space H for the WRPGA. The WRPGA is a simple greedy algo-
rithm with good approximation ability. Based on this, we propose the weak rescaled pure
greedy learning algorithm (WRPGLA) for solving the kernel-based regression problems in
supervised learning. Using the WRPGA’s proven approximation result, we can derive that
the WRPGLA has the almost same learning rate as the OGLA. Our results show that the
WRPGLA further cuts down the computational complexity even more without reducing
generalization capabilities.

The paper is organized as follows. In Sect. 2, we review least squares regression learning
theory and the WRPGA. In Sect. 3, we propose the WRPGLA and state the main theorems
on the error estimates. Section 4 is devoted to proofs of the main results. We present the
convergence rates under two smoothness assumptions on the regression function f,, in the

last section.

2 Preliminaries
Some preliminaries are presented in this section. Sections 2.1 and 2.2 provide a fast

overview of least squares regression learning and the WRPGA, respectively.
2.1 Least squares regression
In this paper, the approximation problem is addressed in the following statistical learning

context. Let X be a compact metric space and Y = R. Let p be a Borel probability measure
on Z = X x Y. The generalization error for a function f : X — Y is defined by

£(f) = /Z (Fx) =) dp, W

which is minimized by the following regression function:

fox) = /Y ydp(ylx),

where p(-|x) is the conditional distribution induced by p at x € X. In regression learning,
p is unknown, and what one can know is a set of samples z = {z;}; = {(x;,%;)}/; € Z" that

are drawn independently and identically according to p. The goal of learning is to find a
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good approximation f; of f,, which minimizes the empirical error
1 n
EN) =y ~f1= — D (FG) ~ )" @)
i=1

Denote the Hilbert space of the square integrable functions defined on X with respect
to the measure px by Lf,x (X), where pyx is the marginal measure of p on X. It is clear from
the definition of f,(x) that for each x € X, fy(f,, (%) —¥)dp(y|x) = 0. For any f € L%X (X), it
holds that

£(f) - /Z (F6) =) + £, ) — 9)
- [ (-1 dox s [ (-2 do
X zZ
+2 / (f(®) =1, () dpx / (fo@) —y) dp(ylx)
X Y

= fx(f(x) ~f,®)) dpx +E(f,).
Therefore,

ER) =EW) = IIf =fol® 3)

with the norm || - ||

11 = < /X [f(x)|2dﬂx)%~ @)

The prediction accuracy of learning algorithms is measured by E(||f, —f; [|%).

We will assume |y| < B for a positive real number B < co almost surely. In this paper, we
construct the learning estimator f, by applying the WRPGA and estimate E(||f, —f, [|*). So,
in the following subsection, we recall this algorithm.

2.2 Weak rescaled pure greedy algorithm

We shall restrict our analysis to the situation in which approximation takes place in a real,
separable Hilbert space H with the inner product (-,-)% and the norm || - || := || - ||% =
(- -)i. Let D C H be a given dictionary satisfying ||g|| = 1 for every g € D, g € D implies
~g € D and Span(D) = H.

Petrova developed the rescaled pure greedy algorithm (RPGA) to enhance the PGA’s
convergence rate, which simply rescales f;, at the mth greedy step, see [24]. We begin by
describing the weak rescaled pure greedy algorithm (WRPGA) also introduced by Petrova
in [24].

WRPGA({t,,}, D):

Step 0: Let f := 0.

Stepm (m > 1):

(1) If f = f,,-1, then terminate the iterative process and define f; = f,,,-1 = f for k > m.
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(2) If f #f,-1, then choose a direction ¢,, € D such that

’(f_fm—lr(Prn)’ > tn SUP|<f—fm—1r(P> ’ (5)
@eD
where {t,,}5r_; is a weakness sequence and ¢, € (0, 1].
Let
Am = {f‘fm—l:ﬁom); (6)
fm ::fm—l + )ngom: (7)
)
Sy 1= (}ifmz . (8)
(o]
The m step approximation f,, is defined as
fm = Sm;(m’ (9)

and proceed to Step m + 1.

Remark 1 When t,, = 1, this algorithm is the RPGA. Note that if the supremum is not
attained, one can select £, < 1 and proceed with the algorithm. In this case, it is easier to
choose ¢,,. If the output at the mth greedy step was ]A‘,,, rather thanf,, = smfm, this would be
the PGA. The WRPGA uses s,,fm, which is just suitable scaling of fm, and thus increases
the rate to O(m‘%) for functions in the closure of the convex hull of D.

3 Weak rescaled pure greedy learning

We shall provide the WRPGLA for regression. From the definition of the WRPGA, com-
puting sup,.p |{f — fiu-1,9)| may result in computation difficulty. Therefore we compute
only over the truncation of the dictionary, which is a finite subset of D. Let D; C D, C
.-+ CD. Then D,, is the truncation of D with the cardinality #(D,,) = m. Here we assume
that

m < m(n) = |_n“J for some fixed a > 1. (10)

Then the WRPGLA is defined by the following simple processes.

WRPGLA:

Step 1: We apply the WRPGA for D,, to the function y(x;) = y; by utilizing the norm
Il - ||, associated with the empirical inner product, that is,

1l = (%Zlf(xi)lz) .
i=1

Step 2: The algorithms establish the approximation f, i := fi to the data at the kth greedy
step. Then, we define our estimator as f; := Tf, ¢+, where Tu := Tp min{B, |u|} sgn(«) and

klogn
I/l )

k* := argrgg{lly— Thoklly + 1 1)

where the constant « > ko = 2568B*(a + 5), which will be discussed in proof of Theorem 1.

Page 4 of 14
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Remark 2 First, when k = 0, it follows from f; = 0 and |y| < B that « ]% < B2. This sug-
gests that k* is not larger than %. Second, from the definition of the estimator, we observe
further that the computing cost of the kth greedy step is less than O(n*). For the WRPGA,
it only requires an additional computation of s,,.

To discuss the approximation properties of WRPGLA, we introduce the class of func-

tions
AYD, M) := {f = chk(f)wk tor € D#(A) <00, ) |e(f)] < M}, (12)
A ken
and
Ai(D, M) = AY(D, M). (13)
Then
AuD) = | Ai(D, M) (14)
M0
and
fll.ay(p) = inf{M : f € A, (D, M)}. (15)

We also use the following K-functional:
K(f,t) :=K(f,t,1, A (D)) := ot {If =Rl + Al 4,0y}, £>0. (16)

Since all the constants in this work depend at most on «, B, and 4, we denote all of them
by C for simplicity of notation. Now we take H = L,%x (X) with the norm defined by (4).
Then, we provide our main results on the generalization error bounds for the WRPGLA.

Theorem 1 There exists ko depending only on B and a such that ifk > ko, then for all k >0
and h € Span(D,,), the learning estimator by applying the WRPGA satisfies

I11]12
E(If, - £,11?) < 8—=22P Lo, — k) + C
letl

klogn
_— 17
. (17)

Furthermore, we have

E(Ih,~£,) <21<<fp» (Zt) ) ckboer, (18)

n

Applying Theorem 1 with ¢; = t; foralli > 1 and 0 < £y < 1, we get the following theorem.

Theorem 2 Under the assumptions of Theorem 1, if t; = to foralli > 1 and 0 < ty < 1, then
we have

[|72]|%
E(lfy £, 1) < 8—2422 4 of, — k| + C

klogn
—_— 19
kt? n (19)
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Furthermore, we have

E(If =fll) < 2K(f,, 2k 2 £51) + Klogn:

(20)

4 Proofs of the main results

To prove Theorem 1, we establish a lemma on the upper error bound for the WRPGA.

Lemma 4.1 Iff € H, h € Ai(D), then the output (fy,)m=0 of the WRPGA satisfies

m -1/2
em = |[f—fm||§21<<f, <Zt,%) ) m=0,1,2,.... (21)
k=1

Proof In terms of the definition of K-functional, we just need to prove that for f € H and
h (S Al (D);

efnf ||-f_h”2+W”h”%41(D)’ m=1,2,.... (22)
k=1 "k

Since AJ(D, M) is dense in A;(D, M), it suffices to prove (22) for functions 4 that
are finite sums Zi cjg; with Zj lcj] <M. We fix € > 0 and select a representation for
h=3_,cp ¢y, such that

> el <M+e. (23)
¢eD
Denote
o p2 2 _
am:=¢€, —|If-hll", m=12,... (24)

The nonincreasing of {e,,}5,_, implies that {a,,};5_, is also a nonincreasing sequence.

Then we discuss these two cases separately.

Case 1: ag := ||f1?> - |If — h||* < 0. Then, for every m > 1, we have a,, < 0. Therefore
inequality (22) holds true.

Case 2: ag > 0. Assume that 4,,_; > 0, m > 1. Note that f,, is the orthogonal projection
of f onto the linear space spanned by fm, it implies

(f_fm’ m) =0, m=>0. (25)

This together with the selection of ¢, implies

€1 = f —fu1of =fin1)
={f —fm-1.f)
={f ~fm-rof = h) + {f = fu-1,h)
<enlf =hl+ D cplf —fu1r9)

¢eD
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<emalf =kl + 6! |[(f = fuers0m)] D leyl. (26)

@eD

By (23), we get

(et + If = BIP) + 6, [{f = fonets @) | (M + €). (27)

N =

2
€n-1 =

Let € — 0. Therefore

twm(en,_1 = If = hl%)
’(f_fm—li(prn)’ = o 12M|f . (28)
It has been proved in [24] that
2 2 2 _
emfem_l—(f—fm—l,(ﬁm) , m=12,.... (29)
Then, using the assumption that a,,_; > 0, we have
t2a2 |
e <eé - % (30)
It yields
tyznam—l
Am = Am-1 (1 - W) (31)
In particular, for m = 1, we have
tzﬂo
ay <ap|l-——= 32
< 0( ! MZ) (32)
Case 2.1: 0 < ag < 4?4—22 Since ¥ (t) := t(1 — 4M2) on (0, 24 ) has maximum 2 , it follows
that ' i
M?>  4AM?

am < Y(ag) < —
tl

g

Therefore, either all {a,,}5;_, C (0, 4?/[—22) and then satisfy (31), or we know that a,,+ <0 for
some m* > 1. The analysis for m > m* is therefore the same as in Case 1. For the positive
by applying Lemma 2.2 from [24] with [ =1, r,,, = 2, B = 4M ,J=0,

elements in {a,,}5

and r = 4M?2, we obtain

aM> aM?

<
B+ Xiat - ik

A < (33)

which gives inequality (22).
Case 2.2: ag > % . It follows from (32) that a; < 0. That is, e} < ||f — k||?, which yields
(22) due to mon0t0n1c1ty Lemma 4.1 is proved. O

Now we prove Theorem 1.
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Proof of Theorem 1 As shown in [5], ||f, —f, |I* can be decomposed as

|lfz—fp||2581 +82+83

k*logn klogn
+2<||y—fz||5+l< ng _||J/—sz,k||3,—KTg>, (34)
where
9 9 , k*logn
S1= e =foll" =2 lly —fall, = ly =Sl + p ,
Sa:=2(Ily = fukllz = Iy = Al17),
klogn
Ss :=2(||y—h||i—||y—fp||i+x ng ) (35)
and 4 € Span{D,,}.
We firstly estimate the bound of 5. To do this, we introduce €2,
n 2 2 2 k*logn
Q={z:2e 2 I ~f I 2 2( Iy =Ll -y =51} +k—2= ) 1 (36)

Let Prob(£2) be the probability that the sample point is a member of the set 2. Then from
ly| < B and the definition of f, and f;, we have

E(S1) < 6B*Prob(Q). (37)

For S,, according to Lemma 4.1, we get

Iy = fukl2 = lly - k2 A (38)
Y =Jzklly, =y — A=
" it
where
ALD) = {h:h S gl e Alm)} (39)
- Igill
and
Wl ag o) = igf{;\c;“ |- gill 1 € A'f(D)}. (40)
IS

It has been proved in Lemma 3.4 of [7] that
E(Ilhllivf) < 14l (41)

which implies

1A%,

E(Sy) < 8—ntAL
’ pIRY

(42)
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For &3, from the property of mathematical expectation and (1), we have

E(ly = k1% = lly=£,1%) = E(jy - h®)|*) = E(ly - £,@)|*)
=E(h) —E(fp). (43)

This together with (3) yields

klogn
E(S:) = 20f, ~ b + 20—,

(44)
Combining (37), (42), with (44), we obtain

I ||A1

E:k 1 k

klogn

E(Ilf, —£,I*) < 6B*Prob(R) + 8 +2|f, = hlI* + 2«

(45)

Next we bound Prob(£2). To this end, we need the following known result in [10].

Lemma 4.2 Let F be the class of functions F = {|f| < B} for some fixed constant B. For all
nand a, B >0, we have

Prob{3f € F:IIf = f, 12, = 2(Iy £ = ly =1, 112) + e + B)

< 14supa\/< p ,F, L1(Vx)> exp( 252:34), (46)

where x = (x1,...,%,) € X" and N (¢, F,L1(vy)) is the covering number for the class F by
balls of radius t in L1 (v,), with v, := % Y7, 8y, the empirical discrete measure.

We define G := Span{g:g € A C D} and Fi := U cp,, #a)<k 1 If :f € Ga}. Consider the
probability

klogn
Pk:Prob{erfk:|lf—fp||222<||y—f||i—||y—fp||i+x = )}

Applying Lemma 4.2 to Fy with o = « kk;g”

,ﬁ:%,and/c>1,weget

1 klogn
<14 N , X -
Pre=225TP (403 Fiola @ )) exP( K256SB4>

1 R __kk__
=14 supN( 0B fk,Ll(vx)>n 25685% | (47)

Lemma 3.3 of [7] provides the upper bound for A/ (¢, i, L1 (vx)), which implies

k
Pr < Cn®* p?® Dy Boss? (48)

Let k > ko = 2568B%*(a + 5). Then the above inequality yields

—3k+2

pr<Cn <Cn2 (49)

Page 9 of 14
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So we have
C
Prob(£2) < Pr < —. (50)
1<k<Bn "
By substituting the bound (50) of Prob(£2) into (45), we get
||h||34 klogn
E(Ify £, 1) < 8ty + 21lf, — b + C=—2" (51)
Do b n

Next we derive the K-functional result of the upper bound (51). It is known from the
property of variance that

EX (I, -, 11) < E(Ih - £, ). (52)

Combining (51) with (52), we have

7 11%,
m 2
D ke ti

2 1
52( Il 721l 4, +||fp—h||>+Ck ogn
n

E(lfe=fo ) =,/8

klogn
V20f—h ||2+CTg

(i oM
m -1/2 £l
ogn
< 21<<fp,2(2 t,%) ) +C—= (53)
k=1
This completes the proof of Theorem 1. d

5 Convergence rate and universal consistency
In this section, we analyze Theorem 2 under two different prior assumptions on f,. We
begin with the definitions of A;(D,,), A, and B,,.

We define the space A, (D,,) to be the space Span{D,,} with the norm | - || 4,(p,,) defined
by (15). Note that now D is replaced by D,,,.

For r > 0, we then introduce the space

Ary = {f :Vm,3h = h(m) € Span{D,}, 1|l 4,(p,) < C, IIf - 1l < Cm™"}, (54)

where | - || 4,, is the minimum value of C such that (54) holds.
Furthermore, we present the following space:

Bp,r = [H,Al,r]G,oor 0<6< 1, (55)

with 117 = %. From the definition of interpolation spaces in [26], we know that f €
[H,.A;,]p,0 if and only if for any ¢ > 0,

KUt Mo Ar) = inf (I = Bl + el } < . (56)
€ALr

The minimum C such that (56) holds true is defined as the norm on B,,,.
Now we first consider f, € A;,,.
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Corollary 5.1 Under the assumptions of Theorem 2, if f, € Ay, with r > ﬁ, then we have

1
2

E(l—fo?) <C(1+ mnAl,,)tal(é> ~ (57)

Proof From the definition of A; ,, there exists % := h(m) € Span{D,,} for every m that sat-
isfies

IAllay(D,) =M
and

Ifp = Al < Mm™",
where M := ||fy]l 4,

Theorem 2 thus implies

2

M klogn
2 : 2 2ar
E(If, -£1%) < C%l(—ktg M == ) (58)

Moreover, the mild restriction 2ar > 1 with a arbitrarily large allows us to remove the

term M?n~2*" in (58). To balance the errors in (58), we take k := ((M;I)z @1 3. Then the
0

desired result (57) can be obtained. O

Next we consider f, € B,,,.

Corollary 5.2 Under the assumptions of Theorem 2, if f,, € B, , with r > i, then we have

—1+§
) . (59)

Proof By (56), if f € B, then for any ¢ > 0, we can find a function f € A;, that satisfies

E(If =£ol7) = Ctg" (1 + |pr”Bp‘r)p(logn

W llay, < Iflls,, " (60)

and

If =71 < If I3, 8- (61)

For f € A, according to (54), there exists /1 := h(m) € Span{D,,} for every m that satisfies

1720l 4y () < IFllay, (62)

and

I = Al < Ifllay,m" (63)
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The relations (60), (62), and (63) imply

12l av D) < I N5, £ (64)
and

If = Bl < I, " " (65)
Then combining (61) with (65), we obtain

If =&l < I N1B,, (7 + £ m™). (66)
From (64) and (66), there exists % := h(m) € Span{D,,,} for every m and ¢ > O that satisfies

1]l ay (D, < ME"
and

Iy =l <M(t° + ¢ 'm™),

where M = |[f, |5,
Therefore, Theorem 2 with ¢ = k‘% implies

=

E(Il, =£ol*) < Cmin (M2t52klz% + M2 (K
>0 n

1 k1
+ K ;/1_‘")2 4 D087 > (67)

The condition 2ar > 1 also enables us to eliminate the term involving #~*". Then, by taking

k:= ((M;zl)z 10’; ,J% in (67), we obtain the desired result (59). O
0

Then we show the universal consistency of the WRPGLA.

Theorem 3 Under the assumptions of Theorem 2, if the dictionary D is complete in Lf)X (X),

for any f,, we have
Jim E(Ilf = 1,1%) = 0. (68)

Proof Since D is complete in Lf,x (X), we can find & € Span{D,,} satisfying ||f, - k|| < ¢,
where € > 0 and # is big enough. It follows from Theorem 2 that

h? k1
” ||A1(Dm) + 82 + ogn)‘ (69)

kt; n

E(If.—folP) < Crgj&l(

To balance the first and third error term, we choose k := 17 t51, which implies

E(”fz _fp||2) = C(S2 + L‘aln’% log n). (70)
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Thus, for #n sufficiently large,
E(If=f,1%) = 2Ce”. (71)
This completes the proof of Theorem 3. d

Remark 3 Tt is known from [11] that the OGA and the RGA can achieve the optimal con-
vergence rate O(m‘%) on A;(D). When #; = 1, Lemma 4.1 shows that the WRPGA also
attains the best rate. Meanwhile, we compare the WRPGLA with the OGLA and the re-
laxed greedy learning algorithm (RGLA). For f, € A, ,, we derive the same convergence
rate O((nlogn)~"?) of the WRPGLA as that of the OGLA and the RGLA in Ref. [7]. For
f» € By, when p — 1, the rate O((nlog n)‘“g) of the WRPGLA can be arbitrarily close
to O((nlogn)~1?).

Moreover, from the viewpoint of the computational complexity, for the WRPGLA, the
approximant f; is constructed by solving a one-dimensional optimization problem since
fx is an orthogonal projection of f onto Span{f‘k}, On the other hand, the OGLA is more
expensive to implement since at each step, the algorithm requires the evaluation of or-
thogonal projection on a k-dimensional space, and the output is constructed by solving
a k-dimensional optimization problem. And it is clear that the WRPGLA is simpler than
the RGLA. Thus, the WRPGLA should essentially reduce the complexity and make the
learning process accelerated.

In future research, it would be an interesting project to deduce the error bound of the
WRPGLA in Banach spaces with modulus of smoothness p(u) < yu?, 1 <q <2 as [24,
27]. Furthermore, Guo and Ye [28, 29] derived the convergence rates of the moving least-
squares learning algorithm for the weakly dependent and nonidentical samples. It remains
open to explore the greedy learning algorithms in the non-i.i.d. and nonidentical sampling
setting.
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