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1 Introduction
The most common applications of inequalities in science and engineering occur when
there is incomplete information about a system, yet we can utilize an inequality to esti-
mate a certain quantity. It is obvious that the closer the two sides of an inequality are to
each other, the more accurate our estimation becomes. This is why refining inequalities is
advantageous. Up to the present date, numerous generalizations and refinements for the
Cauchy—-Schwartz and Cauchy—Bunyakovsky inequalities have been extensively studied
[1-10].

The integral form of Cauchy-Schwartz inequality known as Cauchy—Bunyakovsky in-

equality for two real functions f(x) and g(x) states that [11, Ch. 1]

b 2 b b
( / f(x)g(x)dx) < ( [ fz(x)dx) ( [ gz(x)dx), 1)

Accordingly, it is obvious that for a set of # functions {f;(x)}",, we have:
n pi b 2 n pi b b
; Fl (/a filx)g(x) dx> < ; F‘ (/a fiZ(x) dx) (/; PC) dx), 2)

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-023-03074-1
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-023-03074-1&domain=pdf
https://orcid.org/0000-0002-4780-2014
mailto:saeed.montazeri@outlook.com
http://creativecommons.org/licenses/by/4.0/

Montazeri Journal of Inequalities and Applications (2023) 2023:161 Page 2 of 5

where {p;}’.; >0 and P = Y ", p;. In this paper, it is proved that Inequality (2) can be

refined into the following two forms:

é%(/abﬁ(x)g(x)dx> +{q1] %(/f x)dx)(/abgz(x)dx), 3)

where g2 and g3 are functions of f;(x), p; and g(x).

2 Main results

The main result of this paper is contained in the following theorem.

Theorem Conusider a set of n Cauchy—Bunyakovsky inequalities applied to functions
{fi(x)}, € R and g(x) € R as follows:

b 2 b b
(/ ﬁ(x)g(x)dx) 5(/ ff(x)dx)(/ gz(x)dx>, i=1,...,n. 4)

Then, there are two refinements for the weighted sum of n Cauchy—Bunyakovsky inequali-

ties, as follows:

é%(ﬁbﬁ(x)g(x)dx)z+{q§} 5(f S )dx)(/ (x)dx>, 5)

where {p;}., >0,P =", p; and

S

i= [ Pwas [ i ([ P dx)z, ©
=35 ([ s [ ewas ([ riogr) ). o)
Fla) = O ®)
7o) = i) ~ F). ©)

Proof The theorem is proved through a three-step process. In the first and second steps,
the right and left sides of Inequality (2) are obtained, respectively. In the third step, the
obtained values are subtracted from each other.

Step 1: Obtaining the right side of the Inequality.

Let S; be equal to the right side of Inequality (2) as follows:

~ n pi b b
Sl'%:?(/a ff(x)dx)Ua gz(x)dx>. (10)
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Substituting f;(x) from Equation (9) into Equation (10) gives:

_ —pi b b
S = ; F(ju Fz(x)dx> (/ﬂ g2(x)dx>
" il [* b
+2;F< / n(x)F(x)dx) ( / gz(x)dx)
P b b
+Z=ZIF(/(1 rf(x)dx)(fa gz(x)dx)

The first summation in Equation (11) can be simplified as:

i=1

The second summation in Equation (11) is obtained as follows:

ZZPL (/a (%) F( x)dx) </abg2(x)dx>

( (x) dx) Z & / F(x)ri(x)d.

o[ 7e) |
|

21: %F(x)r,.(x) dx

/ )y Z piri(x)d

= 2( g (x)dx
From Equations (8) and (9), it is obvious that ) " | p;ri(x) = 0. Hence,

ZZPL (/a 7l x)Fx)dx)(/abg2(x)dx> =

Therefore, the value S; in Equation (11) can be rewritten as follows:

n

5 </bp2(9C)dx) </bg2(x)dx) + Z%(/brf(x)dx) (/bgz(x)dx),

i=1

Step 2: Obtaining the left side of the Inequality.
Let S, be equal to the left side of Inequality (2) as follows:

n ) b 2
5, Zl%( [ Hwgto dx) .

S5 ([ o) [ i) o) -0

(11)

(12)

(13)

(14)

(15)

(16)
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Substituting f;(x) from Equation (9) into Equation (16) gives:
Sy = Zp’ (/ F(x)g(x) dx + /ab ri(%)g(x) dx>2
_ Z% ( / ’ Fwg®) dx)2 2 Z‘% ( / ’ Pl dx) < / ’ e ) dx)
i P\ — P\J, i
N Z”‘ (f )2(x) dx>2. )

The first summation in Equation (17) can be simplified as:
i 2 b 2
Z P ( / F(x)g(x) dx) = < / F(x)g(x) dx> . (18)
i=1 @

The second summation in Equation (17) can be obtained as follows:

- Di b b
2 le > ( / F(x)g(x) dx) ( / ri(%)g(x) dx)
Di
(/ F(x)g(x) dx) Z </ (x)g(x) dx)

b bono
:2( / F(x)g(x)dx) / ;%n(x)g(x)dx

( / Fogl dx) / "“)Z piri 19)

We know that )", p;7i(x) = 0. Thus, the second summation in the right side of Equation
(17) is equal to zero similar to step 1. Therefore, the value S, in Equation (17) can be

rewritten as follows:

b 2 n . b 2
S, = ( / F(x)g() dx) +Z%( / n(x)g(x)dx> : (20)

i=1

Step 3:
In this step, the value of §; — S, is obtained. From Equations (15) and (20), we can write:

b b b 2
S1-8,= ((f Fz(x)dx) (/ 2 (x) dx) - (/ F(x)g(x) dx> )
no b b b 2
+ Z%((/ riz(x) dx) (/ 2 (x) dx) - (/ ri(x)g(x) dx) ) (21)

i=1

Equation (21) is the sum of two positive parts, according to the Cauchy—Bunyakovsky
inequality. We can name them 47 and ¢3 as follows:

b b b 2
qf = ((/ F?(x) dx) </ gz(x) dx) - (/ F(x)g(x) dx) >, (22)
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and

, b b b 2
S E5(([ o) [2s) (o))

i=1

Given that values of S; and S, are respectively right and left side of Inequality (2), the
inequality can be refined into two following forms:

~ n pi b b
SI_SZ_;5</H fi2(x)dx> (/a gZ(x)dx>_

n

Di b 2 2
;( / ﬁ(x)g(x)dx) >, (24)

i

or
- bi b 2 b 2 - bi b 2 2
51—52:§F<Lﬁ(x)dx)<L g(x)dx)—izlﬁ(/a ﬁ(x)g(x)dx) >q2. (25)
The proof is complete. g

3 Conclusion

It is obvious that a weighted sum of a set of Cauchy—Bunyakovsky inequalities results in a
new Cauchy—Bunyakovsky inequality. The theorem presented in this paper demonstrates
that there exist two distinct refinement forms for the inequality obtained from a weighted
sum of # Cauchy—Bunyakovsky inequalities.
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