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Abstract

In this paper we give a necessary and sufficient condition for the discrete Jensen
inequality to be satisfied for real (not necessarily nonnegative) weights. The result
generalizes and completes the classical Jensen-Steffensen inequality. The validity of
the strict inequality is studied. As applications, we first give the form of our result for
strongly convex functions, then we study discrete quasi-arithmetic means with real
(not necessarily nonnegative) weights, and finally we refine the inequality obtained.
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1 Introduction
By N, we denote the set of positive integers.

Let C C R be an interval with nonempty interior. Let Fc denote the set of all convex
functions on C.

A fundamental consequence of the notion of a convex set and a convex function is the
following remarkable statement.

Theorem 1 (The discrete Jensen inequality, see [9]) Let C C R be an interval with
nonempty interior, and let m € N,. Assume that ps, ..., pm are nonnegative numbers such
that Y| p; >0, and assume (si,...,8,) € C™. Then

Zp,s, [ min s;, max sl] cC, (1)
1,..m  i=l,...m

tlpl

and for every function f € Fc, the inequality

Zplsl <5 pr(sl (2)
1 i=1 1 i=1

l l

holds.
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Iff € Fc is strictly convex, inequality (2) is strict if the points s1,...,S,, are not all equal

and the scalars p., ..., pm are positive.

The following statement is from Steffensen [11]. Its significance is that it contains con-
ditions under which inclusion (1) and inequality (2) are satisfied even if the numbers

P1,..., Py are not all nonnegative.

Theorem 2 (The discrete Jensen—Steffensen inequality, see [9]) Let C C R be an interval
with nonempty interior, and let m € N,. Assume that p., ... p, are real numbers such that

Yo pi>0and

l
OfDifipi, I=1,...,m, 3)
i=1 i=1

and assume that (sy,...,s,,) € C™ is a monotonic m-tuple (either increasing or decreasing).
Then (1) is satisfied, and for every function f € Fc inequality (2) holds.

A natural question is whether condition (3) is not only sufficient but also necessary to
satisfy (1) and (2). The answer is not, which is illustrated by the following example.

Example 3 Let C:=10,3],s1:=3,52:=1,53:=0,and p; := 1, py := =5/2, p3 := 2. Then

3 3
Zpi>0, but p; > E pi and p;+py<0.
i1

i=1

Nevertheless,

3
1
- E pisi=1€[0,3],
Z?:lpi i=1

and for every function f € Fjo 3], the inequality

1< 1<
W =fl=— psi| < f(s) = 2f(3) = 5£(1) + 4£(0)
f f(zf;lpi;’”S) Z?ﬂpi;m f(3) - 5(1) + 4f

obviously holds.

Remark 4 From paper [3] comes the statement (adopted by some other papers on the
subject) that conditions Y -, p; > 0 and (3) are necessary and sufficient for (1) to be satis-
fied (see Lemma 2 in [3]). The previous example shows that the conditions indicated are
not necessary in general. The proof of the necessity statement of Lemma 2 in [3] is incor-
rect because it proves the satisfaction of each inequality in (3) using a different sequence

(Sli .. —;Sm)'

Also interesting is the question of when there is a strict inequality in the discrete Jensen—
Steffensen inequality. Nice necessary and sufficient conditions for this problem are given
in [1]. A more complex set of conditions is needed than for the discrete Jensen inequality.
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However, the following answer can be found in some papers (see e.g. [7]): If f is strictly
convex, then inequality (2) is strict unless s; = - - - = s,,,. The example below shows that this
is usually not true even when p; #0 (i=1,...,m).

Example 5 Let C:=[1,2],s1:=2, sy =s3:=1, and p; = p3 := 1, py := —1. Then the condi-
tions of Theorem 2 are satisfied, s; # s, but for every f € F; 5

1< 1 g
f(s— Zpisi) =f(2) = Zg— Zpéf(si)~

D i1 Pi i-1 i=1Pi i1

Of course, the case of equality in the previous example can be simply deduced from
Theorem 1 in [1].

In this paper, we give necessary and sufficient conditions for satisfying inequality (2)
in the case when py,...p,, are real numbers such that Y ", p; > 0. The result generalizes
and completes the discrete Jensen—Steffensen inequality. We consider both the case where
the points in the interval are ordered and the case where they are not. The validity of the
strict inequality is studied. As applications, we first give the form of our result for strongly
convex functions, then we study discrete quasi-arithmetic means with real (not necessarily
nonnegative) weights, and finally we refine the inequality obtained.

2 Preliminary results

Let (X,.A) be a measurable space (A always means a o -algebra of subsets of X). If u is
either a measure or a signed measure on A, then the real vector space of p-integrable
real functions on X is denoted by L(w). The integrable functions are considered to be
measurable. The unit mass at x € X (the Dirac measure at x) is denoted by &,.

The set of all subsets of a set X is denoted by P(X).

Let C C R be an interval with nonempty interior, which is denoted by C°.

Let (X, A, 1) be a measure space, where u is a finite signed measure, and let ¢ : X — C
be a function such that ¢ € L(u). We define Fc(¢) as the set of all functions f € F¢ such
that f o ¢ € L(1).

The following result is a version of the integral Jensen inequality for signed measures. It
is proved in Theorem 12 of [5].

Theorem 6 Let (X,.A) be a measurable space, and let u be a finite signed measure on A
such that u(X) > 0. Let C C R be an interval with nonempty interior, and let ¢ : X — C be
a p-integrable function. Then

(@) If
| w-wduzo wec @
{p=w}
and
/ w—9)du=>0, weC® (5)
{p<w}

are satisfied, then

1

Loy = —— du e C.
P M(X)/);(p w
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(b) For every function f € Fc(p), the inequality

1 1
R d -_— ovd
4 (u(X) fxg" “) =2 fxf an 6)
holds if and only if (4) and (5) are satisfied.

Let C C R be an interval with nonempty interior. A function g : C — R is called strongly
convex with modulus d > 0 if

g(rs+ (1 =1)t) < agls) + (1 - A)g(t) — dA(l - )(s - t)?

foralls,t € Cand A € [0,1].
The following statement is a special case of Lemma 2.1 in paper [10], which describes

the close relationship between convex and strongly convex functions.

Lemma?7 Let C C R bean interval with nonempty interiorand d > 0. A functiong : C — R

is strongly convex with modulus d if and only if the function g — d - id% is convex.

The next extension of the Jensen—Steffensen inequality for strongly convex functions

comes from [2].

Theorem 8 Let C C R be an interval with nonempty interior, and let m € N,. As-
sume that pi,...p, are real numbers such that y . p; = 1 and (3) are satisfied. As-
sume that (s1,...,8,) € C" is a monotonic m-tuple (either increasing or decreasing).
Then

,,,,,

and for every strongly convex function g : C — R with modulus d > 0, the inequal-
ity

m m m m 2
g(z pl-si) <> pigls)-d Y _p; (Si -3 pm) (7)
i=1 i=1 i=1 i=1

holds.

Remark 9 (a) Of course, the previous statement can also be formulated by considering the
weaker condition ) ", p; > 0 instead of the condition ) 7", p; = 1.
(b) As a special case, the discrete Jensen inequality for strongly convex functions is for-

mulated and proved in [8].
We need the following lemma.

Lemma 10 Let C C R be an interval with nonempty interior, and let m € N, . Assume that
P1,---Pm are real numbers and (sy,...,8,) € C" such that Z;lei =1 and Z,'mzlpzsi eC.
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Then inequality (7) holds for every strongly convex function g : C — R with modulus d > 0
if and only if the inequality

f(Zp,-sl-) <Y pfs) (8)

i=1
holds for every convex function f : C — R.

Proof Assume that (8) holds for every convex function f : C — R, and let g: C — R be a
strongly convex function with modulus d. By Lemma 7, the function g — d - id is convex,
and hence it satisfies (8), that is,

m m 2 m
g(Zp,s,) —d- (Zpisi) < Zpi(g(si) —d- sf),
i=1 i-1 i-1

which is exactly (7).

Conversely, assume that (7) holds for every strongly convex function g : C — R with
modulus d, andlet f : C — R be a convex function. Also, because of Lemma 7, the function
f +d - id% is a strongly convex function with modulus d, and therefore (7) yields that

m m 2 m m m 2
f(me) +d- (sz’sz) <> pilfs)+d-s7)-dy p; (Si - me) ,
i=1 i=1 i=1 i=1 i=1

which gives (8) by an elementary calculation.
The proof is complete. O

3 Main results

We now formulate Theorem 6 for discrete signed measures. First, we assume that the
points in the interval are in monotonic order, because this is the basis of the proof of the
general case, and we need this special case.

Theorem 11 Let C C R be an interval with nonempty interior, and let m € N,. Assume
p:= (p1,...,pm) arereal numbers such that Z;lei >0,ands = (s1,...,8,) € C™ isa mono-
tonic m-tuple.

Suppose that s is decreasing.

(@) If
l l
Zpisi > Sit1 Zpir [= 1,....m-1, (9)
i=1 i=1
and
Sm-1 Z ptZ Z DiSi» l:]u“"m_lt (10)

i=m+1-1 i=m+1-1

are satisfied, then

1 m
bop = —=m— ZP;‘S;‘ € [sm,81] C C. (11)
D it Pi 1
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(b) For every function f € Fc, the inequality

f(z% ipm) < Z’"L 3 pifs) (12)

=150 =121

holds if and only if (9) and (10) are satisfied.

Suppose that s is increasing.

1f
[ !
ZpisiSSlJrl Zpir l:]ﬂ“';m_lr (13)
i=1 i=1
and
m m
Sm—1 Z pi < Z pisi, I=1,....m-1, (14)

i=m+1-1 i=m+1-1

are satisfied, then
tsp € [S1,8m] C C.

(d) For every function f € Fc, inequality (12) holds if and only if (13) and (14) are satisfied.

Proof We first consider the case where s; >s5 > -+ > s,,,.
If m = 1, then the statement is obvious, and hence we can suppose that m > 2.
Let X :={1,...,m}, and let the set function u : P(X) — R be defined by

M= Zpié‘i.

ieX

Then (X, P(X), ) is a measure space with the finite signed measure p.
Let the function ¢ : X — C be defined by

(p(i) =S

Then ¢ € L(i) and Fc(g) = Fc.

Condition (9) implies £, > s,,,, while condition (10) yields t;, < s;.

Now, by Theorem 6, it is enough to show that (9) is equivalent to (4), and (10) is equiv-
alent to (5).

We prove the first equivalence, the second can be treated in a similar way.

(i) Suppose s1 > s3> -+ > 5y,

Assume that (4) holds, that is,

f (p-wdu= Y plsi-w=0 weC. (15)
{p=w}

{ie{1,....m}|s;=w}
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If s;,1 <w<s; forsomel e {1,...,m— 1}, then we get from (15) that

i l i
Z pilsi—w) = Zpi(si -w)= ZPiSi - szi >0,
i1 i=1 i=1

{ie{1,....m}|s;>w}

especially

! !
Zpisi — 58141 ZP;‘ > 0.
-1 i-1

It now follows that (9) is satisfied.

Now assume conversely that (9) holds.

If w > s1, then either {¢ > w} =@ or {¢ > w} = {s1}, and hence (15) is obvious.
If s;,1 <w<s; forsomel e {l,...,m— 1}, then

1
/{ (o= plsi—w)
p=w

i=1

! I
> min (ZPi(Si - 51), ZPi(Si - Sl+1)>
i=1

- i-1
-1 !

=min (Zpi(si —Sl),ZPi(Si —Sl+1))- (16)
i-1 i-1

By (9), expression (16) is nonnegative.
If w < s,, then by >, p; > 0 and (9),

/{ }(‘P—W)d,u:ZPt(Si—W)=Zpi5i—WZpi
pzw i-1 i1

i=1
m m m-1 m-1

= E PiSi = Sm E pi= E PiSi — Sm E pi=0.
i=1 i=1 i=1 i=1

(ii) Now we consider the general case.
If either s, 442 < Sjy14k =+ -+ =Si,1 <8 forsomel e {1,...,m—-3}and k € {1,...,m - [ -2}
ors,, =---=s;,1<s forsomele{l,...,m—2} (in this case k = m — [, then

J J
Zpisz’ 2 8j41 Zpi, j=b. ., l+k
i=1 i=1

is equivalent to

1 1
E DiSi = Si+1 g Pi
i=1 i=1

and therefore (i) can be applied to the different elements of (s;)%;.

We now turn to the case s,, > §,,_1 > -+ > s1.
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Define
qi:=Pm-isnn and L:=S,_1, i=1,...,m,

and apply the first part by using ¢i,...4,, instead of pi,...p, and f,...t,, instead of
S1y+++Sme

The proof is complete. O

Remark 12 Assume that py,...p,, are real numbers such that >, p; > 0 and (3) are sat-
isfied.

(a) If s is decreasing, it follows from Theorem 2 and Theorem 11 that conditions (9) and
(10) must also be satisfied. This can also be easily shown directly by induction on /. If s is
increasing, an analogous remark applies.

(b) We can see that Theorem 11 is a generalization of the discrete Jensen—Steffensen
inequality, and since it contains necessary and sufficient conditions, it is the best result of
this kind.

Remark 13 Assume ) . p; > 0. Conditions (9) and (10), although weaker than condition
(3), are also only sufficient, but not necessary, to satisfy (11). Indeed, let us start again from
Example 3: Let C :=[0,3] and s; := 3, 55 := 1. Then p; + p5 + p3 > 0 and (11) are equivalent
to

p1+p2+ps>0, 3p1+p2 >0, 2py + 3p3 > 0.

These conditions are satisfied, for example, if p; := -2, p; := 8, p3 := —1, but neither (9) nor
(10) hold since in this case the latter conditions imply that p;, p3 > 0.

We now turn to the study of the strict inequality in (12).

Theorem 14 Let C C R be an interval with nonempty interior, and let m € N,, m > 3.
Assume that p := (p1,...pm) are real numbers, and s := (s1,...,s,) € C" is a decreasing
m-tuple. If either

m
p1>0, Zp,- >0, and s1>$; 17)
i=2
or
m—1
Zpi >0, Pm>0, and s, <Spy1, (18)
i=1

and (9) and (10) are satisfied, then for every strictly convex function f € Fc, inequality (12)
is strict.

Proof The conditions of Theorem 11(a) are satisfied, and therefore inequality (12) holds
for every f € Fc.
Assume that (17) is satisfied.
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We first show that (ps,...p,) and (s,, ..., s,,) satisfy conditions analogous to (9) or (10),

that is,
i I
Zpisiislﬂ Zpir l=2’--'!m_1y (19)
i=2 i=2
and
m m
Sl Z pi < Z pisi, 1=2,....m-1. (20)

i=m+1-1 i=m+1-1

Since p and s satisfy (10), (20) is also obviously true.
By using p; > 0 and s; > 5741, it comes from (9) that

! ! !
ZP;‘S;' = Zpisi = P151 = 8141 Zpi —P1s1
i=2 i=1 i=1
= Si41 Zpi —pi(s1 = s11) = si1 Zpi; [=2,...,m-1.

It follows from the above that Theorem 11 (a-b) can be applied to (ps,...p,,) and
($2,...,8m), and it gives that

l

Zplsl € [sm52], (21)
2 )
and for every f € Fc, the inequality

( sz ) < pr(sl (22)
l 2 i i=2 l 2 i i=2

holds.
Since

ZZzpi
pisi = S§1 + pPiSi |»
P IIZI: Zz 1Pi Y\ Xiapi ZZZ:

l

we obtain from the discrete Jensen inequality by using the conditions in (17), (21), and
(22) that

—1 - .Q. pl 1

Ll i

i=1

We can prove similarly if (18) is satisfied.
The proof is complete. d
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Remark 15 The previous result contains the condition for strict inequality given in the
discrete Jensen inequality, and from it we can derive conditions for strict inequality for the
discrete Jensen—Steffensen inequality. Of course, conditions (17) and (18) for the discrete
Jensen—Steffensen inequality are not as sharp as the conditions in Theorem 1 of paper [1].
Their importance lies in the fact that we can say at least sufficient conditions for the strict
inequality in Theorem 11. It may be an interesting problem to give necessary and sufficient
conditions for strict inequality in Theorem 11, but this does not seem to be an easy task.

Conditions (17) and (18) are more related to the conditions of the discrete Jensen—
Steffensen inequality than to the conditions of Theorem 11. It would be interesting if we
could formulate conditions for the strict inequality that are related to conditions (9) and
(10). The following statement illustrates this for m = 3.

Proposition 16 Let C C R be an interval with nonempty interior. Assume that p :=
(p1, P2, p3) arereal numbers such that p1 # 0, p3 # 0, and Z?:lpi >0,ands := (s1,y,53) € C°
is a decreasing 3-tuple. If

P151 > p152, D151+ P2sy > s3(p1 + p2) (23)
and
D382 = P3S3, s1(p2 + p3) > pasy + p3ss (24)

are satisfied, then for every strictly convex function f € Fc, the inequality

(Z szsz> 5 me(s)

lllll lllll

holds.

Proof For m = 3, conditions (23) and (24) imply conditions (9) and (10), respectively, and
therefore Theorem 11(a) gives that

( me) < me (s:) (25)
l 1Pi i l 1 io=1

for every f € Fc.

From the second inequality in either (23) or (24) it follows that s3 < s;.

Assume p; < 0 and p3 < 0. Then it comes from the first inequalities in (23) and (24) that
$1 = $p = s3, which contradicts s3 < s;. It follows that either p; > 0 or p3 > 0.

(i) Consider the case p, > 0.

Suppose p; > 0. If p3 > 0 too, then the result follows from the discrete Jensen inequality.

If p3 <0, then s, = 53, and hence

51(p2 + p3) > pasy + p3s3 = s2(p2 + p3),

and this yields that p; + p3 > 0. We can also apply the discrete Jensen inequality by s; < s;.
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The case p3 > 0 can be handled similarly.
(if) Assume p; < 0 and equality is satisfied in (25).
It is easy to check that

3
1 181 + pasa — s3(p1 + p2)
: sti _pisitp (p1+p

= 5
il (1 +p2 +p3)(s1 —s3)

Sl(pz +P3) - (P252 +P383)
(p1 +p2 + p3)(s1 —s3)

-S3=a-S1+ P -s3.

By the second inequalities in (23) and (24), @ > 0 and B > 0. Since « + B = 1, we obtain
from the discrete Jensen inequality that

3 3
S LS (Zs;p ;pm) <afs)+ Bl

By a simple calculation we obtain from the previous inequality that

Dpaf (s2)(s1 — s3) < paf (s1)(s2 — 53) + paf (s3)(s1 — $2),

and therefore p, < 0, and thus

Flsa) > 228 f(sy) + L2 (),
S§1—S83 S1—S83

which contradicts the discrete Jensen inequality.
The proof is complete. d

Remark 17 (a) Conditions (23) and (24) may be fulfilled even if none of the conditions (17)
and (18) are fulfilled. Really, let

$1:=2, $y:=1, $s3:=0, p1=p3:=3, P2 =4

Then it is easy to check that (23) and (24) are satisfied, but (17) and (18) are not satisfied.
(b) It is worth noting that the method of proof of Proposition 16 is different from that
of Theorem 14.

If points in the interval are not ordered, Theorem 11 can be formulated as follows.

Corollary 18 Let X :={1,...,m} for some m € N,. Let C C R be an interval with nonempty
interior. Assume that p1, ... p,, are real numbers such that Zlepi >0,ands = (s1,...,8,) €
C™. Let uy > uy > - - - > u, be the different elements of s in decreasing order (1 < 0 < m).

(@) If

Z PiSi > Ui Z pr 1=1,...,0-1, (26)

{ieX|si>u;) {ieX|s;>u;)

and

Uy_| Z pi > Z pisi, 1=1,...,0-1, (27)

{ieX|si<uo-1} {ieXlsi<uo_1}
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are satisfied, then

Lsp = E pisi € [ min s;, max sl] cC.
1 i i=1 =

l 1,...m i=1,..

(b) For every function f € Fc, inequality (12) holds ifand only if (26) and (27) are satisfied.

Proof Let

Z pi j=1,...,0

{iEX\SFM/]

Then

> pisi= Z‘WJ’ > pi= Z%’

{ieX]sizu) {ieX]s;=u)
[ o

Do psi= ) 4w DL = ) 4

{ieX|si<u,_;} j=o+1-1 {ieX|si<uy_;} j=o+1-1
and

1 m o
S D Pisi= g e Y6 - e Y afw),
Zi:1pi i-1 Zzl lll 11 i 211 111

and therefore the result is an immediate consequence of Theorem 11 (a—b).
The proof is complete. g

4 Applications

In this section, the statements are formulated only for decreasing sequences for clarity, but

the results are valid for increasing or general sequences with appropriate reformulation.
The conditions of Theorem 8, as for the Jensen—Steffensen inequality for convex func-

tions, are only sufficient but not necessary for the inequality to be fulfilled. Using our main

result, we can generalize Bakula’s result considerably, obtaining necessary and sufficient

conditions for the strongly convex case as well.

Theorem 19 Let C C R be an interval with nonempty interior, and let m € N,. Assume
that p := (p1,...pwm) are real numbers such that Zlep,- =1,ands:=(s1,...,52) € C" isa
decreasing m-tuple. Then inequality (7) holds for every strongly convex functiong: C — R
with modulus d > 0 if and only if (9) and (10) are satisfied.

Proof 1t follows from Theorem 11 (a—b) by applying Lemma 10.
The proof is complete. d

The second application concerns quasi-arithmetic means.
Let C C Rbe aninterval, and let z: C — R be a continuous and strictly monotone func-

tion. If p := (1, ... pwm) are nonnegative numbers such that Zl 1pi>0ands:=(sq,...,5,) €

Page 12 of 16



Horvéth Journal of Inequalities and Applications (2024) 2024:1 Page 13 0of 16

C™, then the weighted quasi-arithmetic mean is defined by

=100

1 m
Al(s,p)i=2" (Zm— Zpiz(si))~ (28)
The quantity (28) is called mean because

A,(s,p) € [‘min S;, max s,»].
m

i=1,.., i=1,...m

This property is equivalent to

m

ZpiZ(si) € [,min Z(Si)»iirlla)in Z(Si):l

- i=l,.,m i=l,.,
i=1

regardless of whether the numbers p;,...p,, are nonnegative or not.
In the following statement we compare quasi-arithmetic means with real (not necessar-

ily nonnegative) weights.

Theorem 20 Let C C R be an interval with nonempty interior, and let m € N,. Assume
that p := (p1,...pm) are real numbers such that Ziyzlpi >0,8:=(81,...,8,) € C" is a de-
creasing m-tuple,and h, g : C — R are continuous and strictly monotone functions. Assume
further that

[

l
> pias) = z2(s) Y pi 1=1,...,m-1,

i=1 i=1

and

Z(Sm-1) Xm: pi= i piz(s), [=1,....m-1,

i=m+1-1 i=m+1-1

are satisfied, where the function z is either h or g. If
(a) either h o g™! is convex and h is increasing or h o g™* is concave and h is decreasing,
() either g o h™\ is convex and g is decreasing or g o h™" is concave and g is increasing,
then

Ag(s’ P) =< Ah (S: P) (29)

Proof 1t follows from Theorem 11(a) that

for both z = g and z = /4, so the expressions on the left- and right-hand sides of (29) are
well defined.
We only prove the case where / o g1 is convex and / is increasing, the others can be

treated similarly.
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Since 4 o g! is convex, Theorem 11(b) implies that

3 bt
i=1

zll

hog‘1< Zpg(s))
Ll izt

By applying 4! to this inequality, we obtain (29).
O

The proof is complete.
Finally, a refinement of the generalized discrete Jensen—Steffensen inequality is given.
This is interesting because while there are many refinements for the discrete Jensen in-
equality (see e.g. the book [6] and the references therein), there are relatively few for the

discrete Jensen—Steffensen inequality (see [2, 4], and [12]).

Theorem 21 Let C C R be an interval with nonempty interior, and let k, m € N,, k < m.
Assume that p := (py,...p,) are real numbers such that Y% p; >0, and 3", pi > 0.

Assume that s := (s1,...,5,) € C" is a decreasing m-tuple.

If
ZP;SIZSMZP“ = ,...,k—l,
k k
Sk-1 Z piz Z pisi, 1=1,...,k-1,
i=k+1-1 i=k+1-1
! !
ZPiSi = Sl Zp,-, I=k+1,...,m-1,
i=k+1 i=k+1
and

Zm: pi= zm: pisi l=k+1,....m—

i=m+1-1 i=m+1-1

are satisfied, then for every function f € Fc, the inequalities

llpl
( l 1 l;pl l) - l lpl (Zt 1 z;pl&)

Z:’Zkﬂpz
i isi | = 30
+ Zi=1pl (Zl o1 Di i;1p5> < Zl 7 ;P:f(s) (30)

hold.

Proof We can apply Theorem 11(a), which implies that

Zplsl € [Sk,Sl
Zz 1Pi iz

Page 14 of 16
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and

1 m
— piSi € [Smsk+1] C C.
Z;lelpi i;l

Since

k
Zi:l Di

k
-0 Yk Di 50 and i Pit Db

Z?;Pi Z?;Pi ZZlPi

=1,

from the previous inequalities and the discrete Jensen inequality it follows

1 m
< — ) pisieC
Zi:l Di Z

i=1
and the first inequality in (30).
The second inequality in (30) is obtained by applying Theorem 11(b) to both members

of the sum.
The proof is complete. O

Remark 22 (a) The previous theorem can be extended analogously by splitting the set
{1,...,m} into more than two blocks.

(b) The refinement in Theorem 21 shows a technique for obtaining refinements of the
generalized discrete Jensen—Steffensen inequality from refinements to the discrete Jensen
inequality.
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