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satisfies the restricted isometry property with 8,; < 1/2, there exists a value gg such
that for any g € (0, qol, any signal that is s-sparse with a tight frame can be robustly
recovered to the true signal. We estimated qq as go = 2/3 in the case of §,; < 1/2 and
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82 <0.3317, for any g € (0, 1], robust recovery for signals via £,-minimization holds,
which is consistent with the case of £,-minimization without a tight frame.
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1 Introduction
Sparse representation and sparse signal recovery are derived from signal and image pro-
cessing [14, 15, 26] and have been extended to other areas, such as sampling theory [21, 27],
model identification [23, 36], and sensor networks [20, 30, 32]. Most of these applica-
tions search for sparse signals. Here, a signal or vector x is considered s-sparse if ||x]o <
and || - [|o are the £o-norm, which counts the nonzero entries of x. Compressed sensing
is a sparse signal recovery theory that searches for the sparsest signal in an underdeter-
mined linear system Ax = y, where A € R"¥(n <« N) is the so-called measurement matrix,
which is usually full rank, whereas y € R” is the given measurement vector. This proce-
dure can be cast as a £p-minimization problem. However, the £o-minimization problem
is NP-hard [24], some of which can be extended to ¢;-minimization, replacing ||x||o with
l]l1 in £o-minimization. The ¢;-minimization seeks a slightly sparse solution for y = Ax.
Donoho, Candeés, Romberg, and Tao specified the conditions in [4, 5] that solutions of
£1-minimization are the solutions of £y-minimization. Furthermore, £;-minimization is a
linear programming problem that can be solved using certain algorithms [6, 9, 25, 31, 33].
In some other situations, signal x is not sparse itself, but it is sparse under some bases
[29] (such as a Fourier base or wavelet base), frames [11, 12], or redundant dictionaries
[10, 28]. In this study, signal x that was sparse in a tight frame was considered. A tight
frame is defined as follows.
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Definition 1 (Tight frame) [7] Vectors D1, D,,...,Ds € RN are said to be a tight frame if
they satisfy

x= Z(x,Dk)Dk, Vx e RN,
k

Sometimes, we also say that the matrix D = (D1, Dy, ...,D,;) € RN*d jg 9 tight frame. For
some signal x, D*x is either sparse or approximately sparse. In a noisy setting, the sparsity-
seeking question can be expressed as

%:arg;gﬂi@rj\ll{”D*x”O: |Ax -yl <€}, 1)

where D* is the conjugate transpose of D and € is the energy of the known errors. Its
£;-minimization problem is available accordingly [1, 8, 16, 18],

X =arg min{”D*x”l: IIAx—yIIQSG}. (2)
xRN

The compliance of the solutions with £y and £; -minimizations has a sufficient condition
with a coherent tight frame, which is said to be a restricted isometric property adapted to
tight frame D (D-RIP).

Definition 2 (D-RIP) [3] The measurement matrix A satisfies the restricted isometric
property adapted to tight frame D with order s if there exists a positive number §; € (0,1)
such that

(1-89)1Dxll3 < |ADx[l3 < (1+ 8)1Dx|5

holds for Vx € ), where ) = {x: ||x[o <s}. Here, &; is the restricted isometric constant
(RIC) of order s.

Let Vmax(s) be an operator that returns the s largest coefficients of v € RY in magnitude,

Vmax(s) = arg min [[v—7||,.
Vllo<k
If in D-RIP D = Id, where Id is the identity matrix, then D-RIP is the traditional RIP. For
the traditional RIP, Cai and Zhang provided a sharp bound for 8y in [2] as 8, < +/2/2. For
D-RIP, Candes, Eldar et al. showed that Gaussian, sub-Gaussian, and boundary matrices
satisfy the D-RIP with a high probability in [3]. They also proved that when 855 < 0.08, the
solution of the ¢;-minimization satisfies

”D*x - (D*x)max(s) ” 1

vk

%~ xll> < Co +Cie,

where Cy and C; are constants, X is the recovered signal and x is the true signal. As shown,
the upper boundary of ||x x|, is controlled by || D*x — (D*X)max(s) |l1 and €. If D*x is s-sparse
or approximately s-sparse and ¢ is sufficiently small, the error between the recovered signal
and the true signal can be regulated within an acceptable range.



Liang et al. Journal of Inequalities and Applications (2023) 2023:156 Page3of 16

The dynamic relation between ¢y and ¢;-minimization is not clear. Thus, we studied

£4-minimization with 0 < g <1 [18, 19, 22]. The £;-minimization problem is
X =arg min{ |D*x| :[|Ax—y|l2 <€}. 3
g min {[[ D%, : llAx - yll: < ) 3)

When g — 0, {;-minimization approximates {y-minimization, while if g — 1, £,-
minimization approximates £; -minimization.

In general, the recovery condition by the £,-minimization (0 < g < 1) is less restrictive
than the ¢; -minimization. In [34], Zhang and Li proved that if the sensing matrix A satisfies
the D-RIP condition 8y < +/2/2, then all signals x with s-sparse with a tight frame can be
recovered exactly via the constrained £;-minimization. For £,-minimization with tight
frame, in [17], Li and Lin showed that for a tight frame D, if 8,; < 1/2, then there exists
go = qo(82«) € (0,1], such that for any g € (0, go), the recovered signal % via £,-minimization

and the true signal x satisfy

”D*x - (D*x)max(s)”l +

1_1

s7 2

% — x> < Co

Clé,

where Cy and C; are constants that depend on 8,5 and g. However, this result does not
provide the exact value for go. Subsequently, the D-RIP conditions for £,-minimization
with a tight frame are improved. In [35], Zhang and Li showed that if the sensing matrix
A satisfies the D-RIP with

Bas < — L = 8(q), (4)
2-q-n

where 7 € (1 -¢,1 - ) is the only positive solution of the equation

%n% +n—1+g=0,

then any s-sparse signal x with a tight frame can be exactly and stably recovered via £,-
minimization in noiseless and noisy cases, respectively. D-RIP condition (4) for £, min-
imization is less restrictive than 8, < +/2/2 for £; minimization. If let p = 1/2, we have
895 < 0.859 by (4), which is less restrictive than 85, < +/2/2 for £;-minimization.

We provide an example to illustrate that if &y > V/2/2, £;-minimization may fail, but
¢,-minimization works. We construct a measurement matrix A € R**3, and a tight frame
D € R3S, as follows

LA vE v 1 0 0 0 0
A:72<; Jg ~%> D=]0 172 -2 Yeuz oo | (5
_ ) -
0 =2 1p 0 Y&

We can calculate that 8, = 0.75 > +/2/2. Vectors x1) = (2,0,0)7 and 2 = (0,1,1)T have the
same observed vector, namely Ax)) = Ax® . We have

D*x =(2,0,0,0,0)7,
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) 1 24421 2442 V6-442 V6-442\"
D*x =10,- + , = — , , .

2 4 2 4 4 4
D*x and D*x® have the same ¢;-norm, which means that signal recovery for x! through
£1-minimization fails. £,-minimization is necessary in this case. The general solution of
the equations Ax = Ax is x = (2 — 2¢,¢,¢)7, where c is arbitrary real number. We can

derive

|D*x® ||Z =27=(2-2c+c+c)? <[2-2c|? +|c|? +|c|? = |D*x

q
q)

where the first inequality uses the conclusion: if 2 >0, b >0 and 0 < g < 1, then (a + b)? <
a? +b1. Hence, we have || D*x( g < IID*x]l4 for 0 < g < 1 and any solution x of the equations
Ax = Ax"D, Therefore, £,-minimization can recover signal a0,

This study examines signal recovery with a tight frame via £,-minimization for the case
of a restricted isometry constant 8, < 1/2. The main contribution shows not only the ex-
istence of g, such that for any g € (0,go], any s-sparse signal with a tight frame can be
recovered via £,-minimization, but also the exact value gy = 2/3. A computer also demon-
strated that the value of g can be increased to g = 0.97.

The remainder of this paper is organized as follows. In Sect. 2, some useful lemmas and
their proofs are outlined, and Sect. 3 presents the main theorems. We provide the proofs
of these main theorems in Sect. 4. Conclusions are presented in Sect. 5.

Notations: Given a signal x = (x1,%,...,xy)7, the £o-norm is the number of its nonzero
entries, that is, ||x||o = Card(supp(x)). Here, Card(-) is the cardinality of a vector and
supp(x) is the support set of x. The £;-norm of vector x is the sum of the absolute val-
ues of its entries, that is, ||x]; = Zizl |x;|. We can define its £;-norm with 0 < g < 1 as
l*llg = Q isn |x;]7)12, We can also define £.,-norm of x as [|x|| s = max;<;<n{|x;|} and £_o-
pseudonorm of x as ||%||_oo = min;<;<x{|x;|}, respectively. Given x = (x1,%y,...,%x)7 € R,
X*max(s) denotes the vector that maintains the largest s entries in absolute value, and sets
the others to zero. For a matrix D € RN*? and index subset T C {1,2,...,d}, Dy is used
as the matrix D restricted to the columns indexed by T, D% is the conjugate trans-
pose of D7 and T¢ is the complement of T in {1,2,...,d}. Given a vector & € RV, then
D*h = ((D*h)1,(D*h),...,(D*h),)T € R?. Suppose {j1,ja,...,ja} is the rearrangement of
{1,2,...,d} such that vector D*/ is monotonically decreasing in absolute value, that is,
[(D*h)j, | = (D*h)j,| = -+ = [(D*h);,|, then divide the set {j,js,...,j4} into some subsets
with cardinality s starting from its head, if the cardinality of the last subset is less than
s then just keep it, that is Ty = {j1,j2,---»js}> T1 = {se1rJss2 - »jash T2 = {fose1sfase2r - -+ »j3sh
....Here,let T = T,.

2 Some useful lemmas
First, we provide the relationship between ¢, and the £,-norm, which is used to estimate

the error bound.

Lemma 3 ([17]) Let0< g < 1,x € RN then

llxl
0 < lxll - ]\]Tqizl < QN (lIxlloo = l1ll-oc), (6)
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4 1
where Qg = q-1 — q™1. Additionally, Q, is a monotonous and convex function. The two
limitations of this function with g — 0% and g — 17, are respectively:

Qo= lim Q,=1,  Q:= lim Q,=0.
q—0* g—1-

The relationship between ¢, and the £,-norm is also required during the estimation of
the error bound.

Lemma 4 For a fixed x € RN and 0 < q < 1, the following inequalities hold
11 1
0 < flafla = N*"jxlly < W(Qq + Z) (Ilxlloo = l1¢]]-oo)- ?)

Proof According to the Cauchy—Schwarz inequality,

Il
xlly > = ®)

=N
In [13], the relationship between the £; and £, norms is

N
el < B N ). ©)

JN 4

Using Lemma 3, inequalities (8) and (9), we can derive the result. O

For index set T C {1,2,...,N}, denote D}x := (Dr)*x. Suppose that % is the solution to
problem (3) and x € RY satisfies ||y — Ax||, <e. Let

h=x-ux, (10)

then D*h = (D*h)1, (D*h)a, ..., (D*h)4)T. Without generality, let {j1,js,...,j4} be a rear-
rangement of {1,2,...,d} such that

(D), [ = [(D*h),| = - = [(D"h), |

Then denote

T= TO = {jl:eru'Js}’ Tl = {js+1:js+2:~~')j2s}x

(11)
T2 = {j2$+1:j25+2r cen :jSS}y
Clearly, D*h = } ;. D7, h. Define w and W as follows

ID%, Al

W= (12)
>t 1D} h
, 2

e | pial SZS(ZHD*}ith> . (13)

i>2 i>2

Thus, 0 <w <land ) ., ID}.Alg = (1 - )X, D% 119)-
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Li showed the following lemma in [17], which gives the bound of the £;-norm square of
D’;l_h with i > 2. These results can be obtained from Lemma 4.1 and (3.5) of [17].

Lemma 5 (Lemma 4.1 and inequality (3.5) in [17]) Let 0 < q <1, h, {T},i > 0}, and ¥V be
defined as (10),(11), and (13), respectively, then the following inequalities hold:

R - .
sl = U (Sl 04)

i>2 i>1

(2€ + W)?
1- 825

”DTOUTll/l”; = ’ (15)

where s denotes sparsity.

The bound of the £,-norm of D7, s with i > 2 is also required and is given by the following

lemma.

Lemma 6 Let0< g <1, h, {T;i> 0}, and w be defined by (10), (11), and (12). Then,

. 1/q
q) . (16)

1- 1/q 1/4 1/q
S0yl = SR (o

sl/g-1/2
i>2 i>1

Proof According to the relation between the £,-norm and £,-norm in Lemma 4, we have

|D%h

) < Sl/2—1/q||D>;ih

+14)(|D7h - |1D7A] )-
Summing up for i, we have

AR S1/271/qZHD*}ith +Vs5Qg+ 114> (|Dyh| - |Dyh| ) A7)

i>2 i>2 i>2
sV “‘IZHD* h|| +/5(Qq + 1/4)| D%, | .
i>2
Note that

|05, 2, = (1D R), |+ -+ [(Dh), ) = (s D3, 1] 2) " = M| D .
We have
| D% =57 D3], (18)

By substituting (18) into (17) and combining (12), we can derive

>_ID3Al,

i>2

1
< gli2g Z”D*Tith + S1/2—1/q<Qq + A_L) ||D§lh||q

i>2
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1/q 1
e (O A R R (AR
i>2

l/q liq
<o (- (Loil?) (@0 3o (Slosalr) )

i>1 i>1

(1= )"0+ (Qq + Hw'a 0\
< S () 09)

i>1

Note that the second inequality in (19) uses the following conclusion: if @ > 0, b > 0 and
0<gq<1,then (a+ b)? < af+ bi. The third inequality in (19) uses the definition of @ in

(12). Moreover, in the first term of the second line in (19),

2_IPralg =310 lg = 15 alg = > I P3hls - o 3 IP5Alg

i>2 i>1 i>1 i>1
_ _ * q
=(1-o) Z;HDTfh”q’
Then we obtain the third line in the inequalities (19). The proof is completed. d

Two functions are defined as follows: 0 < w < 1 and

1 17?
+ (Qq + L—L)aﬁ] , (20)

B() = a() - (1 - 8x)0™. (21)

Q=

a(w):=(1- a))w%} + 825|:(1 - w)

According to the definition of ¥ and lemmas 5 and 6, we derive

2
) 22)

1)

. 1 g i
+ 88 2/‘17<(1 —w)V + <Qq + Z)wl/q) (Z”DT,h

v = Syl (10

i>2 i=2

< Sl—2/q(1 _ w)wZ/q—l (Z HD%I’I

i>,1

2/q
q
q

i>1
2/q
- s Sol)
i>1
and we have
X 2/q
(1 sy) |03 < ,3(@(2“0;,./4 g) . 23)

i>1

From the fact below

[D50r, 1, = D3kl + 1D Al = s24(| D5 Al + 1D, ),

Page 7 of 16
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and by combining Lemma 5, we can derive

sH171(2¢ + W)?

1- 825 ” DTl h

[D5h 1, <5 [D5un il = D3,k <
which means that

(1= 82| D [ < 452971 € 4 4626w 4 (247w — (1= 83) [ Dy h[2).
Substituting inequalities (22) and (23) into the inequality above, we obtain

(1-8) | D3

l/q 2/q
< 45¥971e?  4egMam 1/2 a(w) (Z”D* ) +'3(“’)(Z”D*Tih Z) . (24)
i>1 i>1

Now, let

Wy = argmax{a(w) 0<w

IA

1},

w] = argmax{ﬁ(a)) 0<w< 1},

and
a(wo)
= . 25
B(w1) (25)
Because of

a(wo) > alw) = Blwr) + (1 - 8y)w}? > B(wy),

we have A > 1 and

Iq
(1= 52 [ D3, ] = 57 €2 4 45012, fxfan) (Z”D h||>

i>1

2/q
pln( 10502
i>1

< @) 2 e (VR (i) )

1/g\ 2
+ (,/ﬁ(wl)(ZHD"nh ;’) ) )
i>1

The above inequalities imply that

/ 3 Blw
||D h”q - slfa-1/2¢ - 812
S L>1

(26)

Page 8 of 16
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Therefore, the following conclusion is drawn:

2 ql2 ql2
otz (2 ) () (). e
i>1

Here, the inequality is used again, thatis, ifa > 0,5 > 0,and 0 < g < 1, then (a+ b)? < a?+b1.

For any index set Q with |Q| < s, we have

|3 = [D°%]

e e

|D%]3 = D&l + IIDM

and

|De3] = [Das + Dozl = [ Paxly - [Denll

||D9cx = | Dl + Dyex||? - ||D*QC ||Dgcx
which means that
| Deeh] aex |7 + [ Dkl (28)

Specifically, if the cardinality of € is s, that is, |Q2] = s, and it satisfies Dix = D*x —

(D*%)max(s)» then we have

2_ID5alg = [D3hl; < 2 Dge| g +

i>1

| D&

_ A
< 2D = (D) g g + 2757 ('1 5 )eq

(2)" (i)

i>1

We can derive

[-(25) T

q/2
szqsl—q”( ) 1+ 2] D% - (D7) | (29)
— 02¢
Define
@ mi 1— w11 1 942 50
= min .
P = S0 | 1+ 0 + [(1— )4 + (Qq + /A wl]2

Page9of 16
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Denote (‘fﬁ—‘g‘;)qlz by o, thatis, o = (‘fﬁ—‘g";)qlz. When 8,5 < p(g), to prove 1 —o >0 is equiva-
lent to prove B(w1)/(1 — 825) < 1. By the definitions of «(w) and B(w), we have

Blw)/(1-85) <1
(1- wl)wli 8

1_
< 1- 6y, +1—525[( @)

|
b
N

1\ 172 2
+ (Qq+[—1'>a)1q:| —wf <1
29 1 1 172 2
= (l—a)l)a)lq +825|:(1—a)1)5 +<Qq+1)a)f:| —(1—525)0){1 <1—525

& &1+ w4 [(1 - )" +(Q,+ 1/4)a)i/q]2} <l-ofT 120}

2/g-1 2/
l—a)lq +2w1q

1+l + [(1— )V + (Q + 1/4)w; 12

< 823 <

If 855 < p(g), we have

2/g-1 2/q
1

l-w + 2w

1+l + [(1— w4+ (Qq + 1/4)wy 12

8 < plg) <

Then we can derive that B(w;)/(1 — 85) < 1. Hence, we know that 1 — o > 0, if 855 < p(gq).
Therefore, by the inequality (29), we have

2qsl—q/2

i g A ql2 . 2 . . q
Y IDhlg = — o5 ) € To 1P (Ol (31)
i>1

The following lemma is simple, but useful for estimating the error bound in the signal

recovery.

Lemma 7 Let0<qg<1,then

(a®+ bq)l/q < 2Va (g + b), (32)

Va+vb2+c<a+vVb+e, (33)

hold foralla > 0,b >0, and ¢ > 0.

Proof Inequality (32) can be shown using Lemma 3 with N = 2, whereas (33) holds if both
sides of the inequality are squared. O

3 Main results
We provide the error bound between the recovered signal & and any solution to Ax = y.
This error bound is measured by the noise term € and sparse term || D*x — (D*%)max(s) ll¢-

Theorem 8 Let D be the matrix with the columns forming a tight frame and x be the so-
lution of £ -minimization. Then, for any fixed 0 < g < 1 and D-RIP constant 8 < p(q), we
have

1D*% = (D*X)max(s)llq

sl/g-1/2 ’ (34)

1% —x]l> < Coe + Cy
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where
Com b Lo (2N i1y e
0 1 =09 l1-0 1 — 8y ’
2 1/q
Cy =2t = 4 @) (35)
l-o0 1- 82s

In this error bound, if the noise term € = 0, it is a noiseless setting. If there exists a
solution x that is s-sparse with tight frame D, the true signal x is recovered exactly in a

noiseless setting.

Remark9 In[17], Liand Lin solved the existence problem of g, to recover a signal with co-
herent tight frames via £,-minimization. However, the gy was not provided in their paper.

Actually, the value of gy can be estimated.

If w = 0, then D*x = 0, Theorem 8 holds true. For 0 < @ < 1, the following conclusion

can be drawn.

Theorem 10 If the measurement matrix A satisfies the restricted isometry property with
tight frame D and 855 < 0.3317, then for any q € (0, 1], we have

”D*x - (D*x)max(s) ”q
sl/q-1/2 ’

1% — x]l2 < Coe + C1 (36)

where Cy and C, are the constants in Theorem 8.

Remark 11 1In fact, 85 can take values much larger than 0.3317, i.e., if 855 < 0.493, g can
be arbitrary in the range of (0, 1], then £,-minimization recovers the signal robustly with
a coherent tight frame. Thus, the conclusion of Theorem 10 holds. However, this requires
different proof.

In [17], Li and Lin showed that if 8,5 < 1/2, there exists a value go such that the signals
can be recovered via £,-minimization. The following theorem improves this result and

provides an exact value for go.

Theorem 12 If the measurement matrix A satisfies the restricted isometry property with
tight frame D and 35 < 1/2, then there exists a value qo = 2/3, such that for any q € (0,2/3],
825 < 1/2 < p(q) holds. Furthermore,

”D*x - (D*x)max(s) ”q

X —xll2 < Coe + Cy a1 )

(37)
where Cy and Cy are the constants in Theorem 8.
Remark 13 In [17], Li and Lin proved the existence of go. However, there has been no

estimation of g in [17]. For this problem, we not only prove a result similar to that in [17],

but also estimate gy = 2/3.
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Remark 14 qo = 2/3 is not the best value for gy, and can be much larger. The curve of p(g)
drawn using MATLAB demonstrates that there exists go = 0.97 such that x5 < 1/2 < p(g)

holds; thus, Theorem 12 holds. However, this is considerably more difficult to achieve.

4 Proof of main results

We give here the proof procedure for each theorem.

4.1 Proof of theorem 8

Proof Using inequality (15) in Lemma 5, we have

2 v
V12 = V3 = [ D3 + S5l < G220 5

i>2 i>2

s12a(w) (3., IIDT, hl§)*

2¢ > 11lq > .02
< (g o[ A

i>2

where the last inequality uses the result in (22). Therefore, by Lemma 7, we have

2¢ s (w) (Y2 11D hlIG)¥ 7\ 2 2
Il < ( +\/ =1 1P, ) Y
2 1— 8y 1— 8y Z” T; “2

i>2
1-2/ * qv2/,
- 2€ . st ()}, 1DThllg) > X Z||D*Th||2
B V1_525 1—825 = i 2
2¢ 1 2/q
= 1-2/ D 1 D
Vi e qa(w)(;ll il ) +( 52s>;|| o2

2e 12-1/ | (@) q v
< —+5 1| —— +(1-ow)wr! Dih
\/1_825 1_823 ;“ Ti |q

1/
[+ (5) (5 o) i

1/q
+ 21/q—1\/1a(a)) + (1 _ a))w2/q4< 2 ) ”D*x - (D*x)max(s)”q

— 8o 1-0 sl/a-1/2

”D*x - (D*x)max(s) ”q
sl/a-1/2 ’

< Coe + C;

where Cy and C; are given by (35), the second inequality uses the inequality (33) in
Lemma 7, the third inequality uses inequality (14) in Lemma 5, and the fourth inequal-

ity uses inequality (32) in Lemma 7 and (31). O
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4.2 Proof of theorem 10

Proof We discuss the case where 0 < w < 1. Theorem 8 shows that this conclusion holds

as long as 85 < 0.3317 < p(g). According to the definition of p(g),

1-— %11 4 204 1-— %11 4 201

> .
1+ 020+ [(1- )"+ (Q + A1’ 1+ w24+ [(1 - w)' + SV/a)’

Therefore, Theorem 10 holds if for any 0 < w < 1 and all g € (0, 1], the following inequality

holds:
1- w4l 1 202
5 > 0.3317. (38)
1+ 0?1+ [(1-0)"+ 20!]
Let a :=1/q € [1, +00), then let
1= 2a-1 +2 2a
w d > 2 (39)

1+w?+[(1-w)+ %aﬂ]z "y

forall0<w <1andalla € [1, +00), where n1,n, € N* and n; < n,.
The following procedure estimates the lower bound of »;/#n,. Inequality (39) is equiva-
lent to

5 12
(g — m) — me** ' + 2y — M) >y [(1 —w)’ + Za)“] . (40)

Inequality (40) holds if the infimum on the left is greater than or equal to the supremum
5
4
calculate the partial derivatives of the two functions and let them be zeros. Then, we have

on the right side. Let f(w,a) = (ny — n1) — m@** ™ + (213 — n1)w*, g(w,a) = (1 - w)* + 207,

% = -1y (2a — 1)w**? + 2(2ny — ny)aw* 1 =0, (a1)
% = 210 ' Inw + 221y — n))w** Inw = 0,

og -1, 5 -1
70 =—a(l- )" + a0"" =0,

% =(1-w)fh(l-w)+320*how=0 “2)
da 4 :
From equations (41) it can be derived that 2an, = 2an, —ny, which does not hold because
ny € N*. Therefore, f(w,a) has no stationary points. In equations (42), because g—i <0,
g(w, a) also has no stationary points.
By calculating the value of the bounds, we know that f(w, ) achieves its minimum value
at a = 1, whereas g(w, a) has its maximum value at w = 1. It is not difficult to compute this
forall0<w <1landalla € [1, +00),

7n% + 4n% - 12nyn,
4(2ny — m)
25

supg(w,a) = —mn;.
o8 16!

’

inff(w,a) =
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Tnd+4n?-12n1ny 25 . .
Tmytany —12mny 25
o) = 1618 equivalent to

2
41<ﬂ> —98<ﬂ> +28>0. (43)

175) 175)
Because 0 < n1/n; < 1, inequality (43) holds when 0 < n;/n; < 0.3317. In other words,
0.3317 is the lower bound of p(g), so 8,5 < 0.3317 < p(g) holds. The proof is complete. [

Inequality inf, ., f(w,a) > sup,, , g(w,a), i.e.,

4.3 Proof of theorem 12

Proof Let a:=1/q € [3/2,+00). According to the definitions of p(g) and a, we only need
to prove that for all 0 < w < 1 and all a € [3/2, +00), the following inequality holds:

1- ™!+ 20 1
5> (44)
1+o% +[(1-0)" + 209" 2
Inequality (44) is equivalent to
5 72
1-20*7" 4+ 30 - [(1 —w)* + Zwa} > 0. (45)

Let f(w,a) = 1 - 207! + 30* — [(1 - w)* + 2w]%, then its partial derivative with respect

to a is calculated as

__

23 5
3 40 ' Inw + §w2“ Inw-2(1-w)*In(l -w) - Ew“(l —w)* ln[a)(l - a))]
a

= (?w - 4)@2"1 Inw-2(1 - w)*In(l - w) - ga)”(l - w)* ln[a)(l - a))] (46)
> 0.

Therefore, f(w,a) has no stationary point and an extreme point at the bounds, and it is
known that f(w, a) reaches its minimum value at 4 = 3/2. To prove that f(w,a) > 0 for all
o and a, we must prove that for all w, the following inequality holds,

3 5

3 39 3
f(w,§> :Sw—5w2+1—6w —E[w(l—w)]2 =0. (47)

Inequality (47) is equivalent to
39 ,\*°_ 25
3-5w+ —w?) > ol -0
16 4

and we derive,

145 , 8 5 (39% 25\ ,
9——w+580" - —w’ + | — +— |o" = 0. (48)
4 2 16> 4

The coefficient of w* is separated into two parts,

4
1—62+ 4 w” > 0. (49)

145 , 85 , (38 25\ , 392-38
9—76()‘#5860 - —w + w +T
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2 ) N
Letg(w) =9 - 1w + 580 — Lw? + (&, + 2)w?, and its derivative is

4 2 162
d 1
& (~580 + 18560 — 20400” + 7610)%).
do 16
For 0 < w < 1, because Z—jﬁ > 0, we have Z—i < 0, which means that g(w) decreases mono-

tonically. Therefore, we know that g(w) > 0, for any 0 < w < 1. Because %w‘* >0, in-

equality (49) holds for any 0 < w < 1. The proof is complete. d

5 Conclusion

As for the g value problem of sparse signal recovery using £,-minimization, the existence
of g value has been proven, that is, if the measurement matrix satisfies D-RIP with 8, <
1/2, then there exists a value go such that for any g € (0,go], any signal that is s-sparse
with a tight frame can be robustly recovered to the true signal. In this work, we mainly
estimated ¢qg as qo = 2/3 in the case of §y; < 1/2 and discussed that the value of gy can be

much higher. We also proved that if §5; < 0.3317, for any ¢ € (0, 1], robust recovery for
signals via £,-minimization holds, which is consistent with the case of £,-minimization

without a tight frame.
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