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1 Introduction

Variable exponent Lebesgue spaces L*) are a proper tool to study the models with non-
standard growth condition such as elasticity theory [19], electrorheological fluids [32],
fluid mechanics [14], differential equations and variational problems [8], image restora-
tion [21], or nonlinear elastic mechanics [34]. The integral provides the model of energy
in fluid dynamics [11] in the form

/ |Du@)"? dt,

where the exponent is a function of the electric field and Du is a symmetric portion of the
gradient of the velocity field.

It is beneficial and useful to analyze and investigate the solutions of many types of (dif-
ferential, integral, functional, and partial differential) equations in various function spaces
using the technique of measures of noncompactness (MNCs) related with fixed point the-
orems, see [3, 6, 10, 12, 23-26, 31].

That technique has lately been developed in many research papers by constructing new
MNCs in numerous function spaces and applying these results to study the solutions of

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-023-03067-0
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-023-03067-0&domain=pdf
mailto:metwali@sci.dmu.edu.eg
http://creativecommons.org/licenses/by/4.0/

Metwali Journal of Inequalities and Applications (2023) 2023:157 Page 2 of 14

various types of problems in the considered spaces. Recall that the MNCs were demon-
strated and defined in the Banach algebras C(I), BC(R") [5], in the space of regular func-
tions [9, 17, 22], in the space of all locally integrable functions L;, (R*) [28], in the space of
Lebesgue integrable functions L; (RY) [7], in the classical Lebesgue spaces L”(RN) [1, 27],
and in the Sobolev space W*!(I) [20]. We extend and generalize the above results to the
case of L?V)(R*)-spaces.

To fulfill this gap, we construct a regular measure of noncompactness in L”")-spaces
on unbounded domain R* and apply it with the help of Darbo’s fixed point approach in

studying the following integral equation in the studied spaces:
x(t) =g(t) + £ (t,x(t)) + / K(¢,5)f> (s,x(s)) ds. (1.1)
0

The importance of studying Z”")-spaces is that they are logical extensions of classical
constant exponent L,-spaces, and the investigations of the solutions of the integral equa-
tions are naturally studied in these spaces. The L”)-spaces are not rearrangement invari-
ant, the translation operator is not bounded, Young’s convolution inequality does not hold
when compared to the theory of Lp-spaces (cf. [13, Sect. 3.6]).

Moreover, that technique is simple to use when examining the solutions of various kinds
of problems in Z”")(R*), which has a wide range of applications that can be utilized to get
beyond the restrictions of Lp-spaces.

2 Notation and auxiliary facts
Let R = (—00,00) and R* = [0, o0). By L?)(R*) we denote the space of functions f(£) on R*
s.t.

L(f) = /0 IFo Y dt < oo,

where p(t) is a measurable function on R* with values in [0,00) and define p— =
essinfy.o p(¢) and p+ = esssup,,, p(t).
The spaces L”")(R*) = L") are the Banach spaces with the norm

I llp0) = ”f”LP(‘)(]R‘f) = inf{k >0:1, (]XC) = 1}: (2.1)

which corresponds to the well-known Luxemburg norm in Orlicz spaces. If p(x) = p is a
constant function, then norm (2.1) coincides with the usual L,-norm.

The next concepts will be useful and helpful with the framework.

The Holder inequality is written as follows in Z”*) [11]: If we assume that f and g are in
L) and L1V, respectively, we have f - g € L'(R*), where 1% + # =1, and

/0 (2] dt < ko Il g

where 1 < p(-) < oo and 1 < k,() < 4.

Proposition 2.1 [15, Remark 2.1] Suppose that the sequence {x;} C L") converges in norm
to h € IPY). Then there exists a subsequence {hi;} and g € IPY) such that the subsequence
converges pointwise a.e. to h and, for almost every t € R*, |hk].(t)| <g(®).
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Definition 2.2 Consider that a function f(£,x) : R* x R — R fulfills the Carathéodory
conditions i.e. it is continuous in x for almost all £ € R* and measurable in ¢ for any x €
R. The superposition (Nemytskii) operator Fy can thus be denoted for each measurable

function x in the following manner:

Er(x)(0) =f (¢,%()), teR™.

Lemma 2.3 [18] If Fy : PO 5 [40) then Fy is continuous and bounded, and there is a
constant b > 0 and a nonnegative function a € L1 such that, for t € R* and x € R, the
following inequality holds:

[ft,x)| < a(t) + blapr®'10, (2.2)

On the other hand, if f (t,x) satisfies (2.2), then Fy IO — 149 gand thus Fy is continuous
and bounded.

Next, let us assume that (E, || - ||) is a Banach space that has zero element denoted by 6
and that B, = B(r,0) denotes a ball with a radius r and a center at 6.

Let Np and ¥ # M be, respectively, the subfamily containing all relatively compact
sets of E and the family of all nonempty and bounded subsets of E. Convex closed hull and
closure of a set Y are denoted by the symbols Conv Y and Y, respectively.

Definition 2.4 [4] The function u : Mg — [0, 00) is called a measure of noncompactness
(MNQ) in E if it fulfills:
(1) The family ker i = {X € M : u(X) = 0} is nonempty and ker u C Ng.

) Y CX = u(Y) < uX).

) w(¥)=u(Y).
(4) n(ConvY) = u(Y).

) LAY +(1-2)Y) <au(Y) + (1 - 2)u(Y), for A € [0,1].

) If@ #Y, C E is a sequence of closed and bounded sets, Y, = Y, s.t. Y,,,; C Yy,
n=1,2,3,...,and lim,_, o (¥,) = 0, then Yoo = (2, Y, # 9.

We say that an MNC is regular if it additionally satisfies the following axioms:
(7) (Y UX) =max{u(Y), u(X)}.
8) n(Y +X) < u(Y)+ ulX).

9) u(AY) = |A|u(Y), for A e R.
(10) kerp = Nx.

Examples of MNCs that fit all the axioms listed above are the Kuratowski and Hausdorff
MNCs [4].
It will be necessary to use the following Darbo’s fixed point theorem.

Theorem 2.5 [4] Let ) # Q C E be a bounded, closed, and convex set and let V : Q — Q
be a continuous mapping that is a contraction with respect to the MNC p i.e. there exists
ke€[0,1)s.t.

(VX)) < ku(X)

for any nonempty X C E. Then V has at least one fixed point in Q.
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3 Construction of MNC in the space LP"”
In this section, we establish a new measure of noncompactness in L”") and investigate its
properties. We begin by introducing an extension of the well-known Riesz—Kolmogorov

compactness criterion in L*).
Definition 3.1 A subset F of I#) is called precompact if its closure is compact.

The Riesz—Kolmogorov compactness criterion in L") can be stated as follows (cf. [19,
Theorem 5] and [16, Theorem 2.1]).

Lemma 3.2 Let F be a subset of LP"), then the family F is precompact in I*") if and only
if the following conditions hold.:
(i) F is bounded,
(i) Veso Fs50 Yies Yreer I+ 1) —f()lp0) <€
(il) Veso 3750 Vrer “flll}’(')[T,oo) <E€.

Theorem 3.3 Assume that § # X C L") is a bounded set. For x € X and € > 0, let

w(x,€) = sup{ ||x( +h) —x(-)”pw k| < e},
(X, €)= sup{a)(x,e) tX GX},

w(X) = limw(X, €).
e—0
Also, let

dr(X) = sup{ %1l o) (7,00 * % € X},
d(X) = lim dr(X).
T—o00

Then 1(X) = w(X) + d(X) : Mp) — R* represents an MNC in LP*).
Proof First, we begin by demonstrating the validity of axiom (1) of Definition 2.4.
Consider X € M, () such that (X) = 0. Let n > 0 be arbitrary. Since u(X) = 0, then

lim._,o (X, €) = 0. Therefore, for all 5 > 0, there exists § > 0 such that w(X, §) < n, and this
indicates that

(- + 1) = x()] ., <m

for all x € X and & € R* such that |/| < §. Since 1 > 0 is arbitrary, we get
lim (- + 1) = ()], = 0

uniformly in x € X. Again, keeping in mind that x(X) = 0, we have
Jim dr(X) =0,

and so for € > 0, there exists T > 0 such that

%0l 1) 7,00y < € forallx € X.
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Thus, from Lemma 3.2 we infer that the closure of X € L#") is compact and ker . C
N 500 The proof of axiom (2) is clear.
Now, suppose that X € M) and (x,,) C X such that x, — x € X in I#Y). From the
definition of w(X, €) we have
||xrl( + h) - x() ||p() =< Cl)(X, 6)
for any n € N and |4| < €. Letting n — 00, we get
”x(. +h) —x(.)Hp(_) <w(X,e) forany|k|<e,
then
lim w(X, €) < lim w(X, €)
e—0 e—0
implies that
o(X) < w(X). (3.1)
Similarly, we may demonstrate that d(X) < d(X), so from equation (3.1) and axiom (2) we
get 1(X) < u(X) satisfies axiom (3) of Definition 2.4.
Axioms (4) and (5) can be proved similarly by using the inequality
A2+ (1 - )\)x”p() < Alxllpe) + @ = A) 1%y
To demonstrate axiom (6), let us assume that {X,,} is a sequence of closed and nonempty
sets from M, (), where X,,,1 is a subset of X, for n =1,2,..., and lim,,_, o u(X,) = 0. Now,
for any 7 € N, take x,, € X,,. We claim that F = {x,} is a compact set in L*", To prove the
claim, we need to check conditions (ii) and (iii) of Lemma 3.2.
Let € > 0 be fixed. Since lim,,_, . £(X,) = 0, there exists k € N such that (X}) < €. Hence,
we can find 8; > 0 and 77 > 0 such that
o(Xi,81) <e and dr (Xi) <e.
Thus, for all # > k and |h| < &1, we get
w(X,,81) <e and dr (X,)<e.
The set {x1,%3,...,%¢_1} is compact, hence there exist §; > 0 and T5 > 0 such that
(X, 82) <€ and  dr,(X,) <€

for all 1 < n < k. If we choose § < min{8;,8,} and set T = max{T7, T»}, then

w(.’F):%i_r}r(l)w(]:,(S):O and d(f):TILII;OdT(T):O.

Page 5 of 14
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Consequently, u(F) = 0, indicating that FF is compact. It follows that there exists a subse-
quence {x,,j} and xo € L#V) such that Xy —> X0, and since for all x,, € X,,, X,,,1 C X, and X,
is closed for all # € N, we have

o0
X0 € an = Xoo

i=1

and this completes the theorem’s proof. g
We now analyze the regularity of u.

Theorem 3.4 The measure of noncompactness |1 given in Theorem 3.3 is regular.

Proof Suppose that X,Y € L”"), Since for all € >0, A >0, T > 0 we have

w(YUX,¢) < max{w(Y,e),w(X,e)},
oY +X,¢) <w(Y,¢e) + w(X,e),

w(AY,€) < Aw(Y,€)

and
SUp_ (11 017,0e) = SUP{SUP 15017, 9P 1l 0 7. |
xeYUX xeY xeX
sup ”x”L!’(')[T,oo) <sup ”x”LP(')[T,oo) + sup ||x||Lp(v)[T,oo),
xeY+X xeY xeX
sup ”x”LP(')[T,oo) < Asup ||x||y7(‘)[T,oo),
xeLY xeY

axioms (7), (8), and (9) hold. To show that (10) holds, suppose that X € A/},). Thus, the
closure of X in L") is compact, and hence from Lemma 3.2, for any € > 0, there exists T > 0
such that d7(X) < € and also w(X) < € uniformly in x € X. From the first conclusion, for all
n > 0, there exists § > 0 such that |lx(- + &) — x(-) || ,) < n for any |/| < 8. Then, for all x € X,
we have

w(x,98) = sup{ ||x( + h) —x(-)”p(.) |k < 8} <e.
Therefore,
w(X,8) = sup{a)(x,é) 1x € X} <e,

which proves

girr}) w(X,8)=0 (3.2)
and
Tlim dr(X)=0. (3.3)

Now from (3.2) and (3.3), axiom (10) holds. O
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4 Applications
In this section, we use the results obtained in Sect. 3 to investigate the existence of solu-
tions for the nonlinear integral equation (1.1).

The operator H can be defined as follows:

x = H(x) = g + Ff, (x) + Ax,
where

Ax =Ko o Fp, Kox(t) = / K(t,s)x(s) ds
0

and the superposition operators Fy, i,i = 1,2, are the same as in Definition 2.2.
Equation (1.1) will be handled based on the following set of presumptions:

(i) g() e
(i) Fori=1,2, suppose that f;: R* x R — R satisfies Carathéodory conditions and
there exist constants b; > 0 and functions a; € LZ) such that

lfi(t,0)| < ai()
and

fi(t,%) = fi(s,9)| < |ai(®) — ai(s)| + bylx - yP4
forallt,s € R* and x,y € R.

(iii) Let K:R* x R* — R be measurable and there exist functions g; € L”) and
J ol 70, 1% + ﬁ =1 such that |[K(t,s)| < g1(t)ga(s) for all £,s € R* and

|K(t1,8) - K(t2,5)| < g2(9)|g1(01) —g1(t2)|, 11, 82,5 €RY.
(iv) For M > 1, let r be a constant satisfying the inequalities

lglpe) + (Mllarllg) + b1 Mr®'D%)

+ ke lgllpo g2l (lazllge) + bar®P) <7
and
biM - (2r)P'0* < 1,
where the + sign occurs when r > 1 and the — sign occurs in the case r < 1.

Remark 4.1 Under assumption (iii), the linear integral operator Kox(¢) = fooo K(t,s)x(s)ds
maps L) into L70),

Proof By utilizing assumption (iii) and the Holder inequality, we have

|Kox(t)] < /0 IK(t,5)||x(s)] ds
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< /0 G026 ds

< kgogDlgllgolxllge,  q()=—~—.
4811182 1lq () I¥llq(), 4 70)-1
Therefore,
1Koxllp() < Kge) €1 1150 1€2 11y 1%l g (4.1)
then we get our claim. O

Remark 4.2 Under assumption (ii), we have that the superposition operator Fy, (LY
L1 and is continuous.

Proof From assumption (ii), for i = 1,2, we have

(&, %)| < [fi(t,%) = fi(t, 0)| + |fi(, 0)| < bill” V4D + |£i(2,0)]

= [fi(t,%)] < ailt) + byl V40,
Since a; € L1, i = 1,2, and by utilizing Lemma 2.3, we get our claim. 0

Proposition 4.3 [8] Since p(t) < q(t), t € R*, the operator Fy, : [P*) — LPV) is well defined,

bounded, and continuous and
(-)/q(-) ((Z20ES
[0 < el

Theorem 4.4 Let assumptions (i)—(iv) be satisfied, then equation (1.1) has at least one
solution x € LPV)(R*).

Proof We will carry out the proof in a number of steps.

Step I. We will show that the operator H is well defined on L") and is continuous.

At the outset, according to (ii) and Remark 4.2, we have that the operators Fy, PO
L1, where i = 1,2, and they are continuous. Furthermore, according to Proposition 4.3,
the operator Fy, : /) — [”*) and is continuous.

Now, we will prove that property for the operator A = Ky o Fy,.

Considering our underlying presumptions and Remark 4.2 with the Holder inequality,

we have

foofoo|1((t,s)f2(s,x(s))|dsdt
o Jo

< /00 /00|K(t,s)|(a2(s) + h2|x(s)|p(s)/q(s)) dsdt
o Jo

o0
- / ke [ K )] a2 + bolal?O'50)| e
0

q/
< kg (lazllgy + b o220 H"('))/o Hgl(t)gZ(')”q/(,) dt

/q)+
< kqoy (laallgey + b2l 87 kot s - g2l oo 1217

Page 8 of 14
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/q)+
= kgykpy 11 1o g2l ) 1Ll (@2l gy + B2 IIxIII(fE.)q) ), (4.2)

where p/(-) = 2. Then A(PO(R)) C Ly (RY).
We will now demonstrate that A(Z”")) ¢ I#V), Using Remark 4.1 and Remark 4.2 again,

we derive that, for almost every ¢ € RY,

/00 I((~,s)f2(s,x(s)) ds
0

p()

= H / °° K(,5)(aa(s) + ba|(s)| ") ds
0

p()
< kg 1K (& )l llaz + balxPY 4O 4oy 1

< kg (lazllgey + b2 &40 Dl - g2l oo

= ko lgu llpo g2l (laallgey + Ballsl) 557, (4.3)
Then A(LPV) C L7V,
We shall now demonstrate that the operator A is continuous between indicated spaces.
To accomplish this, let us select the sequence (x,,) C L”") such that
nlingo [l — %Il py = 0.

We will demonstrate that A(x,) — A(x) in L#") as n — 0o. To accomplish this, it is suffi-
cient to demonstrate that any sequence (x,) has a subsequence denoted by (x,, ) such that
A(xy,) = Alx) in IP0) as k — oo.

Take (%, ) C (x,). It follows by Proposition 2.1 that there is a subsequence (x,, ) such that

%s, — % almost everywhere in R* (4.4)
and there exists & € L") satisfying
|xnk (t)| <h(t) almosteveryteR* forallkeN. (4.5)
Since the function K(t,s)f2(s, ) : R — R is continuous, from (4.4), we deduce that
K(¢,9)f> (s, Xy (s)) — K(t,3)f2 (s,x(s)) for almost every t,s € R*.
Now, based on presumption (ii) with inequality (4.5), we have for almost every ¢, s € R,
s)/q(s
’K(t, s)fz(s,x,,k(s))| < K(t, s)(az(s) + by ’h(s) ’p( a )).
As before, we can show that for almost every ¢ € R* the function t — K(£,s)(ax(s) +

by|h(s) [P0 lies in Ly (RY).

Consequently, using the Lebesgue dominated theorem, we obtain

/OO K(¢,5)f> (s, Xy (s)) ds — /00 K(¢,5)f> (s,x(s)) ds
0 0
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for almost every ¢ € R*. Moreover, by using Remark 4.1 and (4.5), we have

/q)£
S Haolle oo g2l (laallgey + ballil &%)
o

/ K(¢,5)f> (s, Xy (s)) ds

0

Consequently, the Lebesgue dominated theorem implies that
(s~ AG] ) = 0

then we obtain that ||A(x,) — A(X)],) = 0,

which implies that A maps continuously Z”) — L?0), Finally, by assumption (i), we have
that the operator H maps L”") — L) and is continuous.

Step II. We will construct an invariant set B,, where r is as in assumption (iv). We shall
first show that the operator H is bounded in L") i.e.

[F G = gl + [ @, + [A@] -

To do this, we use assumptions (ii) and (iii) and the following facts: (i) the Z”*)-norm is
order preserving, (ii) the triangle inequality, (iii) the embedding L1 c L”") since p(-) <
q(-) (see [11, Theorem 2.45 and Corollary 2.48]), which implies that there exists M > 1
such that, for all a; € L1V, ||ay o) < Mllaill4)- Then we have

[HE ) < lghpey + [ar + baleP4O
+kollgllpoleleo B @]
< lgllpey + (lallpgy + b2 )
+ ko llgi oo g2l | a2 + Bl
< llglp + (Mllallgy + brM 21O )

+ gty g lpo g2l (lazllgey + b2 & 7O J)

(p/q)i)

< lglpey + (Mllarllge) + brMIlxl| )y

/q)E
+ koo llgr oo g2l (1@l + Ba ] 27%).

Thus, H : [*V) — [PV, It follows from our assumption (iv) that the following inequality has
a positive solution r such that
[H@], < gl + (Ml + b2 ?9%)
+kaollgllpo g2 lly o (lazllgey + b2r®®*) <,
which implies that H : B, — B, is continuous.

Step III. It is obvious that B, is a bounded, closed, and convex set in o),

Step IV. We will demonstrate that H is a contraction in terms of the MNC p.
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Assume that ) # X C B, and fixed arbitrary constant € > 0. Then, for arbitrary x € X and
for t,h € R and |k| < ¢, we have
|(Hx)(¢ + h) - (Hx)(0)|
< lg(t + 1) —g(®)] + |Fs @)t + 1) — Eg () (O] + [A@)(E + h) — A@)(8)]
<|g(t+h) —g®)] + |fi(t + hx(t + h) - fi(,x(0))|
+ /OO|K(L‘ +h,s) —K(t,s)} [fz(s,x(s)) | ds
0
< |g(t+ 1) = g(&)] + (|ar (¢ + ) = ar (1) + b |t + ) — x(5) ")
. / g1t + 1) - 210|220 |aa(s) + ba ()| s
0

< ‘g(t +h) —g(t)| + (|a1(t +h) - al(t)‘ + by |x(t + h) —x(¢) ’p(t)/q(t))

+ kg0 l@r (€ + 1) = @1 (O] - lgally o) (lazllgey + bar® D).

Therefore,

| (H)(- + h) = (H) ),

< g+ -20)]
# a4 m) =@, + b + 1) = 2O
+ ko lei -+ 1) = @] - Igallgr (laally) + b))

< gt +m -0,
+ (Ml 1) =), + Mo+ ) =5 OP ) )
+ kol + B =@ O] gl (lazll g + b2r® @)

< |t +m-gOl,,
+ (M]ar(+ ) = ()], + Mb (- + 1) =20 [77)
tkgog1C+ 1) = @O Igallgo (laallg) + bar® @)

< gt +m -0,
+ (Mar+ 1) - ar ()] ) + Mbrn)E P a4 h) - 0] )

+ kg gn(-+ 1) =@ O] Ig2llg o (laallgey + bor® =),

(- + ) —x(.)Hl(;z_/)q)i = ||x(- + k) —x(.)||l(j’z_/f)i_l (- + h) —x() ||p(.)

=< (2’")@/6]):‘: ||x( +h) —x(-) “p(-)'
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Thus we obtain
w(HX, €) < w(g,€) + (Mw(ay, €) + biM - (2r)P' % o (x, €))
+ kg llg2 e (lazllge + bar®P%)o(gy, €).
Also we have w(g,€) — 0, w(a;,€) — 0, and w(g;,€) — 0 as € — 0. Then we obtain
w(HX) < biM - 2r)®'D% . o(X). (4.6)

Next, let us fix an arbitrary number T > 0. Then, using our hypotheses, for an arbitrary
function x € X we have

IHX N 120 (7,00) < €11 1207,00)
+ (M@l a0 7,00y + MO DE %] 00 7.00))

+kg0) - 18110 7,00 122l (@2l g + Bar®' D).

Also we have [g]lp0[700) = 05 l@1ll140)17,00) = 0, and ||g1 [l pip7,00) = 0 @s T — 00, we
have

A(HX) < biM - (2r)?'D* . 4(X). (4.7)
Combining (4.6) and (4.7), we have
W(HX) < biM - 2r) D% . p(X).

From the above inequality and by recalling all the above established properties, we can
apply Theorem 2.5, which finishes the proof. O

5 Particular cases and examples
Let us recall some examples and particular cases of our outcomes that were covered and
studied in earlier publications.

Example The tools of the weak MNC related to the fixed point theorem for contractions
in the space L!(0, 1) were utilized for studying the existence of integrable solutions of the
Hammerstein and Urysohn integral equations (cf. [2])

1
x(2) =g(t) + /0 k(t,s)f(s,x(s)) ds,
1
x(t) =g(t) + / u(t,s,x(s)) ds.
0

Example The authors in [28] constructed a new MNC in the space Lll0 (R*) of all real

functions locally integrable on R*, and they utilized that method together with a family of
MNC:s to investigate the existence of solutions of the nonlinear Volterra integral equation

x(s) :f<s, /S u(s, t,x(t)) dt).
0
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Example The authors in [1] examined a set of nonlinear functional integral equations
using a new MNC on LP(RN )(1 < p < 00) together with Darbo’s fixed point theorem

x(s) = g(s,x(s)) + / k(s, £)(Qx)(¢) dt,

RN
where Q is an operator mapping the space L,(RY) into itself.

Example The Urysohn integral equations were examined in Orlicz spaces L, (/) in [29, 30]

x(t) =g(t) + /u(t, s,x(s)) ds, tel.

I

The case of Hammerstein integral equations were also discussed in Orlicz spaces in [33].

Example The existence and uniqueness of the solutions of Volterra integral equations
with Carathéodory functions having diverse growth behaviors

b
x(s) = g(s,x(s)) + A/ u(s,t,x(t))dt, se(a,b),reR

were studied in [8] in L”)(a, b) by using degree theory and fixed point approach.

Example In [20], the authors presented a new MNC in the Sobolev spaces W*1(I) and
used it to investigate the existence of solutions of the integral-differential equation

9 9
x(t) = pt) + q(O)x(t) + /1 k(t,s)g(t,x(s), 8_Z(S)’ . %(s), Tu(s)) ds.
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