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problem; Strong convergence

The class of split inverse problems (SIP) plays a prominent role in medical image recon-
struction and in signal processing. One of the important generalizations of the SIP is the
split common fixed-point problem (SCFPP). The class of SCFPP associated with a vari-
ety of nonlinear mappings has been analyzed in the framework of Hilbert as well as Ba-
nach spaces. In this paper, we are interested in solving the SCFPP for finite families of
k-demicontractive mappings in Hilbert spaces.

In 1994, Blum and Oettli [14] proposed the (monotone-) equilibrium problem (EP) the-
ory in Hilbert spaces. Since then, several iterative algorithms have been employed to com-
pute the optimal solution of the (monotone-) EP as well as EP together with the fixed-point
problem (FPP). In 2006, Tada and Takahashi [32] suggested a hybrid framework for the
analysis of monotone EP and FPP in Hilbert spaces. However, the iterative algorithm pro-
posed in [32] fails for the case of pseudomonotone EP. To overcome this drawback, Anh
[2] employed the hybrid extragradient method, based on the seminal work of Korpelevich
[27], to compute the optimal common solution of the pseudomonotone EP and the FPP.

Inspired and motivated by the ongoing research, it is natural to study the pseudomono-
tone EP together with the SCFPP associated with the class of k-demicontractive mappings
in Hilbert spaces. We propose some accelerated variants, based on the inertial extrapo-
lation technique [29] (see also [1, 3—-12, 15-17, 19, 21-24]), of the hybrid extragradient
algorithm in Hilbert spaces.
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The rest of the paper is organized as follows. We present some relevant preliminary con-
cepts and useful results regarding the pseudomonotone EP and SCFPP in Sect. 2. Section 3
comprises strong convergence results of the proposed variants of the hybrid inertial ex-
tragradient algorithm under a suitable set of constraints. In Sect. 4, we provide numerical
results for the demonstration of the main results in Sect. 3 as well as the viability of the
proposed variants with respect to various real-world applications.

2 Preliminaries

Let K be a nonempty, closed, convex subset of a real Hilbert space ;. The metric pro-
jector Px from #H; onto K is defined for each u € H; there exists a unique nearest point
P in IC such that || — Prepll < [u—v|, Vv € K. A subset X of K is said to be proximal
if for each p € IC, there exists v € X’ such that d(u, X') = || — v||. Throughout the rest of
the paper, we denote by C5(H,), CC(H,), and PB(H,) the families of nonempty, closed,
bounded subsets, nonempty, closed, convex subsets, and nonempty, proximal, bounded
subsets of H;. The Hausdorff metric on CB(H;) is defined as:

D(A,B) := max{supd(,u,B), supd(v,A){, VA,BeCB(H,),

HEA veB

where d(u, B) = infyep || — b||.

Let 7 : H1 — 2*1 be a multivalued mapping with a nonempty, closed, and convex fixed-
point set denoted by Fix(7) := {v € H;; v € Tv}. Recall that the multivalued mapping 7 is
said to be a (i) contraction if there exists k € (0, 1) such that D(7 u, Tv) <k|u —v| for all
i, v € Hy; (ii) nonexpansive if D(T i, Tv) < ||u —v|| for all u, v € H; (iii) quasinonexpan-
sive if Fix(7) # ¥ and D(T u,v) < || — v|| for all u € H;, v € Fix(T); (iv) demicontractive
[20]if Fix(7) # ¥, and there exists k € [0, 1) such that D(T 1, Tv)? < ||t —v||% +kd (i, Tv)?
for all u € H,, v € Fix(T). It is worth mentioning that every multivalued quasinonexpan-
sive mapping 7 with Fix(7) #  is demicontractive, but not all multivalued demicontrac-
tive mappings are quasinonexpansive (see Example 2.2 in Ref. [25] for the proper inclu-
sion).

Recall that the best approximation operator P7 of a multivalued mapping 7 : H; —
PB(H,) is defined as Pr(u) := {v € Tu :d(u, Ti) = || — v||}. Observe that Fix(7) =
Fix(P7) and Py satisfies the endpoint condition, i.e., 7 = {u}, for all u € Fix(T). Mean-
while, there is an example for the best approximation operator Py that is nonexpan-
sive, but 7 is not necessarily nonexpansive [31]. Recall also that the multivalued map-
ping 7 : H; — CB(H,) satisfies the demiclosedness principle at 0 if for any sequence (xy)
in H; that converges weakly to u € H; and the sequence (||xx — yx||) converges strongly
to 0, where yx € Txy, then u € Fix(7). The Hilbert space H; satisfies Opial’s condi-
tion if for a sequence (vx) C H; with vy — v then the inequality liminfi_, o vk — V|| <
liminf;_, » ||[vx — || holds for all © € H; with v # . Moreover, H; satisfies the Kadec—
Klee property, i.e., if vy — v and ||vk|| — ||v|l as k — oo, then ||y — v|| = 0 as k — oo.

Letg:H; x H1 — RU {+00} be a monotone bifunction, i.e., g(i, v) + g(v, u) <0, for all
W, v € Hy, then the equilibrium problem associated with the bifunction g is to find u € H;
such that g(u,v) > 0 for all v € H;. The set of solutions of the equilibrium problem is
denoted by £P(g).

Assumption 2.1 ([13, 14]) Let g: H; x H1 — R U {+00} be the bifunction satisfying the
following assumptions:
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(A1): g(p,v) = 0= g(p,v) <0, for all u,v € H; (pseudomonotonicity);
(A2): There exist constants d; > 0 and d > 0 for Lipschitz-type continuity such that

g, v) +8(v,8) = g, §) —dillw - v —dallv - €%, forall u,v,§ € Hy;

(A3): If u,v € H; and two sequences (i), (vk) such that px — p and vy — v, respec-
tively, then f(uk, vi) = f (1, v) (weakly continuity property of g);
(A4): For a fixed u € H;, the function g(u, -) is convex and subdifferentiable on H;.

The set £P(g) is weakly closed and convex provided that the bifunction g satisfies As-
sumption 2.1. For a finite family of bifunctions g; satisfying Assumption 2.1, we can com-
pute the same Lipschitz coefficients (d;,d5) for the family of bifunctions g; by employing
the condition (A2) as

g1, 8) — g, v) — gi(v,€) < dillp —viI* + doillv - &> <dillw —v|* + dallv - €%,

where (dy, dy) = maxy <i<p(dy,i; da;). Therefore, gi(11,v) + gi(v, ) = gi(w, &) — dallw — v||* -
do|lv — €. In addition, for all j = 1,2,...N, let 7;: H; — CB(H,) and S; : Hy — CB(H>)
be finite families of multivalued demicontractive mappings with constants k; and ]]Ej, re-
spectively, such that 7; — Id and S; — Id are demiclosed at zero. If we assume ® : H; — H,
to be a bounded linear operator then the solution set of the SCFPP for two finite families

of multivalued mappings (7;)5! , and (Sj);\i 1» is denoted as

N N
Q= [u e[ \Fix(T): ©v e [ |Fix(S) {.

j=1 j=1

In [34], it was shown that the fixed-point set of a multivalued demicontractive mapping
is closed and convex provided it satisfies the endpoint condition. In a similar fashion, we
can choose (k,k) = suplsjsN(k,», ﬂ:gj). Suppose that I := (ﬂ?fl EP(g)) N2 #P. Then, we are
interested in the following problem:

v*er. (2.1)
Lemma 2.2 Let y,v € Hy and 0 € R, then
e+ vI> < el + 200, + v).

Lemma 2.3 ([26]) Let T : Hy — CB(H,) be a k-demicontractive multivalued mapping. If
w € Fix(T) such that T i = (u), then the following inequalities hold: for all i € H1, € T i,
@D (r=v,u-v) < %Hﬂ -o11%
(D) (=7, - ) = FEla -l

Lemma 2.4 ([18]) Let H; be a Hilbert space and (vi) be a sequence in H,. Then, for any
given (ax)2, C (0,1) with ) -, oy = 1 and for any positive integer i, j with i < j,

o0

P

2 o0
2 2
<> el vill® - ey |vi = vy 1%
k=1 k=1
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Lemma 2.5 ([33]) Assume a convex and subdifferentiable function h : K — R defined on
a nonempty, closed, convex subset KC of a real Hilbert space H,. A point v, solves the convex
problem min{h(v) : v € KC} if and only if 0 € dh(v,) + N (vi), where dh(-) indicates the
subdifferential of h and N (V) is the normal cone of K at v.

Lemma 2.6 ([28]) Let IC be a nonempty, closed, convex subset of a real Hilbert space H,.
For every p,q,r € Hy and y € R, the following set is closed and convex:

D={veK:lg-vI*<llp-vI*+{r,v) +v}.

3 Algorithm and convergence analysis
Our main iterative algorithm of this section has the following architecture (Algorithm 1).

Theorem 3.1 Let the following conditions:

(C1) Y32, &llvk — v |l < 005

(C2) Z;L &k =1 and liminfi_, o ;> 0, forallj=1,2,...N;

(C3) Zﬁo Brj =1 and liminfy_, o Br,; > 0, forallj = 1,2,...N;
hold. Then, the sequence (vy) generated by Algorithm 1 converges strongly to an element
inl.

Algorithm 1 Hybrid Inertial Extragradient Algorithm (Alg.1)
Initialization: Choose arbitrarily vg,v; € Cy = H;. Set k > 1 and nonincreasing se-

quences (&), (ﬁk,j) c(0,1),0<¥ < min(ﬁ, i) and A € (0, ﬁ). Choose the inertial

parameter

: Pk 3 .
min{ e—ve1ll’ g} if Vi 7 Vk-1;

& otherwise,

where {p;} is a positive sequence such that ) -, px < oo and £ € [0, 1).
Iterative Steps: Given v, € H;, calculate:
Step 1. Compute

bi = vi + &(vk — vi1);

u = argmin{9gi(bi,y) + 3 |bx - ¥I*: 7€ K}, i=1,2,...,.M;
wi = argmin{0g;(ui,y) + 31k = 51> :y €K}, i=1,2,...,M;
o= Wi+ Y @A O (S Owe) - Owy),  j=1,2,..,N;
2k = Broyk + Z,I-Zl Bri vk j=1L2,...,N.

If zj = yx = Wi = ug = by = vk then terminate and vy is the required solution. Otherwise,
Step 2. Construct

Cor = {z" €Cr: |z - 2" ||2 < HVk—Z*”2 + & vk — v I1? + 28x(ve — 25, vk — v )}

H
Visl = ’Pckilvl,‘v’k > 1.

Put k =: k + 1 and execute Step 1 again.
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The following result is crucial for the strong convergence result of Algorithm 1.

Lemma 3.2 ([2, 30]) Suppose that v* € EP(g;), then
|wie—v*|* < [ = v * = (1= 20d0) luxe — be ) = (1 20) g — w1
where vy, by, ui, and vy are defined in Algorithm 1.

Proof of Theorem 3.1 Step 1. Algorithm 1 is well defined.

It is obvious by recalling Lemma 2.6 that the set Cy is closed and convex. Moreover, the
set Q is closed and convex. Therefore, I" is nonempty, closed, and convex. For any v* € T,
it follows from Algorithm 1 that

ok - V*||2 = [Jvk = v* + &k - v1<-1)||2

< vk -v* ||2 + & vk — v |17 + 28k{ve — v*, vk — i) (3.1)

Recalling the estimate (3.1), Lemmas 2.3 and 2.4, and Lemma 3.2, we obtain

N 2
Wi+ Y GO (S{(Owr) - Owy) —

-1

Jye=v[* =

2

de'/(wk —v* + AO* (Sj(@Wk) - @Wk))
j=1

N
<Y awj|wr = v+ 10%(S(Owi) — Owy) ”2
j=1

Z

([ wi = v* [ + 22 ©" (S(©m) - Owi) [
j=1

+ 2A(wi — v, ©*(S(Owy) — Owy)))

~

=

iy ([|wic = v*[|* + 221017 | S @wi) - Owe|*

-

I
—_

j
+ 2A<wk -5, @*(S,(@wk) - @wk)». (3.2)

Putting My = 2A(wy — v*, ©*(S;(Owy) — Owy)), since §; is ]léj-demicontractive, then by
Lemma 2.3, we have

= 2%(@( ) (Owy) — @wk)

= 2%(@( ) (S,»(@wk) - G)wk) - (S,»(@wk) - @wk),Sj(®wk) — @wk)

24(S(Owy) - OVF, S(Owy) - Owy) — | S(©Owr) - Ow||”

1+]k
<2\

)”S(@wk) owe|]? - S @w) - O |’

- _(1- ué,»)x||s,»(®wk) - ow |’
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< -(1-R)r|S(Ow) - Oy |*.

Utilizing (3.2) and (3.3), we obtain
2 A ~ 2
= [ = o= [ = 3 g (1 - - 1OIP) |5 @) - v
j=1
Since 7 is k;-demicontractive and by using Lemma 2.4, we have
2

N
Broye + Y BTy —v*

=1

o] =

N
< Brolye—v*|* + > B Tye = v* I* = BroBusllye — Tell®

Jj=1

N
= Brolyx —v* ||2 + Z Brjd (T = Trv*) = BroBjllyk — Tivkll*

=1

N
< Brolyx —v* ||2 + Z By H( Tk = Tv*) = BroBrjllyk — Tyl

j=1
~ 2 N ~ 2
< Brolyx —v*|" + Z Bri(|yx = v* | + kid(ye Tv))
j=1
= BroBrjllye = Tkl
I°

N N
< Brolyk —v* ||2 + Z Brjllyx - v* ||2||2 + Z,gk,jk”yk - Tiyx)

j=1 j=1
= BroBrjllyx = Tiyell?
= = v*1*1* = Bro = k) Brslly = Tull?
N
< Jwie =" =Y a1 - k- a101%) | S(@wi) - Ow|®
j=1

— (Bro =) Bejllye — Tiyell>.

(3.3)

(3.4)

(3.5)

This shows that T" is contained in Cy, for all k > 0. Recalling the definition of the set Ci the

above estimate infers that Algorithm 1 is well defined.
Step 2. The limit limy_, o ||vi — v1|| exists.

From v, = Pcﬂkil vy, we have (vi, 1 — v1, Vg1 — p) < 0 for each p € Cy, ;. In particular, we

have (vg,1 — v1, Vg1 —v*) < 0 for each v* € T'. This establishes that the sequence (||vg —v1]|)

is bounded. Nevertheless, from vy = 732: Yy; and v, = PZ'IL( 11 v1 € Ciy1, we have that

v = vill < lvieer =l
This infers that (||vx — v1|) is nondecreasing and consequently

lim ||vg — vyl exists.
k—o00

(3.6)

Page 6 of 16
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Step3.v eTl.
We first compute

2 2
ke = vell™ = llvier — v1 + v1 — |
2
= kst = 1 lI* + vk = vil1? = 2{vg = V1, Ver — V1)
2 2
= ke = vill™ + lve = vill” = 2(vk = v1, Viy1 — vk + v — v1)
2 2
= ke = vill” = vk = vill” = 2{vk — V1, Vks1 — Vi)

< [Vksr = wall® = Il = va |12

Employing the lim sup and recalling (3.6), we have
lim [|vgsr = vell = 0. 3.7)
k— 00

By recalling (by) from Algorithm 1 and the condition (C1), we have
lim || bg — vill = 0. (3.8)
k—o00

By recalling the estimates (3.7), (3.8), and the following triangle inequality:
16k = vieer | = 11bic = vell + i = vea |l

we have
lim [|bx = Vi || = 0. (3.9)
k— o0

Recall that vg,; € Ci,1, therefore we have
iz = vierrll < ve = visa | + 28k llvie = vi-a | + 28k (vic = Vier1, Vie = Vi)

Recalling the estimate (3.7) and the condition (C1), the above estimate infers that
lim ||zx — Vsl = 0. (3.10)
k— 00

By employing the estimates (3.7), (3.10), and the following triangular inequality:
llzi = viell < llzie = viesa ll + Nvrss = vell,

we obtain
lim |z — vkl = O. (3.11)
k— o0

In view of Lemma 3.2, it is easy to obtain the following variant of the estimate (3.5):

(1 - 20d1)llux — bill> — (1 = 20d) [l — wie|l?
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< (v =v*] + 2 = v* ) lve = zell + €211k = v 17 + 28| v = v* || 1lve = veca -
Recalling the estimate (3.11) and the condition (C1), we have
(1-20d;) im |ug — be)|* = (1 = 20d>) lim |jagg — wi]|2 = 0. (3.12)
k— 00 k—o00
The estimate (3.12) implies that
lim |juyg — bel|?> = lim |Jug — wil|> = 0. (3.13)
k— o0 k— 00

We can also extract the following two inequalities from the estimate (3.5):

N
3G (1-k-21012) | S(@wp) - Owi’
j=1

< Jwe=v*|* =z —v¥|®
< (o =v*| + [z = v*|)) v = zell + EZ v = viea |12

+ 28 vk — v, e — Vi) (3.14)
and

(Bro — K)Br,llye — Tkl
o e e E
< (o =v*| + [z = v* ) v = zell + EZ v = viea |1

+ 25k<vk -, v — Vk—l)« (3.15)
Utilizing (3.14) and the conditions (C1) and (C2), we have

Jim |S(©wi) — Ow | =0, forallj=1,2,...N. (3.16)
Since liminfy_, o0 (Bro — k) B , >0, we obtain from (3.15) that

Jim |(dd = Tj)yx|| =0 forallj=1,2,...N. (3.17)

—00

In order to establish the claim of this section, we first show that v* € (X, EP(g)).
Observe that

. o1 2~
Ui = argmm{ﬁgi(bk,y) *5 b —9)1*:5 € IC}.
Recalling Lemma 2.5, we obtain

1 -
(VXS 32{19gi(bk»y) t3 | bk —y||2}(uk) + Nic (ug).
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This implies the existence of p € 9,g;(by, ux) and p € Ni:(ux) such that
Op + by — ug + p. (3.18)

Since p € Nic(ux) and (p,y — ux) <0 for all y € KC. Hence, recalling the estimate (3.18), we
have

O (p,y —wi) = (g — by —ux), ¥y € K. (3.19)
Since p € 0,g;(bi, uk),

&b, y) - gilbr, w) = (p,y —ux), VyekK. (3.20)
Therefore, recalling the estimates (3.19) and (3.20), we obtain

9 (gi(br, §) — gilbro wi)) = (e — b,y — i), ¥y € K. (3.21)

Since (vx) is bounded, there exists a subsequence (vg,) of (v¢) such that vy, — v € H; as
t — oo. This also implies that zx, — v and wy, — ¥ as £ — oo. Since u; — v, therefore,
recalling the assumption (A3) and the estimate (3.21), we deduce that 0 < g;(¥,y) for all
yeKandie{l,2,3,...,M}. This infers that b € ﬂf\fl EP(g).

Finally, we show that ¥ € Q. Since x;, — ¥ as ¢t — 00, recalling the demiclosed principal
along with the estimate (3.16) and (3.17), we have U € Q. Hence, v € T".

Step 4. vy — v* = 73[7-{11)1.

Since v* = P!'v; and b € T, we have

Jvr = v < vy = DIl < liminf [|v; — vg || < Timsup vy = v, || < vy = .
t—00

Recalling the uniqueness of the metric projection operator yields that v = v* = ’Plﬁ Ty

This completes the proof. d
If for eachj=1,2,...,N, let S; = Id, then we have the following result:

Corollary 3.3 Let K C H; be a nonempty, closed, convex subset of a real Hilbert space
Hi and let g; : K x K — R U {+00} be a finite family of bifunctions satisfying Assumptions
21 foralli=1,2,...,.M. Forall j=1,2,...,N, let T; : H, — CB(H.) be a finite family of
multivalued k;-demicontractive mappings such that T; — 1d are demiclosed at zero. Assume
that T := Y, EP(g) N ﬂﬁl Fix(7) # 9 and calculate

bi = vk + & (v — k1)

i = argmin{9 g;(bi, y) + 3 11bx — 1> : € K}, i=1,2,...,M;
wi = argmin{9 g;(u, 5) + 5 |1bx - 71? : y € K}, i=1,2,....M;
2k = Browi + X0y B T j=12,...,N; (322)

Cin1 = {z" € Cr: e —2*11°
< llvk = 2*11* + §2 v — v I + 28 (v — 2%, v — vee1) b

H
Vil = ,Pckil V1, Vk > 1.
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Assume that the conditions (C1) and (C3) hold, then the sequence (vi) generated by (3.22)
converges strongly to an element in T.

As a direct application of Theorem 3.1, we have the following result for the variational
inequality problem (i.e., find ¥ € K for which (Ab, i — V) > 0 Vi € K, where A : K — H; is
a nonlinear, monotone mapping defined on a nonempty, closed, convex subset XC € H;):

Theorem 3.4 Let IC C H; be a nonempty, closed, convex subset of a real Hilbert space
‘H, and for each i =1,2,...,M let A; : K — H; be a finite family of pseudomonotone
and L-Lipschitz continuous mappings. For all j = 1,2,...,N, let T; : H, — CB(H,) and
S : Hy — CB(H2) be two finite families of multivalued, demicontractive mappings with
constants k; and ]]~§j, respectively, such that T; — 1d and S; — 1d are demiclosed at zero. Let
= ﬂf\fl VI(KC,A;)) N Q #@. Let & be a bounded real sequence and 0 < X\ < ﬁ Given
Vi € Hi, calculate

bi = vk + &(ve — V1)

uy = Pe(by — 0 Ai(by)), i=1,2,...,M;
wi = Pe(by — 0 A (ur)), i=1,2,...,M;
Y= Wi+ Y G h O (S(Owy) — Owy), j=1,2,...,N; (323)
2k = Broyi + X1 Bri Ty j=12,...,N;

Crs1 = {2 € Cr: llzk — 2"
< Nk = 2" 1% + EZllve — v 1 + 2& (vie — 2%, v — i)},

H
ka1 =Pl Vi Vk > 1.

Assume that the conditions (C1)—(C3) hold, then the sequence (vi) generated by (3.23) con-
verges strongly to an element in T.

Proof Letgi(v, i) = (A;(v),t—v) forallv,ye Kand i=1,2,...,M. Since A; is L-Lipschitz
continuous, we observe that for all v, ji,& € C
&0, ) + g1, 8) - gi(0,8) = (AiD), i = D) + {Au(),§ - i) - (A:(9), & - D)
= —{Ap) - Ai(), 1 - §)
> —[Ai(p) - 4|12 -
>-Llp-vlla-E&l
L . L _ -,
Z—2IIM—V|| - 2||M—"§|| .

This infers that g; is Lipschitz-type continuous with d; = d; = % Moreover, the pseu-
domonotonicity of A; ensures the pseudomonotonicity of g;. From Algorithm 1, we have

. 1
ui = argmln{z‘/‘<Ai(Vk),pc—Vk) + EHVk—M”Z!M € IC},

. 1
Wi = argmm{z?(Ai(uk),u - uk) + §||v1< —ul*:pne IC}.
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Equivalently, we have

|1 -
Ug = argmm{ 3 17— (v = DA i) |1>: 5 € ’C} = Pic (v — A (),

|1 -
Wy = argmm{iny— (= DA )]1” 5 € /C} = Prc (v — DAw)).-

Recalling the proof of Theorem 3.1 with the above-mentioned g;(v, ) foralli € {1,2,...,
M} leads to the desired result. O

Setting a terminating criterion by fixing k > knmax for an appropriately chosen large num-

ber kmax, we now propose a Halpern-type variant of Algorithm 1.

Theorem 3.5 If " # ) such that the conditions (C1)—(C3) with C* = limk_, oo Yk = 0 hold.

Then, the sequence (vi) generated by Algorithm 2 converges strongly to an element in T.

Proof Observe that the set C; can be expressed as:

Ce={v*eCr: |- v*”2 <wllg- V*Hz + (1= 7) (v = visa I* + &2 v = v |12

+ 26k (Vk = Vi1, Vi — V1)) -

Algorithm 2 Hybrid Inertial Halpern-Extragradient Algorithm (Alg.2)
Initialization: Choose arbitrarily ¢ € #H; and vo,v; € Cp = H;, set kK > 1 and nonin-

creasing sequence (i), (,3~k,,») c(0,1),0<¥ < min(i, i), & C[0,1).
Iterative Steps: Given v; € H4, calculate:
Step 1. Compute

bi = vk + & (v — vi1);

w = argmin{Ogi(bi, y) + 3 bk - ¥I*: 7€ K}, i=1,2,...,.M;
wi = argmin{0gi(u,y) + S1bx = 51> :y €K}, i=1,2,...,M;
Y= Wi+ 3N GO (S (Owe) - Owy),  j=1,2,..,N,
2k = Broyk + Z,]Zl Bri Ty j=1,2,...,N,

hie = vkq + (1 — V) zk.

If g = zx = yx = wi then stop and vy is the solution of problem I'. Otherwise,
Step 2. Compute

Crar=1{z" €Ch: |l -2 ||2 <|v-z* H2 + & v — v 17 + 2&{ve — 2%, v — v ) s

H
Visl = Pckilvl, Vk > 1.

Put k =: k + 1 and go back to Step 1.
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Recalling the proof of Theorem 3.1, it infers that (i) the sets "'andCy are closed and convex,
satisfying I' C Cy,; for all k > 0; (ii) (vx) is bounded such that

lim ||vge1 —ve]l = 0. (3.24)
k— o0
Since vg,q = ng( 1(g) € Cx and by the definition of Cx, we have

2 ~ 2 ~
Ik = v 1" < vellg = v 17 + (1= %)
2 2 2
X (v = it 1> + &2 vk — vea l

+ 28k (Vk = Viea1s Vk — Vk-1))-

Recalling the estimate (3.24), the conditions (C1)—(C3) and the boundedness of (vx), we

obtain
lim ||/ — vl = O,
k—o00
implying that
lim ||/ — vl = 0. (3.25)
k—o00
Also, observe that

(1 - 7)1 = 20d) g — vell* + (1 = 20 ) g — wie||?

)s

< Tl = v = o= ) + e =zl (o = v* | + 2 - v*

for each v* € T". Recalling the estimate (3.24), the conditions (C1)-(C3), and the bound-
edness of (v), we obtain

lim g = vl = 0= lim [we—vell, i€ (1,2, M),
Recalling /x = prq + (1 — Pi)zi and the conditions (C2) and (C3) with C*, we obtain

Vk
— ||y — ve|| + —
W= el 25

2k = viell < llg = vll-
Recalling the estimate (3.25) again, the above estimate implies that

lim ||z — vl =0.
k— o0

The rest of the proof of Theorem 3.5 is similar to the proof of Theorem 3.1 and is therefore
omitted here. O

Remark 3.6 From the numerical standpoint, the condition (C1) can easily be aligned in
an algorithm as ||vx — vk_1| is a priorly known before selecting & satisfying 0 < & < E
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where

o~ _ mln{m,%‘} if Vi #Uk,l;

& otherwise,
where {0y} is a positive sequence such that Z,ﬁl ox <00 and & € [0,1).

4 Numerical experiment and results
This section provides the effective viability of our algorithm supported by a suitable ex-

ample.

Example4.1 LetH; = R = H; be the set of all real numbers with the inner product defined
by (u,v) = v, for all u,v € R and the induced usual norm | - |. For each i = {1,2,3,..., M}
and K = [0,1] C H;, let the bifunctions g;(u,v) : £ x K — R be defined by g;(u,v) =
hi()(v — ) with

o, ifo<p<o;
hi(u) = . . :
sin(u — ;) +exp(u—0;) -1, ifo;<u=<1,

where 0 < 01 < 02 < -+ <0, < 1. It is easy to prove that g;(i,v) is pseudomonotone
satisfying the Assumptions 2.1 with /;(1t) being 4-Lipschitz continuous. Observe that
EP(g:) =10,0;] ifand only if 0 < u < g; for all v € [0, 1]. Hence, ﬂf\fl EP(g:) = [0,01]. For
eachj=1,2,...,N, let 7; and S; be defined as:

0, if © <0;
Ti(n) =
(Fom) ifu=0

and

[0, 141, ifp<j+2;
Si(u) = 2
[1,j+1], ifpu>=j+2.

It is not difficult to show that 7; and &; are 0-demicontractive, and Id — 7; and Id - §;
are demiclosed at zero for all j = 1,2,...,N. We also define a bounded linear operator © :
R — R by ®u = 3u. Thus, ©*p =3 and © = 3. It is clear that 0 € €2, where Q@ = {1 €
ﬂﬁl Fix(7}): ®u e ﬂj\:[1 Fix(5))}. Hence, T = ﬂf\fl EPEg)NQ=0.

Set & = & =05, G =& = 71, By = B = 50, 0 = %, 01 = Gy M =2 x 10° and N =
3 x 10°. Since

min{ ) 0.5} if Vi 7!1)/(_1;

1
lvg=v-1ll’
0.5 otherwise.

The terminating criteria of Algorithm 1 is set as Error = E = ||vg — ve_1 || < 107, Table 1
summarizes the computation of Algorithm 1 and its variant.

The terminating criterion E; and (vx) summarized in Table 1 for Algorithm 1 are de-
picted in Fig. 1.
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No. of Iter. Alg.1, & #0 CPU(s) Alg.1,& #0
&=0 & =0
Choice 1. vy = (5), v1 =(2) 90 82 0.076019 0.068766
Choice 2. vp = (4.4), v =(1.8) 85 68 0.074187 0.067455
Choice 3. vp=(-9), v1 =(4) 102 88 0.075195 0.063578

" [—e—Alg.1.& #0
——Alg 1,6, =0

{Error}
{Error}

—o—Alg 1§ #0
—e—Alg1,6 =0

0 10 20 30 40 50 60 70 80 0 10 20
Number of iterations

(A) Choice 1

30 40

Number of iterations

(B) Choice 2

{Error}

—o—Alg. 1,6 #0
——Alg1,6 =0

60 70 80

0 10 20 30 40 50
Number of iterations

(¢) Choice 3

Figure 1 Comparison of Alg.1, & #0, & =0

50 60 70

We can see from Table 1 and Fig. 1 that Alg.1 with & # 0 outperforms Alg.1 with & =0
with respect to the reduction in the error, time consumption, and the number of iterations

required for the convergence towards the common solution.

5 Conclusions

In this paper, we have investigated an inertial-based, parallel, hybrid, extragradient algo-

rithm for constructing iteratively a common solution of the pseudomonotone EP and the
SCEFPP associated with the finite families demicontractive mappings in Hilbert spaces. The
abstract formalism of the problem has been strengthened with the computer-assisted sim-
ulation for the algorithm via an appropriate numerical example. We emphasize that our
proposed abstract formalism together with the computer-assisted iterative algorithm arise

naturally in various forms of real-world applications and would be an important topic of

future research.
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