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the asymptotic stability of periodic solutions for the general Duffing equation in
(Torres in Mediterr. J. Math. 1(4):479-486, 2004) (Theorem 4). This appropriate version
of the result arises because of one subtlety in the proof provided in (Torres in Mediterr.
J. Math. 1(4):479-486, 2004). More precisely, the lower bound of the first antiperiodic
eigenvalue associated with Hill's equations of potential a(t) employed there may be
negative, thus the conclusion is not completely attained. Hence, the adjustments
considered here provide a mathematically correct result. On the other hand, we apply
this result to obtain a lateral asymptotic stable periodic oscillation in the Comb-drive
finger MEMS model with a cubic nonlinear stiffness term and linear damping. This
fact is not typical in Comb-drive finger devices, thus our results could provide a new
possibility; a new design principle for stabilization in Comb-drive finger MEMS.
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1 Introduction

This paper aims to provide a lower bound for the first eigenvalue of the antiperiodic prob-
lem for a Hill’s equation. By combining this estimation with other inequalities we prove a
result about asymptotic stability of periodic solutions for certain Duffing equations in the
line of [1]. First, we shall introduce some basic notions.

For a given f € L1(0, T), we write f > 0 if f(£) > O for almost every ¢ and it is positive in a
subset of positive measure. Let us define the set W = {z € W>1(0, T) : u(0) = u(T), i1(0) =
u(T)}. Foragivena € L'(0, T) and ¢ > 0, the differential operator L : W — L'(0, T) defined
as

Lu =i+ cuu+a(t)u,

is called inversely positive if it is invertible and Lu > 0 implies u# > 0. The notion of an
inversely positive operator, also known as a maximum principle, has relevant applications
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in the study of nonlinear oscillators. In reference [1], Corollary 2.5 provides a sufficient
condition that is incorrect because it is based on the use of inequality (2.4) therein. We
shall explain the details in Sect. 2 and develop the correct version of the results towards
the end of this introduction. In particular, we obtain sufficient conditions over L for the
inversely positive property (see Theorem 2). In Sect. 3 we shall apply these new theoretical
results to the study of the dynamics of some MEMS. More precisely, we obtain a result
about the existence of a positive and asymptotically locally stable periodic solution for the
Comb-drive finger MEMS model with cubic stiffness and linear damping, a novel result
that is not yet reported in the literature to our knowledge.

Finding interesting and deep connections between topological degree and asymptotic
stability, the seminal papers [2—4] provide sufficient conditions to obtain at least one
asymptotically locally stable periodic solution for differential equations of Liénard type.
The author in [1] generalized the results in [4] for Duffing equations X + cx + g(¢,x) =0
(¢ > 0) with weaker conditions of L? type over g. The proofs of this author employ a lower
bound of the corresponding first eigenvalue A{ for the antiperiodic problem of a Hill’s
equation due to Zhang ([5]) that only works when A{ > 0. Here, we provide a lower bound
of A§} for the negative case (Theorem 5). This permits us to present complete forms of the
results in [1] and some consequences. Next, we shall complete the main results in [1]
(Corollary 2.4, Corollary 2.5, Lemma 3.2, and Theorem 4.2) by means of a redefinition of
the set €2, there. It seems to us that €2, has been employed in works like [6-9], so we
believe that the results obtained here could be of interest for those authors.

The solution is simple. The set €2, in [1] should be redefined by the following: For any
p € [1,00] and ¢ > 0 consider

2
Qe = {a eL®(0,T):a >0, |lall, < (1 -5 )1((2p*, T) } )
4|all o

where K(p, T) is the best Sobolev constant in the inequality
Cllel? < lliel)3,

for all u € HL(0, T) and p* be the conjugated exponent of p.
Therefore, the Corollary 2.4, Corollary 2.5, and Lemma 3.2 in [1] could be changed with
the following alternative inequality:

Il < (1 + L)1((21;9* T)
P 4|all

with A = a*, a, and a”, respectively.

The cornerstone result in the referred article consists in assuming conditions in order
to guarantee that A3 [a] + % > 0. Thus, we obtain our first main result that relies on our
key statement about a lower bound of the eigenvalue for the antiperiodic problem in Hill’s
equations (Theorem 5 in Sect. 2).

Theorem 1 Let p € [1,00] and assume that a € SAZW. Then, k‘g [a] + % > 0.

As a consequence, we formulate a result that should be considered as a corrected version
of Lemma 2.3 in [1].
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Theorem 2 Let p € [1,00] and assume that a € SAZP,C. Then, the operator L is inversely

positive.

In this way, the main result in [1] (Theorem 4.2) can be reformulated as follows. First,
we shall introduce a definition from the Lower and Upper Solutions approach. Consider
the general Duffing equation

¥+cx+g(tx)=0, (2)

where ¢ >0 and g : [0, T]x Jx, %[ — R is a L}-Carathéodory function (x; < x;) such that
the partial derivative g, exists and it is also L!-Carathéodory. We say that a function x() =
£(¢) (resp., x(¢) = u(t)) is a lower (resp., upper) solution of the periodic problem associated
with (2) if the left-hand side of (2) evaluated in x(¢) is > 0 (resp., < 0). Additionally, when
the strict inequality is verified then these solutions are called strict lower (resp., upper)

solutions.

Theorem 3 Let ¢ > u be a couple of strict lower and upper solutions of equation (2). Assume

that for a given p € [1,00] there exists a € SAZp,C verifying that
g(t,x) <al(t), forae te [0,T], Vxe [u(t),£(s)].

Then, (2) has at least an asymptotically locally stable T-periodic solution v(t) such that
u <v <4, provided that the number of T-periodic solutions between u and ¢ is finite.

Remark 1 The conditions in the precedent theorem can we rewritten as

lallocllaly _ ko, 1), 3)
o+ 2

thus we have a control by means of two measures over & and the friction. The condition
trivially holds when c is very large and also when 4 is “very small”. On the other hand, note
that

lallscliall,
Y < Gpe(llall),

lalleo + 5

w2rllp

2
2, ¢
U+

exists a unique &, €]0,00[ such that G,.(¢,) = K(2p*, T) and G, (u) < K(2p*, T) for all

u €10, ¢,[. In particular, we have the following sufficient condition:

where G,.(u) = is an increasing function on [0, 00] with G,(0) = 0. Thus, there
a>=0, |ale<&p.

For the case p = 0o, the set ono,c is defined by the above condition with

K+ /KK +c?) K-K@T)- <7r>2
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2 Proofs
Next, we present the proofs of the Theorems in the Introduction. Let us consider the fol-

lowing second-order differential equation
it + (a(t) + M)u=0, (4)

where a(t) is a real-valued T-periodic function for T > 0 such that a > 0 (a € L*°(0, T))

and A € R. Henceforth, we shall consider the following boundary conditions associated

with (4)

u(0)=u(T)=0 (5)
and

u(0) = —u(T), u(0) = —i(T). (6)

Let AD[a] and A{[a] be the first eigenvalues associated to the corresponding homo-
geneous Dirichlet problem (problem (4)+(5)) and the antiperiodic problem (problem
(4)+(6)), respectively.

From the variational characterization of the spectrum of (4) we have that
Aé[a] :min{AOD[as] :SGR}, (7)
where a,(t) = a(t + s) and

APla] = _ min q(u), (8)
ueHy(0,7), [lull=1

where ¢ is the quadratic form

T T
q(t) = [0 i (t) dt — /O a(t)u?(t) dt. (9)

We remark that A5 [a] is simple, and if ¢ is an eigenfunction associated with the homo-
geneous Dirichlet problem then the equality in (8) is satisfied. In that sense, there exists
exactly one function ¢ € Hy (0, T) such that ||¢oll, = 1, ¢o > 0 on ]0, T[ and ¢y is a solution
of (4)+(5).

Next, we recall a lower bound of AOD [a] that is based on the ideas in [5] and [10]. First,

let us consider for any p € [1, 00] the best Sobolev constant in the inequality
Cllull} < llall3,

for all u € H}(0, T) and let p* be the conjugated exponent of p. Thus, we have that for u €
H}(0,T) such that ||u]|, = 1, the Holder inequality and the definition of the best Sobolev
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constant K(2p*, T) imply that

T
aw) = il - /0 AP (0) dt

> [lael3 = llall el (10)

. llall
> ||bt||§(1 - W&)

As a consequence of the previous inequality we have the following result ([5] and [10]).

Theorem 4 Letp € [1, 0], and consider the equation (4) where the potential a(t) is a real-
valued T-periodic function in L*(0, T) for T >0, and a > 0. If ||a||, < K(2p*, T), then for

some so € R, 1 la] = M las,) = K2, T)(1 - o) = 0.

Now, we are able to present our second main result.

Theorem 5 Let p and sy be asin Theorem 4. Assume that )4 [a] = A5 [as,] < 0. Then, lall, >

% llall
K(2p*, T) and 3§lal = llall (1 - z55275)-

Proof The first assertion is a direct consequence of Theorem 4. In order to prove the sec-
ond part, let us consider ¢, defined above for the coefficient a,,. Hence,

T . T
f FolO)polt)dt = — / (a5, (6) + 22l ] B20) dit (1)
0 0
and thus
T .9 T
f o () dt = f (at + s0) + 2§ [as,]) b5 (£) dt (12)
0 0

and since the hypothesis implies that (as, (£) + A5 [as,1)93(t) < as, (£)p2(t) for all ¢ € [0, T
and ||¢o||, = 1 we conclude the following

T
Iolls < fo alt +so)p2(0) dt

(13)
< llalloo-
Finally, the inequality in (10) with ¢y shows that
Ao lal = Aglay,]
= q(¢o)
2 llall, (14)
> 1-—
llall
= ||ﬂ”00 1- — )
K(2p*,T)
laly 4 0

K(2p*,T)
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Proof of Theorem 1 1t is a straightforward consequence of Theorem 5 and the definition
in (1). More precisely, if A5 [a] > 0 then we have nothing to prove. If )»‘3‘ [a] < 0, then

c? llall c?
)LA — > 1- L — >0
0[“]"’ 4 _||a||oo( K(2p*,T)>+ 4 >
and the last inequality is equivalent to the hypothesis about the p-norm of a. d

3 Applications: lateral asymptotic locally stable periodic oscillations in MEMS
In this section, we shall introduce our main results regarding the applications to microelec-
tromechanical systems (MEMS). These are micro-scale devices that integrate mechanical
and electronic components in a common substrate, and that are employed in different
fields as the automotive industry, the medical and biomedical industry, the aerospace sec-
tor, etc. (see for example [12]). In this case, we shall consider an interdigitated Comb-drive
MEMS modeled with a cubic stiffness term. This device consists of tow comb-like struc-
tures (with interdigitated fingers or electrodes); the first structure is movable and it is at-
tached to flexures, whereas the second comb is stationary. Because the device is actuated
by a nonconstant periodic input voltage, we have that, in appropriate units of distance
and time, the spring—mass model that describes the behavior of the movable component
is given by (see [11, 12])

AR ) =0, |x|<1, (15)

(1-#2)?

5&+w'c+x<1+ax2—

where ¢ > 0, @ > 2, and 6 > 0 are physical constants of the system, and V(¢) = V. +
8 cos (wt), § €10, Vg, is the nonconstant positive T-periodic input AC-DC voltage func-
tion. Moreover, we shall consider

V,u:= min V(¢), Vi :i= max V().
te[0,T] te(0,T]

The mathematical study of the dynamics for Comb-drive finger devices and other
MEMS has been of remarkable interest in recent years, see for instance [8, 11, 13—18]. In
fact, regarding the stability of positive, periodic solutions (or lateral solutions) in MEMS
actuators, the authors in [11] studied a cubic Comb-drive finger MEMS without damping
and proved the existence and linear stability of at least one periodic solution under some
conditions on the parameters of the system. Here, we are going to tackle the damped prob-
lem and the possibility of asymptotic stability in this frame.

Let us consider the auxiliary function for this model that is defined by

9a(®) = (1 +ax®)(1 —xz)z, (16)

and consider the following quantities for each o > 2

. 1 '_ /(pa(coz) C i ,01—2
nm L \/57 nM = 26 ] a = Sa .

Hereafter, we shall use the following claim about the increasing behavior of the maxi-
mum value of the auxiliary function that is given by g(«) := ¢ (C,) for a > 2. This assertion
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is a direct consequence of the fact that Z—Z(a) = %(Ca) + ‘%‘(Ca)% =C2(1-C%)?*>0,

limy_, o0 g(a) = 00, and limg_ 9+ g(a) = 1.

Claim 1 The function q() is a monotonic increasing function. Moreover, there exists o™ > 2
such that for o > a* ¢, (Cy) > 2. In other words, o™ is the unique root of g(«) = 2 for o > 2.

Next, we follow the lower and upper solution approach. We recall from Sect. 1 that a
constant function x(¢) = £ (resp., x(t) = u) is a lower (resp., upper) solution of the periodic
problem associated with (15) if the left-hand side of (15) evaluated in x(£) is > O (resp.,
< 0). Equivalently, when £ > 0 (u > 0) the following inequality holds

@u(0)=0VE >0 (resp., @) —0V?E < 0).

Thus, we obtain the following result regarding the existence of nonstrict constant lower
and upper solutions for (15).

Lemma 1 Assume that o > «* for «* defined in Claim 1 and that
Vi,V €10 . (17)

Then, there exist roots u; (resp., £;) (i = 1,2) on 10, 1] for the equation ¢,(x) —h = 0 with
h=0V? (resp., h = 0V},), verifying that

O<u; <1 <Cyu<ly<uy<l. (18)

Proof Note that from Claim 1, if « > «* then 7,, < . In addition, the condition (17)
implies that ¢,(0) = 1 < V2 and 0V} < ¢,(C,). Moreover, the function ¢, (x) is even, it
has a local minimum at x = 0 and exactly one local maximum on ]0, 1[ that is reached
at x = Cy, thus ¢/, (x) > 0 on ]0, C,[ and ¢, (x) < 0 on ]C,, 1[. Then, the Intermediate Value
Theorem guarantees the existence of exactly one root of ¢, (x) =2 = 00on ]0, Cy[ and ] Cy, 1]
for h =0 V? and h = 0V}, respectively. Moreover, the order of the roots in (18) is easy to
deduce from the previous remarks about ¢, (x). O

Remark 2 The roots ¢; (resp., u;) (i = 1,2) given by the former lemma are nonstrict con-
stant lower (resp., upper) solutions of (15). Nevertheless, hereafter we shall also consider
the corresponding strict lower L; (resp., upper U;) solutions defined by L; = ¢; + (—=1)"*l¢;
(resp., U; = u; + (—1)’¢;) for suitable fixed, positive constants ¢; = €;(a) < 1, and such that
0<Ui(a) <Li(x) < Cy < Ly(a) < Us(a) < 1.

Now let us consider the function g: Rx ] — 1,1[ — R defined by

OV2(t)x
3
Lx)=x+ax’ — ——=.
g(t,%) 122
With a view to applying the main result of the previous section, we are interested in study-
ing multiplicity for periodic solutions between the lower solution U; and the upper solu-
tion L;. Hence, we need to compute an o-interval for which g, is different from zero on
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Rx Uy, Ly [. A straightforward computation shows that for f(x) = %, we obtain

Gun(6,%) = 6x(cr = 20 V> (0)f (%)), (19)
so the sign of g, on Rx |11, L[ is the sign of the function A(t,x) := a (1 —x2)* =20 V2(¢)(1 +
x2) on the same domain.

Therefore, let us assume the same hypotheses as in Lemma 1 and note that f’(x) =

2(’“1(%?;“:) > 0 for all x €]0,1[, thus A(¢,%) > 0 on R x [0,C,] if and only if o verifies on

the same domain the following
a > 20V (t)f (x),
which is equivalent to having that
a>20VEf(C,)
and then by condition (17) this last inequality is satisfied whenever
a > q(a)f (Cy). (20)

It is not difficult to check that w(x) := o — @, (x)f (x) is a decreasing function on ]0, 1[ that

a—-1
3o+1

vanishes at x = r,, for r, = and w(0) = & — 1 > 0. On the other hand, an easy compu-

tation shows that C, < r, so (20) holds. Then, we have proved the next lemma.

Lemma 2 Assume that «, V,,, and V) verify the hypotheses in Lemma 1. Then, g, > 0 on
R x [0,C,].

Now, let us define for « > o* the following function

2
h(x) = % (1)

A straightforward computation shows that /'(x) = 12xf (x) for f(x) defined above. Thus, &

is increasing on 0, 1[.

Theorem 6 Assume that o > o and let V,,, Vy verify the condition (17). If there exists
some p € [1,00] such that a(t) := o — 1 - O V2(t) verifies

2

¢ *
”ﬂ”p < <1 + m)]{@p , T). (22)

Then, (15) has a positive asymptotic locally stable periodic solution v(t), such that
U <v(t) < L.

Proof The proof will be made in several steps.
Step 1. Multiplicity:
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Here, we aim to prove that the equation (15) admits at most two T-periodic solutions
with range in JU;, L1 [. This is a consequence of a known result of disconjugacy for linear
second-order differential equations and a multiplicity result for a Duffing equation with
convex potential in a finite domain. More precisely, if b € fzp,c is a T-periodic function,
then Theorem 1 reveals that the first eigenvalue of the antiperiodic problem associated
with the linear equation ¥ + cx + b(¢)x = 0 is positive. Therefore, Lemma 2.1 and the sub-
sequent remark in [1] imply that the distance between consecutive zeros of any nontrivial
solution of this last linear equation is greater than 7" (disconjugacy property). We note that,
under certain conditions, the disconjugacy property holds for linear differential equations
with potentials bounded above by b(t). The following claim summarizes this result.

Claim 2 Assume that by and b are T-periodic functions in L*°(R) such that by < b with
be pr,C. Then, X + cx + by (t)x = 0 enjoys the disconjugacy property.

On the other hand, by following the main ideas of Lemma 7.2 part b) in [19], where the
condition (106) can be replaced by (22) because the essential argument in that work is the
disconjugacy property, we obtain the next result.

Claim 3 Assume that b; and b are T-periodic functions in L°°(R) verifying that b; < b for
i=1,2andbe Qp,c. If by < by, then the linear equations % + c¢x + b;(t)x = 0 do not admit
nontrivial T-periodic solutions simultaneously.

From Claim 3 and the fact that g, > 0 on Rx]U, L1 [ (as a consequence of Lemma 2), it
is not difficult to prove the conclusion of this step by following the ideas in [19, 20]. For the
sake of completeness, let us clarify the last assertion. We can adapt the ideas in [20] (see
Lemma 11 there) and use the disconjugacy property to show that the periodic solutions of
(15) are ordered. Thus, the proof of the multiplicity easily follows: if (15) admits at least
three different periodic solutions, then we obtain two linear differential equations with
ordered potentials as in Claim 3 (by using the Mean Value Theorem, the monotonicity
of g,, and the inequality in (23) from next step), and such that the consecutive differences
between the periodic solutions of (15) solve the corresponding linear equations. This con-
tradicts Claim 3.

Step 2. Existence and stability properties:

First, we have that

Z(t,%) = 1+ 3ax® — 0V (t)h(x),
so that the former discussion implies that
gx(t7x) =< ﬂ(t), V(trx) € R x [UI;LIL (23)

ash>1land1+3eC2=a-1.

Hence, all hypotheses of Theorem 3 hold. In fact, first, from Step 1 there are only a finite
number of periodic solutions with range in ]JU3, L1 [. Secondly, 0 V} < a —1 as 9, (C,) < — 1
for & > 2, and from hypothesis 0 VZ < ¢,(C,). This assertion is straightforward since C, =
0, 92(Cy) =1, and %’(CO,) = C2(1 - C?)?> < 1. Thus, a(¢t) > 0 for all £ € R. This implies that
ac Qp,c because of (22) and ||a|| o, = & —1-60V?2. A direct application of Theorem 3 implies
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the existence of a periodic solution v(¢) with range in ]Uj, L; [ that is locally asymptotically
stable. |

Remark 3 Note that under the hypotheses of Theorem 6 the equilibrium x = 0 is unstable

(hyperbolic) for ¢ small enough because the linearized equation at x = 0 is of the form
i+ ci+ (1 - (9V2(t))u =0,

with 1 -6 V?2(¢) <0 for all £ € R. Typically, a linear Comb-drive finger MEMS stabilizes at
the origin, but in this operation regime the stability is switched to some lateral periodic

solution.

4 Concluding remarks

In this paper we have provided sufficient conditions of L”-type over a Duffing equation
periodically forced with linear damping to obtain at least one asymptotically locally sta-
ble periodic solution, based on the computation of a lower bound for the first eigenvalue
of the antiperiodic problem for Hill’s equations. This result fills some gaps present in the
literature. As an application, we have provided a new design principle for Comb-drive fin-
ger actuators driven by a periodic voltage that enables the appearance of stable, periodic,
lateral oscillations, an uncommon feature in Comb-drive finger MEMS.

On the other hand, by applying Lemma 1 and a classical result of the Lower and Up-
per Solutions Method, it is possible to prove that there exists a positive periodic solution
of (15) with range in ]L,, U;[. This solution could be typically unstable, e.g., if we have
uniqueness of the periodic solution with that range (see [21]). Are there more periodic
solutions for this model? To our knowledge the multiplicity of positive periodic solutions

for this problem still remains open.
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