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Abstract

Leta > 2, m > 2 be integers, p be an odd prime withptm(m +1),0 < Xy, A, < 1 be
real numbers, g =p* > max{[/\]j], [;—2]}. For any integer n with (n,g) =1 and a
nonnegative integer k, we define

g
Mj, . (m.n,k;q) = Z Z (b-o)*.
b=

In this paper, we study the arithmetic properties of these generalized Kloosterman
sums and give an upper bound estimation for it. By using the upper bound
estimation, we discuss the properties of Mj, 5, (m, n, k;g) and obtain an asymptotic
formula.

Keywords: Lehmer problem; Generalized Kloosterman sums; Incomplete interval
mth power g

1 Introduction

Let g > 2 be an odd integer. For any integer 1 < a, b < g — 1 with (a,9) = 1, there exists a
unique integer 1 < ¢ < g — 1 such that bc = a(mod ¢). Let N(a,q) denote the number of
solutions of the congruence equation bc = a (mod q) with 215 + c and (b,q) = (¢,q) = 1.
The classic D. H. Lehmer problem (see F12 in [2]) is to find some nontrivial properties

about N(1,p), where p is an odd prime. Zhang [10] has given an asymptotic estimate
N(1,p) = ‘g + O(p% In’p).

In [11], Zhang studied the D. H. Lehmer problem in the general case of an odd number
q > 2 and obtained

N(1,q) = %w(q) +0(g?d(q)In? g),
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where ¢(q) is the Euler function and d(g) is the divisor function. For further properties of
N(a,q), Zhang [15] studied the mean square value of the error term N(a, q) — @, which
proved that the estimate in [11] is best possible. Lu and Yi [6] generalized the condition
“2ta + b” of the classic Lehmer problem to the general case “nta + b” Let A1, A be any
real number with 0 < A1, X3 <1, n > 2 be a fixed integer, ¢ and g > 3 be integers with
(n,q) = (¢,q) = 1. They derived

[Mq] [Mq]

303! (1— —)A Japlg) + O(g2d%(q) I q).

a=1 b=1
ab=c ( mod q)
nfa+b

In [14], Zhang investigated the distribution behavior of |a — a|. For any real number
0< 6§ <1, he defined

S(g,9) :#{azl <a<q-1,(a,q9) =1,]a-al <8q}
and got an asymptotic formula
1
S(q,8) = 8(2 - 8)e(q) + O(q2d*(q)In* q).

Khan and Shparlinski [4, 5] studied the maximal difference between an integer and its

inverse

M(q) =max{|a—Zz| :1<a<gq,(aq) = 1}
and proved

34e

q-M(q) = o(q"*)
for any € > 0. Then Xu and Yi [8] generalized the problem in [14], they focused on the
distribution behavior of |a — a| over incomplete intervals. For any real numbers A, § with
0< A, 8 <1, they studied

S(q,k,S):#{a: 1<a<iq(a,q)=1,la-al <6q}

and gave an asymptotic formula for it.

In addition, the research on the mean value distribution of the difference between an
integer and its inverse has also aroused the interest of many scholars. Zhang [13] was the
first person to explicitly address this issue, he proved

1 / 1 / 2% 4k+1
33 (a-by* = —(2ki(611;?/<+1) + O(4 4™ d2(q)n? g).

Let (a™), represent the minimum positive residue of the integer a” modulo g, that is,
1 < b < g is an integer with b = a™(mod ¢). Xu [7] generalized the problem in [13] and
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studied the distribution of the differences |a — (a),| over incomplete intervals [1,[Ag]]
with 0 < A < 1. He defined

[Alq] [Azq]

Myspmkia)= Y3 (a-b)*

a=1 b=1
b=a"( mod q)

and obtained a sharp asymptotic formula

MA.],)\.Z (WZ, ky 61)
2k
_ ()\%k+2 #a22 (o - A2)2k+2) v(@)q

R S.E i S— 2%k+1 (q) 1 2
Ok 2k s 1) F Onoak(d 0@ " g).

Let a denote the inverse of @ modulo ¢, and a is called a D. H. Lehmer number if 2t a + a.
Zhang [12] studied the even power mean of the distance between a and a with a Lehmer

number and proved

q

2k
M(k;q) = _ 2k 9(q)q 455 2() In2 a).
(kiq) Z; ; (@=-b" = o Darey 1O T d@in’g)
ab=1(mod q)
2ta+b

In 2014, Xu and Zhang [9] considered the high-dimensional case. Let 0 < A,...,Agy1 <1
be real numbers, g > max{[%] :1 <i<k+ 1} be a positive integer with (a,q) = 1. For any
nonnegative integer m, they considered the distribution of the 2mth powers of by - - - by —c¢

and obtained an asymptotic formula for

[Mq] [)»kq] [)»k+1q

D D b
b1=1 br=1 bpy1=1

b1---bic=a( mod q)
2tb1 +-+-+by+c

Han, Xu, Yi, and Zhang [3] recently generalized the problem in [9]. They studied the high-

dimensional D. H. Lehmer problem

[214] [r2q] Aks14]

’ / !
DX Y by bi=bpa )"
b1=1 by=1 bri1=1
b1by+by1=a( mod q)

b1 +by++byy 1

and gave an asymptotic formula for it.

In this paper, we generalize the problem in [7, 12] and study the difference between a and
(a™), withnta+ (a™),. Let m > 2, @ > 2 be integers, p be an odd prime with p { m(m + 1),
0 < A1, A2 <1 be real numbers, g = p* > max{[%], %]}, n be an integer with (n,q) =1, k
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be a nonnegative integer. For any integer a € [1,¢q) with (a,¢) = 1, we define

q  [r1q] [r2q]

Miymnlig) =Y 5 S (-0

a=1 b=1 c=1
ab=1(mod q)
c=a( mod q)
ntb+c

The main purpose of this paper is to study the asymptotic properties of M, 5, (1, n,k; q)
by using the estimation for the generalized Kloosterman sums and properties of trigono-
metric sums.

We will prove the following result.

Theorem 1 Let m > 2, a > 2 be integers, p be an odd prime with p{ m(m + 1), 0 < Ay,
Ay < 1 be real numbers, q = p* > max{[%], [%]}, n be an integer with (n,q) = 1, k be a
nonnegative integer. For any integer a € [1,q) with (a,q) = 1, we have

o(q)g*

1
M mka)=(1-= A2kH2 9 2k+2 _(n g y2k+2y_ PE
a1, K3 ) ( n)( O )(2/<+2)(2/<+1)

+O((m + 1)g™*1d(g) In? ),
where ¢(q) is the Euler function and d(q) is the divisor function.

Let
F,(m, n) :#{a :l<a<qg-1,(a,q)=1,nfa+ (am)q},
it is clear that M, ,(m, n,0; q) = F,(m, n), so we can get the following corollary.

Corollary 1 Let m > 2, a > 2 be integers, p be an odd prime with pt m(m + 1), g = p* > 2,
n be an integer with (n,q) = 1. We have

Fy(m,n) = (1 - %)w(q) +O((m + g d(g) In* q).

Taking # = 2, we get the following result.

Corollary 2 Let m > 2, a > 2 be integers, p be an odd prime with p t m(m + 1), 0 < Ay,
Ay <1 be real numbers, q = p* > max{[%], [%]}, k be a nonnegative integer. For any integer
a € [1,q) with (a,q) = 1, we have

q [r1q] [r2gq

]
My m2kq) = 3 > (b-0*

a=1 b=1 c=1
ab=1(mod q)
c=a"( mod q)
2tb+c

‘P(Q)qy( 2k+2 2k+2 2k+2
DT ok ok
2(2k+2)(2k+1)( AT (=R

+ O((m + 1)q2k+%d(q) In? q).

Page 4 of 14
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2 Some lemmas

Lemma 1l Let %a <B<a,a=pPv+u,and (u,p)=1. Then
a=u-pPutv (mod p%).
Proof See Lemma 1 in [1]. O

Lemma 2 Let « be an odd number, B = %(a —1),a=pv+u,and (u,p) = 1. Then

B2

a w*v+p*Pudv?  (mod pv).

u-p
Proof See Lemma 5 in [1]. O

Lemma 3 Let q and i be integers with q > 2,i> 0. Let r and [ be integers with 1 <r <gq,

1</<mn.Let 0< A <1 bea real number. For any given integer n > 2, we have

i’” o ( s 41) G0 L O((rg)), qn| -+l
O(w), qnt-rn+ql.
Proof See Lemma 2.1 in [3]. .

Lemma 4 Let p be an odd prime. Then

1
S syt ampr| P Pt
0, pPth

0<t<ph+l
Proof See Lemma 7 in [1]. O

Lemma 5 Let r, s be integers and p be an odd prime with (r,s,p) = 1. For any positive

integers m > 2 and o > 2, pt m(m + 1), we define

o

)4

Sulrsp) - e ),
a=1

then
3

|S(r,8,p%)| < (m + 1)p2.

Proof Let %oc <B<a,a=pPv+u,and (u,p) = 1, we can write

WPV + 1) B "
r,sp Z Z <r(p v+u)+s@Pv+u) )

o
u=1 g<y<pe-F P
plu
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(1) If 2 | &, then take B = 5. From Lemma 1, we obtain

7 — B2 B m
r,sp Z Z (r(u pPutv) +s(p V+u))

o
u=1 g<y<pa-p p
pu
p
i (rit +sum> Z (msu”"lpﬂv—rpﬂz_tzv)
= el — e
107 o
u=1 p 0<v<pe—b p
pu
B
P rii + su™ (msu™ 1 — ri?)v
B S (I g (s
u=1 0§v<p°“/3
plu
pﬂ by m =m+1y, m—-1
ri + Su (ms — ri™ Hu™ 1y
B9 (= I S (i )
u=1 0<v<pe-B
plu

By the trigonometric identity

so()- oot

0, qtr,

we can see that the inner sum in the above formula will vanish unless msu™*! = r(mod

p*P), so we can write

PP g
|S(r8,0%)| <p*° Z 1=pF Z L
ol o
msu* L =r( mod p*~F) w1 =r( mod p*~P)

Now we consider the number of solutions to msu”*! = r(mod p*~*). Because p { m(m +
1), each solution of msu™*! = r(mod p) can be uniquely extended to the solution of
msu”1 = r(mod p*#) and vice versa. Therefore there are at most m + 1 solutions of

msu”*! = r(mod p*~#). We obtain
|S (r,s, )| <(m+ l)p%

(2) If 2t «, then take 8 = %(a —1). From Lemma 2, we have

0PV + 1) B m
(5 0°) Z Z <r(p v+u)+s@Pv+u) >

o
u=1 g<y<pe=F 4
plu

5
~ pZ Z e(r(ﬁ - pPitv + pPPutv?) + s(pPv + u)’”)

o
u=1 05V<pﬂ+1 p
ptu
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P _ -
(e

smu™ ! — ri?\pPv + (Esm(m — D2 + rig®)p*b v?
Fo= 3 e(( p"v + (3sm(m —1) p )

o
051/<p“”1 P
Z <(sm - rﬁ”‘”)u””v) ((%sm(m -1)+ rﬁm*l)u”"zvz)
= e e .
B+1
0<v<pP+l p p

From Lemma 4, |F(s)| will vanish unless p?*! | sm — rie™*! and p { 2sm(m — 1) + ru™*!,
ie., sm=ru"*(mod p#*!) and Lsm(m - 1) + riz™*! 2 0(mod p).
If sm = ri*!(mod pP*1) is valid, then we find that

1 1
Esm(m -1 +rd™ = Esm(m —1)+sm
1
= Esm(m +1)(mod pf*!)
# 0(mod p).
This yields
|F(s)| < p#*2.
Therefore
1 Pﬂ
|Sm(r,5,0%)| < pP*2 > 1<(m+1)p2.
u=1
plu
smu™*1=r( mod pP+1)
So the lemma is proved. d

Lemma 6 Let r, s be integers and p be a prime. For any positive integer m > 2, if (r,s,p*) =

ph, then we have

S (r, s,p"‘) =p"S, (Vp_h, Sp_hrpa_h)'

Proof We have (r,s,p%) = p" with 0 < h < «. The case & = « is trivial, so we let / < «,

a = pPv + u, where B = o — I, we can write

Sm(r,s,po‘) _ Z/e(m>

pd

P YO Y
~ r(p5v+u)+s(pﬁv+u)m)
DIPIECE

Page 7 of 14
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Z Z (r(pﬁv+u)+su )

u=1 g<y<ph
plu
B N
pX: Z <rp‘h(pﬂv +u)+ sp‘hu”’)
= e
ﬂ ’
u=1 g<y<ph p
plu

and we know

pPv+u=i(mod pP) ifptu,

where p#v + u denotes the integer satisfying 1 < pfv + u < p®, (pPv + u) - (pPv+u) = 1(mod
p%), i denotes the integer satisfying 1 < & < p#, uir = 1(mod p*). Therefore we have

r5p) Z 5 <rp u+sp Ty )

1 o<vg
o ="
o7+ sp~u
=p Z ( P 19 )
pfu
o7+ spu
_p Z ( P P )
p)(u
that is,
Su(r,s,p%) =p"S,, (rp‘h,sp_h,pa_h). d

Lemma 7 Let r, s be integers and p be an odd prime. For any positive integers m > 2 and
a>2,ptm(im+1),q=p*, we have

1 -~ m
ra + sa
|Si(r,s,q)| = Z'e<7> <(m+1)(rs,9) g}
a=1 9
Proof 1t follows from Lemmas 5 and 6. O

Lemma 8 Let o > 2, m > 2 be integers, p be an odd prime with p{m(m + 1), q = p*. Then
we have

n—1 1

— & 1
; | sin ﬂ(fgt:ql) |2
i sa™ 3

Z/e(—) L <meDgdd@ing, )
s=1|a=1 q | s 7'
q-1| q -

ra 1

Z’e(—) < (m+Dgid(g)Ing, 3)

r=1[a=1 q | S 7'

Page 8 of 14
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—

9
-
S

1 7 m
ra + sa 1 1 ;
2 /e( ) =7 < (m+1)q2d(q)In’q, 4)
r=1 s=1|a=1 q | sin 7| | sin %
n-1g-1| q m
sa 1 1 s
/e(—> < n(m+1)g2d(q)Inglnn, (5)
=1 =1 ; q | sin ﬂ(—gzwl)' | sin n(—;r:ql)'
n-1g-1| ¢q _
ra 1 1 s
/e<—> < n(m+1)g2d(q)Inglnn, (6)
=1 r=1 ;:1: q )/ ||sin = ;”*‘1’ | | sin (—Z:tl+ql)|
and
n-1qg-1 g-1| ¢q _ .
, (ra+sa 1 1 . )
Z e( q ) | sin (- rn+ql [ |sin ”(’S”“ﬂ)l < I’l(m+1)qzd(q)1n q, (7)
=1 r=1 s=1|a=1 o

where “f (x) < g(x)” means that there exists a constant C > 0 such that |f (x)| < Cg(x).

Proof Here we only prove inequalities (6) and (7), the others can be obtained by the same

method. To prove (6), using Lemma 7 and the inequality

1., (ra 1 1
Z € ? |sin 7 (—rn+ql) | |sm (—qn+ql)|
=1 r=1]a=1 qn qn
s 1 1
= (Wl + 1)q2 ZZ(F: Q) sin 7 (-rn+ql) | | sin (= qn+ql)|
=1 r=1 qn qn
1 g 1 n
L (m+1)q2 (r,q) 7 —
;; —rn +ql| /
n-1 q%jl
<nmr g Y aty iyl
1 l r
dlq I=1 r=1

<L n(m + l)q%d(q) Inglnn.

To prove (7), we can write

n-1 q-1 g-1

1 , (ra+sa” 1 1
Z € . w(-rn+ql) 7 (=sn+ql)
1 o1 521 |am |'sin = p | | sin o |
-1 g-1 g-1
L q-1 q L 1 1
<(m+1)q2 (r,s,9)2

7 (—rn+ql) - (—sn+ql)
PR — | sin o | |sin o |

Page 9 of 14
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lnlqlql "
m+1q22 (r,s ,q) ; 1 ;
P |—m+q||—sn+q|
q-1 g-1
5 3’11TT 1
3 -3 -
L(m+1)g?) d ZX&
dlq =1 r=1 s=1

< nlm+1)gid(@)In’q.
This proves Lemma 8. d

Lemma 9 Let m, o > 2 be positive constants, p be an odd prime with p{ m(m + 1), 0 <
A1, Ao < 1 be real numbers, q = p* > max{[%], [%]}, n be an integer with (n,q) = 1. Then,
for any integer a € [1,q) with (a,q) = 1, we have

g [r4q] [229] 1+l p
o )\Hl)\,/ i+j N
PIDIILE M0 VDI 6 (4 1) b d(q) n ).
ool ol o1 i+1)(+1)n
ab=1(mod q)
c¢=a""( mod q)
nlb+c

Proof

g [214q] [224q]

’ ’ 2
)IDISI L
a=1 b=1 c=1

ab=1(mod q)
c=a"( mod q)
n|b+c

_L Xq:ii,e<r&+sam)ufdi (—rn+lq )Mf}f’ ( sn+lq )
o - .

We divide the above summation over /, r, and s into the following eight cases:
(1) I=nr=s=gq;

(2) I=n,r=q,1<s<gq-1;
B)l=nl<r<qg-1,s=gq;
4) I=nl1<rs<q-1;
5) 1<si<n-l,r=s=gq;
6) 1sl=n-lr=ql<s<q-1;
(7) 1<i<n-1,1<r<q-1l,s=g¢q;
8) 1<l<mn-1,1<r,s<qg-1.
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Therefore we can write

g [r4q] [h2q]
I / / PR
)DL
a=1 b=1 c=1
ab=1( mod q)
c=a"( mod q)
nlb+c
( ) [r1q9]  [r2q]
=t Zf’
d=1 f=1
1 q-1 ¢ (A1g]  [A2q]
o) L)
nq s=1 a=1
1 q-1 ¢q ra [214] [r2q]
o) L)
2
nq r=1 a=1 q d=1 q
1 q-1 g-1 ¢q i+ sa [214]
DN e DI e
2
nq r=1 s=1 a=1 q d=1

From Lemma 3, we know

[Alq] [A249]

i+14/+1 i+j o
2 Z Zf] )\1’ )\,2 <P(Q)q +O(ql+l),

ng® 4= i+1)(+1n

while the other terms are

1 EN&, [sa™\ mg)*! (hag)
< —_ —_
< g Z e( q )

ng* = i+1 |s1n7
-1 ¢ _ . .

1 2 mq) (Aag)yt
G 2 )i
nq r=1 a=1 q |Sln7 ]+

(119) (haq)
ng? 4= | sin "L |2

1 s a+sa™\ Oug) (Ouq)
L Z ,e<m+sa )(14) (A2g9Y

| sin ZZ| |s1n

Page 11 of 14
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n-1q-1 ¢q .
LA Z/e( sa ) ()»111)’ (Aaq)
2 (—gn+ql) . w(—sn+ql)
nq I1=1 s=1 a=1 1 |Sln qn | |SlIl qn |
n-1q-1 q - i
1 er(_ﬂ) (Mg) (h2g)
2 (- rn+ql 7 (—gqn+ql)
"q I=1 r=1 a=1 4/ |sin | |S1n qn |
n-1 q-1 g-1 i
. i /e ra + sa™ (M1g) (Aagy
nag? 7 (—rn+ql) 7 (=sn+ql)
C Ara— 5:1 P | sin = e | |sin pm |
q-1 2" 1
1
STV AR Z'e< )
| sin 22
s=1|a=1 q
g-1| q _
a
! l+] 1 Z Z/e<_) —
e q /||sin = |
1 iio i W , (ra+sa” 1 1
gy Sy e =
il bt q | sin Z~ ||sm |
n-1
"y 1
1 _i+j-1
gty
. mw(—gqn+ql)
= | sin qn 9 |2
n-1g-1| ¢q m
-1 _i+j-2 l sa 1 1
+n g el —
|S111 (—qn+ql)| |SiIl n(—sn+ql)|
=1 s=1|a=1 qn qn
n-1g-1| q -
-1 _i+j-2 s (T4 1 1
tnoq e\ — . w(-rn+ql) 7 (—qn+ql)
1 r=1|a-1 q /||sin p | |sinZ o |
-1 g-1 g-1 _
1 i+i-2 — i , (ra+sa™” 1 1
+n g Z e 5 .
q | sin (= rn+q | | sin 7 (—sn+ql) |
=1 r=1 s=1|a=1 qn

Using Lemma 8, we know the above formula is <« (m + 1)qi+j+%d(q) In?gq.

Therefore

9 i+14J+1 i+j
ij AT (ﬂ( ) " i+
23D = S e Ol g ) ).

This proves Lemma 9.

3 Proof of the theorem

In this section, we will prove Theorem 1. Observe that

q  [Mq] [24] q [Mq] [M2q) q  [Mq] [M2q]
DD IDWONEES 90 3 ISELE 3 3O B
a=1 b=1 c=1 a=1 b=1 c=1 a=1 b=1 c=1
ab=1(mod q) ab=1(mod q) ab=1( mod q)
c=a"(mod q) c=a"(mod q) c=a"(mod q)

ntb+c n|b+c

Page 12 of 14
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Firstly, we expand the first term in (8). Using the binomial theorem,

q [gl [agl 2k 2% 4 [r14] [r2q] N
30 90 SEERAED o (NS0 90 9 DR
c=1

a=1l b=1 c=1 i=0 a=1 b=1
ab=1( mod q) ab=1( mod q)
c=a""( mod q) c=a"( mod q)

[r1q] [r2q]

q 2k—i+14q i+1 2k
l l / —i i A A ( ) 1

c=1

Note that

2k —i+1y i+
3 2k 1) A2k=ielyivd
—\ i (i+1)(2k—i+1)
) 1 ik: 2% +2
2k +2)(2k+1)

2k+2
-1 2% +2 Cokeaini 2%
- (5 () o)

i=0

i+ 1 ) (—l)i)\,%k_i+1)\.§+1

1

- @ @@ )\,2k+2 )\‘2k+2_ )\‘ _)\‘ 2k+2 .
Gkt T =)t

Therefore we obtain

(9) 2k . ) +
) %(A%k 2y )»%k 2_ (M —)»2)2]( 2)

+O((m + 1)g**3d(g) In q). 9)

Similarly, using Lemma 9 we have

o(q)g™ . ) +
B m()‘%k 24 K%k 2 (- k2)2k 2)

+O((m + 1)q2k+%d(q) In’g). (10)

From formulas (8), (9), and (10), Theorem 1 follows.
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