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Abstract

In this paper, we investigate some inequalities for the Fan product of M-tensors. We
propose exact characterizations of M-tensors and establish some inequalities on the
minimum eigenvalue for the Fan product of two M-tensors. Furthermore, the
inclusion relations among them are discussed. Numerical examples show the validity
of the conclusions.
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1 Introduction

Let C(R) be the set of all complex (real) numbers, R, (R,,) be the set of all nonnega-
tive (positive) numbers, C"(R") be the set of all dimension # complex (real) vectors, and
R%(R”,) be the set of all dimension # nonnegative (positive) vectors. An mth order n-
dimensional tensor A = (;,;,..;,,) is @ higher-order generalization of matrices, which con-
sists of n”” entries:

ailiz‘.‘imER: ikEN={1,2,...,”},/(:1,2,...,}7’1.

A is called nonnegative (positive) if a;,;, .i,, € Ry (@ijiy...i,, € Ris).

Tensors have many similarities with matrices and many related results of matrices such
as determinant, eigenvalue, and algorithm theory can be extended to higher order ten-
sors [1-3]. Furthermore, structured matrices such as nonnegative matrices, H-matrices
and M-matrices can also be extended to higher order tensors and these are becoming
the focus of recent tensor research [4—26]. In particular, M-tensors play important roles
in the stability study of nonlinear autonomous systems via Lyapunov’s direct method in
automatic control [27-29] and spectral hypergraph theory [3, 30, 31].

On the other hand, Fan product of M-matrices and Hadamard product of nonnegative
matrices are significant for practical problems, such as the weak minimum principle in
partial differential equations, products of integral equation kernels, characteristic func-
tions in probability theory, the study of association schemes in combinatorial theory, and
so on (see [32]). Some inequalities on the spectral radius for the Hadamard product of
two nonnegative matrices and some inequalities on the minimum eigenvalue for the Fan

product of two M-matrices can be found in [33—37]. Recently, Sun et al. [14] investigated
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some inequalities for the Hadamard product of tensors and obtained some bounds on
the spectral radius, and used them to estimate the spectral radius of a directly weighted
hypergraph. It is well known that an M-tensor is defined based on a Z-tensor and its al-
gebra properties can be explored using the spectral theory of nonnegative tensors [23].
Motivated by these observations, we expect to establish sharp lower bounds on the mini-
mal eigenvalue for the Fan product of two M-tensors and discuss some inclusion relations
among them.

The remaining of this paper is organized as follows. In Sect. 2, we introduce important
notation and recall some preliminary results on tensor analysis. In Sect. 3, based on exact
characterizations of M-tensors, we give a lower bound on the minimum eigenvalue for
the Fan product of two M-tensors. An improved result is established for irreducible non-
negative tensors by the ratio of the smallest and largest values of a Perron vector. Finally,
making use of the information of the absolute maximum in the off-diagonal elements, we
obtain a new lower bound on the minimum eigenvalue for the Fan product. With numer-
ical examples, we exhibit the efficiency of the results given in Theorems 1-3.

2 Notation and preliminaries
We start this section with some fundamental notions and properties developed in tensor
analysis [1, 3], which are needed in the subsequent analysis.

Definition 1 Let A be an m-order n-dimensional tensor. Assume that Ax"! is not iden-
tical to 0. We say that (A,x) € C x (C"\ {0}) is an eigenvalue—eigenvector of A if

1 -1
Ax1 = b1,

-1 n -1 1 mel -IT -
where (Ax™1); = Y0 | @ity iy Xy Ky K7 = a0 a 1T, and (3, %) s

called an H-eigenpair if they are both real.

Definition 2 Let A and Z be m-order n-dimensional tensors.
(i) We call o(A) as the set of all eigenvalues of A. Assume o (A) # @. Then the spectral
radius of A is denoted by

p(A) =max{|x|: 1 € o (A)}.

Meanwhile, we use 7(A) to denote the minimal value of the real part of eigenvalues
of A.

(i) We call a tensor A reducible if there exists a nonempty proper index subset
I1c{1,2,...,n} such that

Aivig..iy = 0, Vil el, iz,...,im ¢l

If A is not reducible, then we call A irreducible.

(ili) We call a nonnegative matrix GM(A) the representation associated to a
nonnegative tensor A, if the (i, j)th entry of GM(.A) is defined to be the sum of
Wiinis...ir, With indices j € {iz, i3, ..., i, }. We call a tensor A weakly reducible, if its
representation GM(A) is reducible. It is weakly irreducible if it is not weakly
reducible.
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(iv) We call Z is a unit tensor whose entries are

1, ifip=ip=--=iy

8ii.im =
0, otherwise.
It is noted that the spectral radius p(.A) is the largest H-eigenvalue for the nonnegative
tensor [4] and 7(A) is smallest H-eigenvalue for the M-tensor [23].
The Perron—Frobenius theorem for nonnegative weakly irreducible tensors has been

established in [9, 11, 22].

Lemma 1 Let A be a weakly irreducible nonnegative tensor of order m and dimension n.
Then the following results hold:

(i) A has a positive eigenpair (A, x) and x is unique up to a multiplicative constant.

(ii)
Ax"1)

. i (A,
min max ————— = p(A)= max min ————.
xeR, 1sizn x;m1) xeR™M\ {0} %i70,1<i<n  x;[m=1]

The following specially structured tensors are extended from matrices [8, 23].

Definition 3 Let A and U/ be m-order n-dimensional tensors.
(i) We call Aisa Z-tensor if all its off-diagonal entries are nonpositive.
(i) We call A is an M-tensor if there exist a nonnegative tensor I/ and a positive real
number 1 > p(Uf) such that

A=nT-U.

If n > p(U), then A is called a strong M-tensor.

(ili) We call A is a weakly irreducible M-tensor if U is weakly irreducible.

(iv) Assume A and B are M-tensors. The Fan product of A and B is denoted by
AxB =D =(dy,..,) and defined by

a;..ibi.i, h=ip=-=ly=1I

di

100w = )
=i iy...ibiriy..i,|»  Otherwise.

It is easy to see that all the diagonal entries of an M-tensor are nonnegative [23], and the
(strong) M-tensor is closely linked with the diagonal dominance defined below.

Definition 4 An m-order n-dimensional tensor A is called diagonally dominant if

|a;. il > Z |@iiy...ios|, Vi€ N;

) =0

[
A is called strictly diagonally dominant if the strict inequalities hold for all i € N.

Define a positive diagonal matrix D = diag(d;,...,d,) and set

m-1

—_—
B = (biiy..ip,) = A~ D" Vp...p= (ai..ind;,

i1

(m—l)di2 L dim)- (1)

We obtain the following necessary and sufficient condition for identifying M-tensors.
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Lemma 2 ([23]) Suppose A is a weakly irreducible Z-tensor and its all diagonal elements
are nonnegative. Then A is an (strong) M-tensor if and only if there exists a positive diag-
onal matrix D such that B defined in (1) is (strictly) diagonally dominant.

3 Some inequalities on the minimum eigenvalue for the Fan product
In this section, we shall give lower bounds on the minimum eigenvalue for the Fan product.
Firstly, we establish characterizations of M-tensors.

Lemma 3 Let Q be a weakly irreducible M-tensor of order m and dimension n. If Qz"! >
kz"1 for a vector z € R, and a real number k, then k < t(Q).

Proof Since Q is an M-tensor, there exists a nonnegative tensor ¢/ such that
Q=T -U, (2)

where X is a nonnegative real number and A > p(Uf). It is easy to see that 7(Q) = A — p(UA).
Furthermore, p(U/) = A —t(Q). Taking into account that Q is weakly irreducible, we deduce
that U/ is weakly irreducible. From the assumption and (2), we have

O\T -U)Z" > kY,
that is,
(A = k)" >z,
It follows from Lemma 1 that
A—k=pUh) =r-1(Q).
So, 1(Q) > k. O

Lemma 4 Let P, Q be two M-tensors of order m and dimension n. Then P x Q is an M-
tensor. Furthermore, if P, Q are strong M-tensors, then P x Q is a strong M-tensor.

Proof By the definition of P x Q, it holds that

pi.‘.i%’...i, lf iz = is = ... = lm = i,
PxQ=

~|Pity...i Giiy..ir |, Otherwise.

Since P, Q are M-tensors, by Lemma 1, there exist positive diagonal matrices C, D such
that

m-1 m-1

—— ————
A=P.cmVc...C B=Q.D™VUp...p
with

o

—(m-1) —(m-1)
Wi iy = PiteimCiy - Cip " Cir Digiy = Gy i@y iy -+ i
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Specifically,

a;.i = Pi.i b= qi..i-

Taking into account that A and B are diagonally dominant, we conclude that

—(m-1)
|pi.il = lai.i| = Z Piig.im € Ciy * +* Cips
I

iio.im

Igi..il = |b;.il = Z | Giiy...ip |d;(m_1)di2 ceedy,.
5 0

i i =

Furthermore, it holds that

|pi..iqi..il = |ai. ibi. il

— ,1 _ 71
= Z (1Pityimler ™ Ve . c,) Z (it iy - dby,)
8iiy iy =0 8iig..im =0
— ,1 _ 71
= Z |pii2~'im |ci o )Ciz © Ciy |qii2..,im |d, o )diz s dl‘m
Siig...iyy =0
= Z \Piiy...ion iy, .y | (i) " Vepydiy - - ¢ i, 3)
Biiy.ipy =0

Hence, it follows from (3) that there exists a positive diagonal matrix U = diag(c1ds, cadb,
...,Cud,) such that

|pi..iqi.il = Z piig.‘.imqiiz‘.‘imMi_(m_l)

S =0

Miz...ui

o

ii...im

It follows from Lemma 2 that P x Q is an M-tensor. By a similar argument as for the first

conclusion, we can obtain the second conclusion. O

Suppose that P = (p;;,..;,) is a strong M-tensor of order m and dimension n. Set A =
D — P, where D denotes the diagonal tensor of the same order, dimension and diagonal
entries as P. Note that p;;_; > 0 for i € N when P is a strong M-tensor. Define Jp = DN
Obviously, Jp is nonnegative. The following result characterizes Jp in terms of the spectral

radius.

Lemma 5 Suppose that P = (pi,..,,) is a strong M-tensor of order m and dimension n.
Then

t(P)

pJp)=1- —.
MmN <j<yu Pii...i

Furthermore, if P is weakly irreducible, then

(P)

pUp) <1- —————.
maXi<j<n Pii..i
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Proof Let P = (py;,..i,,) be a strong M-tensor. Then there exists a positive vector u = (i;)
such that

—1 -1
pi...i”l[m Iy Z Diiy.img Wiy * * * Ui, =T(73)Ml[»m L

Siig...ipg =0
that is,

251y iy =0PiineciUin Uiy (P)

1. (4)
Pl P

Since the tensor Jp is nonnegative, by Lemma 1 and (4), we have

o Upa™ ) _ Upu™);
p(Jp) = max min ———= > min ———=
xeRI\ {0} %70 1<i<n ;711 1<isn  ylm-1l

Z(Sﬂ'z.,.im =0 PigecimMip o Wiy ( T(P)>

-~ min - = min (1-
Lsizn Di..ilh; tsr Pi.i
(P
IR GO (5)

ming <j<p Pii...i

Furthermore, Jp is weakly irreducible when P is weakly irreducible. From Lemma 1 and

(4), it holds that
() = min max Ipx™1h); < max Jpu™1);
PUPI= SR A%ien a1 = 12izn g0m-1

Dbty iy =0 Pta.ion iy "+ Uiy ©(P)

= max ] =l

<i< Di.il; =i= Di..i

(P

P (6)

maXi<i<p Pii..i

The following example shows that the bound of Lemma 5 is tight.

Example 1 Let P = (p;i) be a tensor of order 3 and dimension 3 with elements defined as
follows:

P11 = P22 = P33z =3,
Pijk = 1 )
Pijk =—3, otherwise.

By computations, we get t(P) = 1 and

(P) (P) 2
S LA o A LA e A
pUP) miny <j<, Pii..i maxi<j<y Pii.i 3

Based on the characterizations of M-tensors, we can immediately obtain these bounds
from the following result.
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Theorem 1 If P and Q are two strong M-tensors of order m and dimension n, then
(P Q)= (1-pUp)p(o)) lllll,ign(pi‘.‘iqi.ui) (7)

Proof Let us distinguish two cases.

Case 1. P and Q are both weakly irreducible. It follows from Lemma 4 that P x Q
is a strong M-tensor. Since Jp and Jo are weakly irreducible nonnegative tensors, from
Lemma 1, there exist two positive vectors u, v such that

pUp "= Jpu ™, p" M =Ty,
equivalently,

Zﬁiiz...im —0 | iy | Uiy -+ - Ui, Zﬁiiz...im 0| Giig.civg Vi = -+ Vi,
[m-1] = p(]P)’ m-1] = p(]Q)' (8)
Di.iu; qi..iV;

Let z = (z;), where z; = u;v; € R, for i € N. Setting i =P x Q, for i € N, we obtain

m—-1
@z,
~1]. [m-1
= piagi.aw” V" Z Pty | Wi+ + Uiy | Gty | Vi =+ Vi
Siiy...ipn =0
~1] [m-1
2 piidiity” V" = Y (Pt i) D (itsi Vi Vi)
Biig.ipn =0 8iiy..im =0
_1] [m-1
= piigi.ay" Y
Z(Sii i, =0 |pii2...im |ui2 s Uy, ZS“ — |qil’2,.,l‘m |Vl‘2 Vi,
1 _ i iio..im
X [m-1] [m-1]
pi...iul' qi...iV,'
1] -1 .
= pridii" V" (1= pUP)PUQ)) = pridi.i(1 - pUPIPUQ)Z" . ©)

It follows from Lemma 3 and (9) that
(P Q)= (1-p(Upr)pUa)) lllll,ign(pi...iqi...i)'

Case 2. Either P or Q is weakly reducible. Let S be a tensor of order m and dimension
n with

1, ifiy=iz=---=ip7i
Siin iy = .
0, otherwise.

Then both P — €S and Q — €S are weakly irreducible tensors for any € > 0. Now, we claim
that P — €S and Q — €S are both strong M-tensors when € > 0 is sufficiently small. Since
P and Q are strong M-tensors, there exist positive diagonal matrices C, D such that

m-1 m-1

—— ——
A=P.c"Vc...c, B=Q.D™VUp...p
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with

(m-1)

_ —(m-1)
Aiy.iyg = PirimCiy Ciy " Ciyy bi iy = iy..in 4, diy -+

i1
In particular,

a.i= Pi..i b= qi..i-

By Lemma 2, one has

—(m-1)
|pi..il = la;.i| > Z |Piiy...ims IC; Ciy ** " Cipys
Siig...igy =0

—(m-1)
Igi..il = |b;.il > Z |Giiy...is 14 di, - d;,.

8 =0

iio.im

Set
C][m—l] dj[m—l]
L =maxy ——, ——
ijeN C[m—l] d[m—l]
i L ¢
and

€p = min
ijeN
i#f

|gi..il =D s

)

~(m-1
|ptl| - Z‘Siiz.“z‘m ) |pi52...im |Ci (m )Ciz c iy
(n-1)L

iio.im

0 |Gty |d;(mfl)d,-2 - d;,
(n-1)L }

me

Page 8 of 15

Then for any 0 < € < €, it holds that P —eS and Q — €S are strong M-tensors. Substituting
P —€S and Q — €S for P and Q and letting € — 0, we obtain the desired results by the

continuity of t(P — €S) and 7(Q — €S5).

O

Next, we give a lemma about the ratio of the smallest and largest values of a Perron

vector for an irreducible nonnegative tensor.

Lemma 6 (Lemma 3.2 of [35]) Let BB be a nonnegative irreducible tensor of order m > 3

and dimension n with a Perron vector y. Then we have

Ymin
k(B) < ,

Ymax
n
f . b
ioy.eesim i1iy..im
\—\,—J

. except i
where k(B) = maxy < /<y MiN 1<iy iy, <n <=7 ——
ll/ 12/ N.lm/

1<ig=igy<n “lo/y.oos by
N —

except iy

Based on the above lemma, we propose the following theorem, which provides a sharp

bound under the condition of irreducibility.
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Theorem 2 Suppose that P and Q are two irreducible strong M-tensors of order m and
dimension n, and p(Jp) and p(Jg) are their spectral radii with eigenvalue vectors u and v,
respectively. Then,

. aB|pi..j| aplgi..,l
t(P*Q)> min ,[l—p(lp)p(/g)+ L1 00) + —LLAp) |pi..idi.i
1<ij<n,i7j i ]
where o =k (Jp) "I < [jain 1070, g = k(o)™ < [jmin]lm=D), 7 28”2 im=0 ‘pl;f il gnd
j iy iy | Djiyim =
rjl(]Q Z‘Suz dm = =0 #
112 im =

Proof It follows from Lemma 4 that P Q is a strong M-tensor. Since P and Q are strongly
irreducible M-tensors, Jp and Jg are irreducible nonnegative tensors. By the assumption
that p(Jp) and p(Jg) are the spectral radii with eigenvalue vectors # and v, we deduce that
u and v are positive vectors such that

-1 — -1 —
pUp)ul" ™ = Jpu™, pUv" M =Jov",

equivalently,
Z‘;iizu.im =0 |Piiy.ipg | Wiy~ Uiy, Ipi |u m=1]
jic...iypy =0 ij..j
e 1] =p(p) - W’ (10)
pt lu pz iui
Z5ii2,.,im =0 |Giig...iv [Vig * * * Vi lq | [m-1]
8jig...im =0 i1V
o [m-1] = p(]Q) - [m 1] (11)
qi..iv; qi..iV;

Let z = (z;), where z; = u;v; € R,, for i € N. Setting i =P x Q, for i € N, by (10) and (11),

we have
- - 1 1
U2"), = pi.igiiz™ ™ = iV
- Z |Piia..iv | Giiy...ips | Zi, * - Ziy
Biiy iy =0
8jiy iy =0
Zpi...t%'...izgm 1 = |pij..jq;. ;|V[m Y ][m Y
—( Z |pii2...im|ui2"'uim>< Z |qii2...im|Vi2"'Zim)
Biioy...ipy =0 Biioy...ipy =0
Bjioy iy =0 8jig...im =0
1 1
[m-1] Pij..i9. 1|”[m ]V[m :
= pi.iqi.iZ; 1- AT )
pz...zQz...zui Vi
1 1
|pi/ l| [m ] |ql1 1|V[m ]
- PUP)—W o) - ﬁ
Di.iY; qi..iV;
[m 1] [m-1]
|pij..jlu |g55..51v;
-1 j...j j...j
=pimiqi~izz[m ]|:1 - p(p)oUo) + — [m 1] (P(]Q)— T )
i.i%; qi..iV;

|[W1 1] | [m-1]

|9 b
P <p(1p) A )} (12)
q...iv; Pi.itt

iV [
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From (10) and Lemma 6, we deduce

]

Pyl \piiy.i | w1 ,
pUP) -~ ——pmr = ) i =an(p). (13)
Pi.il; iy iy =0 Pi.i  Upmax
Sjiy iy =0
Similarly,
(1] [m-1]
|q5..j1v; |Giiy..ivg | Vi ;
rUe) - [:n_l] z Z — Fr]rlln—l] = prilo). (14)
qi..iV; Sity. iy =0 9ii  Vmax
Siy...ipy =0

Combining (12) with (13) and (14), we have

L.l L.l

)= | (1-00m)0000+ P g0+ LI 1) ) [l 15

It follows from (15) and Lemma 3 that

(PxQ> min .[1 - oUmnUe)+ LEE o) w’{UP)}PuMm- 2

1<ij=n,i7j Qi Gi...i

Remark 1 The bound in Theorem 2 is sharper than the result of Theorem 1, since
L)+ L )20

The following example exhibits the efficiency of Theorems 1 and 2.

Example 2 Let P = (py), Q@ = (gix) be two tensors of order 3 and dimension 3 with ele-
ments defined as follows:

P= [P(l, 50, P(2,:,:),P(3,:, :)], Q= [Q(l,:, :,Q(2,5:),Q(3,:, :)],

where

3.0 -3 0 -1 0
P1,,)=10 -1 o0 |, P2,:5)=1-1 3 o[,
40 0 0
-1 0 -3 3 -1 0
P(3, 2] :) = 0 0 —% » Q(l,:, Z) =1-1 0 0 ,
4 - s 0 0 -
-1 0 0 o o -!
Q2:)=10 4 -il, QBu)=|o0 -1 -1
0 -3 -3 )

It is clear that min; <;<,(p;_;q;.;) = 9. By computations, we get

p(p)=0.6842,  p(Jo)=0.7328, a=k(p)=03, B=k(g)=03.
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From Theorem 1, we have
©(P+ Q) = (1-pUp)pUo)) min (p;.ig;..) = 44876.
According to Theorem 2, we obtain

aB|pi. ;| 0a) + aBlq;..j|

L.l L.l

T(PxQ)> min [l—p(lp)p(lg)+

1<ij<n,i#j

'{(]P)]pi...iqi...i

= 4.9074.

By making use of the information of the absolute maximum in the off-diagonal elements,

we are at the position to establish the following theorem.

Theorem 3 Suppose that P and Q are two strong M-tensors of order m and dimension n

and assume that p(Jp) and p(Jg) are the corresponding spectral radii. Then
. 1
(P Q) > Iirel}\r[l{pi‘.‘iqi‘.‘i — (Bpi.iqi.irUpr)pUQ)) %},
where a; = maxs, . -0 |Piiy...,,| and fi = maxs,, . -0 |Giiy..ip, |-
Proof The proof is broken into two cases.
Case 1. P and Q are both weakly irreducible. It follows from Lemma 4 that P x Q is a

strong M-tensor. Since Jp and Jo are weakly irreducible nonnegative tensors, by Lemma 1,

there exist two positive eigenvectors u = (4?) > 0, v = (v?) > 0 such that

Z‘Siizu.imzo \Pity..im |u122 o u’2m
2[m—1] =rUP), (16
Pi..il;
Z(Siiz“.im =0 [ Gia..im |v’22 - Vizm
s = p(Jo)- (17)
qi..iv;

Without loss of generality, assume that u;,v; € R,,. Let z = (z;) with z; = u;v; € R, and
U =P » Q. By Cauchy-Schwartz inequality, for 1 <i < n, we have

-1 -1
(Uzm )i = pi...iqi..‘izl[m - Z iy | Gy | B Vi * - Uiy, Vi
5 0

i =

[m-1]
> pi.iqi.iZ;  — E \Piiy..ivg | Uiy -+ - Ui, E (Giiy.iyg Vi, =+ * Vi

Biigy...iymy =0 Biioy iy =0
1
[m-1] 2.2 2\?
> pi.iqi..i%; - E Pty | Uiy - - - 085,
Siig...ipy =0
1
2.2 2\’
X E \Giiy...iv | Vi =V |- (18)

S =0

[
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It follows from the definitions of «;, 8; and (18) that

1 1
(Uszl)l- > Pi...iqL'...iZ,LWH - (aipi...m(]P)ul’Z[%l]) . (ﬂiQi...z‘P(]Q)V?[WH) 2

= [pi.idi.i — (Bipi.idi..pUp)pUQ)) : ] (19)

Furthermore, using Lemma 3 and (19), one has

ST

.

©(P+ Q) = min{p. igi.i - («iBipi.igi.irUp)pU0))

Case 2. Either P or Q is weakly reducible. Similar to the proof of Theorem 1, we obtain
the desired result. O

In what follows, we give inclusion relations between Theorems 1 and 3.

Corollary 1 Let P and Q be strong M-tensors of order m and dimension n.
Ifpi.iqi.ipUp)pUg) < aip; fori € N, then

flfel}\l[l(l - pUp)pUQ))pi.idi.i > fl,Ig\I[l{Pi...iQi...i — («iBipi.iqi.ipUp)pUQ)) : b (20)

ifpi.iqi..pUp)pUg) = a;f; for i € N, then

[T

11161}\1[1(1 - pUp)pUQ))pi.idi.i < Iirelgl{pi‘.‘i%.‘.i — («iBipi.iqi.ipUp)pU2)) % }. (21)

Proof Observe that
(1= pUp)pUQ))Pi..cdi..i = Pi..idi..i — Pi..idi.ip UP)pUQ))- (22)
When p;..iqi.ipUp)pUg) < aifi, from (22), we see

(1= pUp)pUQ))pi..4i..i
= pi..ii..i — Pi.iqi.ipUp)pUQ)) : (pi..i4:..rUP)pUQ)) t
> pi.idi.i — (@) (pi.idi.ipUp)p(Q)) t
= pi..ii..i — (@iBipi.iqi.irUp)pJQ)) :

which implies

ST

Iilg\f[l{l?i...i%...i(l - pUpr)pUa))} = IlIel}\r[l{Pi“.iqi...i — (iBpi.iq:.:pUp)pU0)) % }.
So, (20) holds.
If pi.iqi.ip0p)pUo) = o;B; for i € N, similar to the proof of (20), we obtain (21). O

Remark?2 Ifp; iq; .p(Jp)p(Jo) < a;f;forall 1 <i < n, from (20), we verify that the bound
of Theorem 1 is sharper than that of Theorem 3. When p; ;. ip(UJp)p(Jg) > a;f; fori € N,
from (21), we deduce that the bound of Theorem 3 is tighter than that of Theorem 1.
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The following examples give numerical comparisons between Theorems 1 and 3.
Example 3 Let P = (pjir), @ = (gsx) be defined in Example 2.
It is clear that min; <;<,(p;_iq:.;) = 9. By computations, we get
o(Jp) =0.6842, p(Jo) =0.7328, ar=ay=PB1=p=1, a3 = f3=1/2.
Obviously, p;. iqi..pUp)p(Jg) > a;f; for i = 1,2,3. From Theorem 1, we have
WP+ Q)= (1-pUp)pUo)) min (pi..i..) = 44876.
From Theorem 3, we have
1
(PxQ)> fllelg\l[l{pi...i%...i — (iBipi.iq:.:pUp)pUo))? } = 6.8758,

So, the bound of Theorem 3 is tighter than that of Theorem 1.

Page 13 of 15

Example 4 Let P = (py), Q = (gix) be two tensors of order 3 and dimension 3 with ele-

ments defined as follows:

P =[P(1,::),P(2,::),P(3,:1)], 0=[Q(1,5:),Q(2,5:),Q(3,:1)],

where
30 0 0 -2 0
P(1,,)=]0 0 —% , P2,,)=10 4 0 |,
00 0 0 0 -1
-3 0 0 3 0 0
P(S’ ) :) = 0 _i 0 ) Q(ll ) :) = 0 —i 0 )
0 0 5 0O 0 -2
0 00 -1 0 o0
Q2,59=10 4 of, Q(3,:,:) 0 -2 0
-2 0 0 0 0 3
By computations, we get
11

pUp)=07036,  pJo)=06458, o=,

ﬂ1=2, Ol2=/32=2, O[3=3, ,B3=2.

From Theorem 1, one has

©(P+ Q)= (1-pUp)pUo)) min (p;.iqi.i) = (1= pUp)PU))p1.141.1 = 49104
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According to Theorem 3, we obtain

1
(PxQ)> Iifelgl{pi...i%...i — (iBipi..iq:.:pUpP)pU0)) %}
1
=pr.aqr.a - (1 Bipr.agi.a1pUp)p(o))? = 4.2674.

Thus, the bound of Theorem 1 is tighter than that of Theorem 3.

4 Conclusions

In this paper, we generalized important inequalities on the minimum eigenvalue for the
Fan product from matrices to tensors. Based on characterizations of M-tensors, we pro-
posed lower bound estimates on the minimum eigenvalue for the Fan product of two M-
tensors. Finally, we gave some sufficient conditions to establish when particular inclusion
relations hold.
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