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Abstract

The least positive number y such that a convex body K can be covered by m
translates of K is called the covering functional of K (with respect to m), and it is
denoted by I',,(K). Estimating covering functionals of convex bodies is an important
part of Chuanming Zong's quantitative program for attacking Hadwiger’s covering
conjecture. Estimations of covering functionals of cones and double cones, which are
best possible for certain pairs of m and K, are presented.
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1 Introduction

A compact convex set K € R” having interior points is called a convex body. The interior
and boundary of K are denoted by intK and bd K, respectively. We write K" for the set
of convex bodies in R”. Concerning the least number ¢(K) of translates of int K needed to
cover a convex body K, there is a long-standing conjecture:

Conjecture 1 (Hadwiger’s covering conjecture) For each K € K", ¢(K) is bounded from
above by 2", and this upper bound is attained only by parallelotopes.

We refer to [1-4], and [5] for more information and references about this conjecture.
Note that, for each K € K", ¢(K) equals the least number of smaller homothetic copies of
K needed to cover K (see, e.g., [1, p. 262, Theorem 34.3]). Therefore, ¢(K) < m for some
m € Z* if and only if T',,,(K) < 1, where I',,(K) is defined by

Fm(l():min{y >0:3x;:i=1,...,m} CR" s.t.I(QU(xi+yK)}

i=1

and called the covering functional of K with respect to m. A closely related concept is stud-
ied in functional analysis. Given a bounded subset M of a normed space E with unit ball
B, the m-th entropy number ¢,,(M) of M is defined by (cf. [6, p. 6-7])

en(M) = inf!e >0:MC U(sB + x;) holds for suitable x,...,x,, € E}.

i=1
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When K is a translate of the unit ball B of a finite-dimensional normed space E, we have
[(K) = &,,(K).
Clearly, for each m € Z*, T';,,(-) is affinely invariant. More precisely,

Tu(K)=Tu(T(K)), VTeA,

where A" is the set of non-degenerate affine transformations from R” to R”. Thus we
identify convex bodies that are affinely equivalent, and when writing K" we are actually
referring to the quotient space of K" with respect to affine equivalence.

For each pair K3, K; of convex bodies in K", the Banach—Mazur distance dgy (K1, K3)
(also called the Asplund metric, cf. [7]) between them is defined by

dpm (K1, Kp) :=Inmin{y > 1: K; € T(Ky) € yKi +x,x € R", T € A"}

Then (K", dgm) is a compact metric space (cf. [8] and [7]). Zong (cf. [9]) proved that T,,,(-)
is uniformly continuous on K”. Bezdek and Khan improved this result by showing that
I',,.() is Lipschitz continuous on K" with (#? — 1)/(2In#) as a Lipschitz constant (cf. [10]).
These results show that each K € K" can be covered by at most 2” smaller homothetic

copies of K if and only if
c(n) := sup{an(K) :K € IC”} <1

Due to these facts, estimating covering functionals of convex bodies is an important part
of Zong’s quantitative program for attacking Hadwiger’s covering conjecture (cf. [9] for
more details).

Our starting point is Theorem 1 in [9]: T'g(C) < % when C is a three-dimensional convex
cone (the convex hull of the union of a planar convex body K and a singleton not contained
in the plane containing K). By applying new ideas, we show that this estimation can be
improved when I'7(K) < %, and that this estimation can be extended to higher dimensional
situations. Moreover, we also obtain an estimation of I",,(C) when C is a double cone.

2 Covering functionals of convex cones
We start with an elementary lemma.

Lemma 1 Let K C R” be a convex set, x € R"”, and 1,y € [0,1]. Then
x+yK)NK CAx+(Ay +1-A)K.
Proof Let z be an arbitrary point in (x + yK) N K. Then z — x € yK and z € K. Therefore

z—ax=Az—x)+(1-A)z
eAyK +(1-A)K

=(Ay +1-A)K.

It follows that z € Ax + (Ay + 1 = L)K. (|
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For each X € R”, we put x = (%,0) € R"*!. Each point x € R"*! can be written in the form
(*,a), where x € R” and « € R. Let K be a convex body in X" containing the origin o0 in
its interior, and p be a point in R"*! \ R” x {0}. Put C = conv((K x {0}) U {p}), i.e., C is the
cone having p as a vertex and whose base is K.

Lemma 2 Suppose that m € Z*, y,» € (0,1), n € [A, 1], z= u(3,0) + (1 — w)p for some
y € K, and that {u; : i € [m]} C R” is a set of points satisfying

K< |G+ yK).

i€[m]

Then there exists i € [m] such that
z € AMu;,0)+ Ay +1-1)C.

Proof We have

2= 15,0+ (1~ wp = G,0) + T2 (1=
1- _ -A_
- T (6.0 + (1= 2p) + == G.0). (1)

Without loss of generality we may assume that y € #; + y K. It follows that

1(3,0) +(1-2)p
€ Mia1,0) + Ay (K x {0}) + (1 - A)p
L Ay 1-x
= i1, 0) + (Ay +1 —A)<7M/ T K x{0) + Y _kp>
C AM#11,0) + (Ay +1-A)C. (2)

By Lemma 1, we have

ye(u+yK)NK CAup +(Ay +1-A)K,

which implies that
(7,0) € Ai11,0) + (Ay + 1 = A)(K x {0}) € A(i1,0) + (Ay + 1 - 2)C. (3)
From (1), (2), and (3) it follows that z € A(it1,0) + (Ay + 1 - A)C. O

For two numbers satisfying 0 < A; < A, <1, we put
Corio = {M(%0) + (1 - 1)p:x € K, 1 € [A1,12]}.
It is not difficult to verify that C = Cy;. And when 0 < X; <X, <1 and A, #0, we have
Coo = (A& 0) + (1 - 1)p:x € K, 1 € [A1,15]}

Ao 1-A  _
:)\2 _(?C,O) + —p:xel(,k S [)\.1,)\2]
Ao Ao
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A )\(_0) 1 * 1 1 x € K,A €[\, As]
= —(,0) + - — +{— - : , ,
2 )sz * P * px 1, A2

A A
=)\.2 —(J_C,O)+ 1-— pZJ_CEI(,)\,G[)\l,)LQ] +(1—)»2)p
Ao Ao

A
=2 A®x 00+ (1-Ap:xeK,Le [x_ll“ +(1-A)p
2
=1C g1 + (L= A2)p. (4)

Lemma 3 Let m be a positive integer satisfying y = I',,(K) <1, and 0 < Ay < Ay <1. Then
Cy, 1, can be covered by m translates of (A1y + Ay — 11)C.

Proof If Ay = Ay, then C,, 5, is a translate of 1, (K x {0}) and can be covered by m translates
of (A2y)C = (My)C.

Now we consider the case when 1 := A; € (0,1) and A, = 1. There exists a set of m points
{u;:i € [m]} C R" such that

K< |G+ yK).

i€[m]

Let z be an arbitrary point in C; ;. Then there exist y € K and pu € [A,1] such that z =
1n(®#,0) + (1 — u)p. Lemma 2 shows that there exists i € [m] such that

z€ Mu;,0) + (Ay +1-24)C.

It follows that C; ; can be covered by m translates of (Ay + 1 — 1)C.
When 0 < A; < Ay <1, (4) shows that C,, ;, is a translate of 15(C;,/5,,1), which can be
covered by m translates of

A A
Ao —)/+1—— C=()»1)/+)L2—)L1)C. O
Ay Ay

Theorem 4 Suppose that m € Z* and y =T',,(K). Then

1
1—‘m+1(C) < —.
2-y
Proof Put A = 1/(2 — y). Then, by (4), Co,. can be covered by a translate of AC, and C; ;
can be covered by m translates of

(Ay +1-A1)C=A1C.
Thus I'),,1(C) < A. a

Remark 5 When K is a planar convex body, we have that I'7(K) < 1/2. Moreover, if K is
centrally symmetric, then we always have I'7(K) = 1/2 (see [11]). Therefore, for a convex
cone C in R? having a planar convex body as a base, we have I'g(C) < 2/3, an estimation
which was already obtained by Chuanming Zong in [9]. It is also mentioned in [11] that
I'7(K) = 5/11 when K is a triangle. Therefore, when T is a tetrahedron, we have I'g(7) <
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Table 1 Exact values of I'py(A) (cf. [11, p. 333]) and 'y (T) (cf. [9, p. 2559]) and consequences of
Theorem 4 for Cy (O with C=T

m 3 4 5 6 7 8

2 4 8 1 5 3
m(A) 3 7 75 3 7 3
'y 1 2 2 _ - _
'n(©) 1 <3 <% <L <? <

11/17 < 2/3; see Table 1, where A is a triangle and C is a cone whose base is A. We have a

numerical example showing that the estimation I'gs(7) < 11/17 is not optimal either.

3 Covering functionals of double cones
Let K € R” be a convex body, m be a positive integer such that I',,(K) < 1, and p,q €
R"*1\ R" x {0} be two points such that [p,g] N (K x {0}) #@. The set

C= conV(K x {0} U {p, q})

is called a double cone.

Theorem 6 Let C be a double cone defined as above. Then

Fpia(C) < ——
= T (K)
Proof Put
r(K) and A !
=T, an =
v 2-T,,K)

Then A € (1/2,1). Without loss of generality we may assume that [p, g] intersects K x {0} in
the origin o of R"*!. By applying a suitable non-singular affine transformation if necessary,
we may assume that p = e,;,; and g = —«e,,1, where « is a positive number. Suppose that
[,31) /32] - [—Ol, 1] Put

Cl2 ={z€ C:(zlenr) € [B1, o]}
Then it is clear that

C=Cl,uc M ucti, .

First we show that

Cl, CAC+(1=Aeys1.

Let z be an arbitrary pointin Cj_,.1fz = p, then z s clearly in AC + (1 - 1)p. In the following
we assume that

1-A< (Zlen+1) <L
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Then there exist A1, A2, A3 > 0, and x € K x {0} such that

D hi=L1-i<l-aks<l, and z=Aix+Aop+Aaq.
i€[3]

It follows that

z=Mx+ Ay —ah3)en

=dx+ Ay —arz + A —1)e 1 + (1= Aey

(PR A RO ) L, )
On the one hand, we have
O0<XA—oai3+A-1<A,
which implies that
hamwhsthol o ©)
A
And on the other hand, we have
0<A=l-Ay—As<1-Ay+ahs,
which shows that (since 0 € K x {0})
71_111 SreKx {0}. 7)

From (5), (6), and (7) it follows that z € AC + (1 — A)p.
In the second step we show that

C UM ChHC+(1-2)g.

Similarly, we only need to consider the case when —«a < (z|e,;1) < —(1 — A)a. In this case,
there exist A1,A2,A3 > 0, and x € K x {0} such that

Zki =l,—a<ly—arz <-a(l-2), and z=Xrx+lyp+Asq.
i€[3]

We have

z=Mx+ (Az +(1-A)o— akg)eml —(1-MNae,

)\10[ —)ug - (1 — )\)O( + 0()\.3
=il —x- ae,1 | — (1 - ANaey
Ao ra
)L2+Ol—01)n3 Mo —)\.2—(1—)\.)a+a)\.3
=X . X+ q
Ao Ao+ 0o — Az A

+(1=2A)q. 8)
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Moreover, the following inequalities hold:

)\,2+Ol—0l)x3>0, (9)

O<ari=oa(l —Ay—2A3) <Ay + o —aAz, (10)
and

0<-A—(1-MNa+ai; <Ara. (11)

Then (8) and equalities (9), (10), and (11) show that z € AC + (1 — 1)q.
In the following we assume that {i; : i € [m]} C R" is a set of points such that

K< |G +yK).

ie[m]

Suppose that (z|e,.1) € [0,1 — A]. Then there exist A1, A3, A3 > 0, x € K x {0} such that

D k=10 h—ahy <1-Az=Ax+Aop +Aaq.
i€[3]

In this situation we have

Al

z=Mx+ Ay —ar3)e1 = (1= Ay +@r3) - ——————x + (Ay — @A3)ei1- (12)
1- )\.2 + C()\.g
Moreover,
Al
0<Ai=1-Xy—A3<1-Xy+0aA3 = 76[0,1],
1- )\.2 + Ol)\3

which shows that

- 1-2Ay+ais

/

X x € K x {0}.

Put
nw=1-Xxy+aAs.
Then u € [A,1]. From Lemma 2 it follows that z € A(iz;, 0) + AC for some i € [m]. Therefore

G < | (1w, 00+ 20).

i€[m]

It remains to consider the case when (z|e,;1) € [-(1 — ), 0]. Then there exist A1, Ay, A3z >
0, x € K x {0} such that

D hi=1,  —(I-Ma<l-aks <0,  z=Mx+Ap+iaq.
i€[3]
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Table 2 Exact values of Fm(K]z) (cf.[11,p.333]) and Fm(Kf) (cf. [9, p. 2559]) and consequences of
Theorem 6 for [',(C) with C = K}

3
m(K?) 1
1
1

’1; =13
=
-
el S E
e SV, |
[A wiro = Oy
|A wiro o= N
|A wiro no— o

wino
Wi
wWIN

We have

z=Mx+ (Aa —ad3)en

o+ Ay — A3 aAq Ay + QA3
. q.

X+
o o+ Ay — A3 o

Clearly,
O0<ari=a(l—Ay—2A3) <a+ iy —aAz,

which shows that

A
e MM e K x O,
O(+)\2—Ol)\3

Moreover, one can easily verify that

o+ Ay —aA
=2 e 1.

Again, by Lemma 2, z € A(i#;,0) + AC for some i € [m]. Therefore

Cuy € U (M@0 +1C).

ie[m]

O

In Table 2, C is a double cone whose base is K} (by K} we denote the unit ball of the
Banach space l; ). Compared with exact values of I',,,(K7), the estimations of T,,(C) given
by Theorem 6 are optimal for m = 6,7, 8.

4 Conclusion
Let K be a convex body in R” and C be a compact convex cone in R”*! having K x {0} as
a base. We proved that

1

[p1(C) < m

A similar estimation is also provided for double cones. These estimations are optimal for
particular pairs of m and K, are better than existing estimations, but they are not always
optimal.

In the authors’ opinion, it is interesting to do the following: provide better estimations
of the covering functionals of cones and double cones, characterize convex bodies that
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are sufficiently close to cones or double cones via their boundary structure, and, more
importantly, get precise values of I'yx(K) when K is an n-simplex or K7’ for n > 3.
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