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Abstract

A representation of (p, g)-Bernstein polynomials in terms of (p, g)-Jacobi polynomials is
obtained.
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1 Introduction
Classical univariate Bernstein polynomials were introduced by Bernstein in a constructive

proof for the Stone-Weierstrass approximation theorem [1], and they are defined as [2]

bi(x) = <’7>xi(1 —x" i=0,1,...,m.
i
They form a basis of polynomials and satisfy a number of important properties as non-
negativity (b7 (x) > 0 for 0 < x < 1), partition of unity (3", , b/ (x) = 1) or symmetry (b/(x) =
b (1-x)).

For a given real-valued defined and bounded function f on the interval [0,1], the nth

Bernstein polynomial for f is

z K
B = Zb,t(xy(;().
k=0

Then, for each point x of continuity of f, we have B,(f)(x) — f(x) as n — oo. Moreover,
if f is continuous on [0,1] then B,(f) converges uniformly to f as n — co. Also, for each
point x of differentiability of f, we have B, (f)(x) — f'(x) as n — oo and if f is continuously
differentiable on [0, 1] then B, (f) converges to f’ uniformly as n — oo.

Bernstein polynomials have been generalized in the framework of g-calculus. More pre-
cisely, Lupas [3] initiated the application of g-calculus in area of the approximation theory,
and introduced the g-Bernstein polynomials. Later on, Philips [4] proposed and studied
other g-Bernstein polynomials. In both the classical case and in its g-analogs, expansions
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1443-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1443-7&domain=pdf
mailto:area@uvigo.es

Soleyman et al. Journal of Inequalities and Applications (2017) 2017:167

of Bernstein polynomials have been obtained in terms of appropriate orthogonal bases [5,
6].

Mursaleen et al. [7] recently introduced first the concept of (p, g)-calculus in approx-
imation theory and studied the (p, g)-analog of Bernstein operators. The approximation
properties for these operators based on Korovkin’s theorem and some direct theorems
were considered [8]. Also, many well-known approximation operators have been intro-
duced using these techniques, such as Bleimann-Butzer-Hahn operators [9] and Szész-
Mirakyan operators [10]. Very recently Milovanovic¢ et al. [11] considered a (p, g)-analog
of the beta operators and using it proposed an integral modification of the generalized
Bernstein polynomials. (p, )-analogs of classical orthogonal polynomials have been char-
acterized in [12].

The main aim of this work is to obtain a representation of (p, g)-Bernstein polynomials
in terms of suitable (p, g)-orthogonal polynomials, where the connection coefficients are
proved to satisfy a three-term recurrence relation. For this purpose, we have divided the
work in two sections. First, we present the basic definitions and notations. Later, in Sec-
tion 3 we obtain the main results of this work relating (p, ¢)-Bernstein polynomials and
(p, q)-Jacobi orthogonal polynomials.

2 Basic definitions and notations
Next, we summarize the basic definitions and results which can be found in [13-18] and
the references therein.

The (p, q)-power is defined as

k-1

(@b (p.q), =] [(ar -bd) with ((a,b);(p.q)), =1. o

j=0

The (p, g)-hypergeometric series is defined as

D, (alp; ﬂlq); ceey (arp; ﬂrq) ‘(p, q);z
(blp) blq)r cees (bsp; bsq)

_ i ((“110: alq) (ﬂrp,ﬂrq)' (10 ‘I) j 7
=0 ((blprblq) sp: sq (P 61 ((19 q) (19 q

(( Viglp)" T )", 2)

where
,
((alpr alq); ceey (ﬂrp; ﬂrq); (p; q))l = ((asp; ﬂsq); (P, q))j,
s=1
and r,s € Z, and aip, ig; . . . Grps Grgs D1y b1gs - .. bep, bsg, 2 € C.

The (p, q)-difference operator is defined as (see e.g. [14])

L)~ L)
(Do) = =5 =S85 570, )

where the shift operator is defined by

L.h(x) = h(ax), (4)

and (D,,4f)(0) = f'(0), provided that f is differentiable at 0.
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The (p, q)-Bernstein polynomials are defined as
b (x; p, q) = p" " [1 P2 (1% (0,9)), ®)
" 1pa
and can be expanded in the basis {x*};¢ as

n

i (ki) (k—i— L((-1)ivk(k-2n+1)) | 7 k
b?(x;p,q)zz(_l)k g k==i=72 3 (=D k(=2n+1) [k} [l} s ®)
k=i bq pq

From the definition of (p, g)-Bernstein polynomials it is possible to derive the basic prop-

erties of (p, g)-Bernstein polynomials.
(1) Partition of unity

> blwp.q)=1.
i=0

(2) End-point properties

., 1, i=0, ; L i=n
b} (0;p,q) = b} (;p,q) =

0, otherwise, 0, otherwise.

The (p, g)-Jacobi polynomials are defined by

—n, —n)’ ot+ﬂ+n+1, a+ﬁ+n+1) xq—a
Pn(x;a:ﬂ;p’q)=2cbl<(p 7' 1 ‘(pﬂ); o)

(pﬂ+l’ q5+1)

and they satisfy the second order (p, q)-difference equation

_ a+p+2 —a-p _ 2\ _ ,B+2 B
BED) (0] )0+ (L D ) £, (D, 000)
a+f-1 —a—f-n

-n-2 _
+ [n],,,q(‘”’ ;’ -, 1 ).cpqy(x) - 0. (8)

The (p, g)-Jacobi polynomials satisfy the three-term recurrence relation

Py(x;a, B5p,q9) = 1, Pi(x; 0, B3 p,q) = x — Bo(at, B3 p, ),

Pura(xa, B, q) = (¥ = Bulat, B;p, @) Puls o, B3 p, @) — Colet, B; p, @) Pucs (%501, B3 0, ),

where

n+2 o+n+l

pq
p-q?la+B+2nl,4la+ B +2n+2],,

x ((pﬁ +qﬂ)qa+ﬂ+2n+1 _(p+q)(pa +qa)pﬂ+nqﬁ+n

+ (pﬁ +qﬂ)pa+ﬁ+2n+l) (9)

Bn(ax /S;p’ Q) =



Soleyman et al. Journal of Inequalities and Applications (2017) 2017:167 Page 4 of 7

and

pﬁ+2n+3q2a+ﬁ+2n+1 [n]p,q[a + n]p,q[ﬂ + n]p}q[a + :3 + n]p}q

[+ B +2n—-1],,([a+ B +2nl,,)* e+ B +2n+1],, (10)

Cn(a: ,B;p’ 4) =

3 Representation of (p, g)-Bernstein polynomials in terms of (p, g)-Jacobi
polynomials

Lemma 3.1 The (p,q)-Bernstein polynomials satisfy the following first order (p,q)-

difference equation:

(px — 1)x(Dp,qbf)(x;p, q) + (—pl‘” (1] p,qx +p [i]p,q)b?(px;p, q) =0. (11)
Proof The result can be obtained by equating the coefficients in «/. d
If we introduce the first order (p, q)-difference operator
Lin=px—-1)xD,, + (—pl’”[n]p,qx +p’i[i]p,q)£p, (12)
then
Linb! (% p,q) = 0.
Lemma 3.2 The (p, q)-Jacobi polynomials satisfy the following structure relation:

x(px = 1)Dp 4 (P (p*x; 2, B; 1 q) )

= [y " Pt (PP x50, B3 p, @) + T ()P, (PP, Bs 12 q)

+ @y (n) P (PP, B3 s q), (13)
where
( ) [n]p,q(_(p +q)qa+n _pﬁ+n +pa+;3+2n+l +qa+ﬁ+2n+1)[a + ,3 +u+ l]p,q
wi(n) = — ,
! @-@lo+ B +2nl4la + B +2n+2],,
) = g PP )y glo+ nlpg(B + nlpgla + B+ nlpgla+ B +n+1],,
[+ B +2n—1]p4([o + B +2n]p.)* o+ B +2n+1],,
Proof The result follows from (7) by equating the coefficients in «/. d

Theorem 3.1 The (p,q)-Bernstein polynomials defined in (5) have the following represen-
tation in terms of (p, q)-Jacobi polynomials defined in (7):

b?(x;p,q) = ZHk(i: no, ﬂip»Q)Pk(szWh ﬂ;PWI): (14)
k=0

where the connection coefficients Hi(i, n;«, B; p, q) satisfy the following three-term recur-
rence relation:

Hk,l(l‘,l’l;(){, ,8;19; 6])1\1(/( - 1; i; n; o, ,3;]9; q) + Hk(i, no, ﬂ;prq)A2(k; ir nao, ﬁ’prq)
+ Hin( o, Bip, @) As(k + 1,6, m50, Bi p, q) = 0, (15)
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valid for 1 < k < n -1 with initial conditions

Hyu(ina, B;p, 4) =0, (16)

n
H,,(i, n;ot,,B;p, q) _ (_1)n+1q—%(l—n)np—n(n+3)/2+k(k+1)/2 |: :| , (17)
bq

and

Al(k’ Lna, ﬁ;p7 Q) =P7k72 [k]p,q —lfn& [n]p,q)
AZ(k, i,na, ,B}P: q) = P_i[i]p,q —P_z_" [n]p,qu(a: ,3;19, 61) + wl(k): (18)
As(k,i,m e, B5p,q) = —p " 1]y Cila, B; p, q) + @2 (K).

Proof In order to obtain the result we shall apply the so-called Navima algorithm (see e.g.
[19, 20] and the references therein) for solving connection problems. If we apply the first

order linear operator L;, defined in (12) to both sides of (14) we have

n
0= Hli,ma, f;p, @)LinPi(p*%;t, B p,q)
k=0

= Y Hii,ma, B;p,q) ((px — 1)xDy (P (p*x: 0, 5 p, )

k=0

+ (—pl’" (1] p,q% +p’i[i]p,q)Pk (p3x; o, B; p, q))

From the three-term recurrence relation for (p, g)-Jacobi polynomials it yields

(_plin [npqx + v [i]pvq)Pk (pgx; o, B;p, 4)
= —p " nlpgPren (P50, Bi 1, q)

n+2[

+p " (=p" P il g + P [M)pgBi(e, Bi 0, @) Pk (PP %5, B3 )

= p "2 nlpgCile, B; s )P (PP%5 0, B0, q).

Therefore, by using the structure relation for (p, )-Jacobi polynomials (13) we have

(px —1)xDp 4 (Pk (sz;a» Bip,q)) + (‘Pl_n (n]p.q% +P_i[i]p,q)P/< (psx;a, Bips q)
= Mk, i, 150, B39, ) Pra (PP, Bs o q) + Dok, iy 5.0, B5 p ) Pr (PP, B3 po )
+ As(k, i, m;, B3 p, Q) Prcr (PP, B3 ) q),

where A;(k,i,n; 2, B; p, q) are given in (18).

As a consequence,

n
0= Hili,me, B;p,q)(Ak,i,m e, B p, @) Prn (P°%5 2, B3, q)
k=0

+ Ao(k,i, s, B p, QP (PP, B3 p, q) + As(k, iy ms o, B p ) Pt (PP%5 0, B 92 ).
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By using the linear independence of {Pi(p3x; @, B; p,q)} we obtain the three-term recur-
rence relation (15) for the connection coefficients Hy (i, n; «, B8; p, q), where the initial con-
ditions are obtained by equating the highest power in x*. O

4 Conclusions

In this work we have obtained a three-term recurrence relation for the coefficients in the
expansion of (p, g)-Bernstein polynomials in terms of (p, g)-Jacobi polynomials. For our
purposes some auxiliary results both for (p,g)-Bernstein polynomials and (p,g)-Jacobi
polynomials have been derived.
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