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Abstract

In this paper, we suggest and analyze a new system of extended regularized
nonconvex variational inequalities and prove the equivalence between the aforesaid
system and a fixed point problem. We introduce a new perturbed projection iterative
algorithm with mixed errors to find the solution of the system of extended regularized
nonconvex variational inequalities. Furthermore, under moderate assumptions, we
research the convergence analysis of the suggested iterative algorithm.
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1 Introduction

Variational inequality was introduced and studied by Stampacchia [1] in 1964. It has been
recognized as a suitable mathematical model to deal with many problems arising in differ-
ent fields, such as optimization theory, game theory, partial differential equations, and
economic equilibrium mechanics; see [2-4] and the references therein. Because of its
importance and active impact in the nonlinear analysis and optimization, variational in-
equality has been explosively growing in both theory and applications; see, for example,
[5-8]. Specially, one of the significant generalizations of variational inequality is the gen-
eral variational inequality which was introduced and investigated by Noor [9]. Subse-
quently, Balooee et al. [10, 11] introduced an algorithm for solving the extended general
mixed variational inequalities. However, most of the results related to the existence of so-
lutions and iterative methods for variational inequality problems have been investigated
and considered so far to the case where the underlying set is convex.

It is worth to mention that in many of the alluded applications, the set involved is not
convex. To overcome the difficulty caused by the nonconvexity of the set, Clarke et al. [12]
introduced a new class of nonconvex sets, that is, proximally smooth sets. Moreover, they
were introduced by Poliquin et al. [13] but called the uniformly prox-regular sets. These
kinds of sets are used in many nonconvex applications, such as differential inclusions,
dynamical systems, and optimization; see [14, 15] and the references therein. It is well
known that the uniformly prox-regular sets are nonconvex and include the convex sets as
special cases. In 2009, Noor [16] considered a new class of variational inequalities, called
the general nonconvex variational inequalities, and introduced the convergence analysis
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of the suggested iterative algorithms underlying the uniformly prox-regular sets. For more
numerical methods for solving the variational inequalities and their generalizations in the
context of nonconvexity, we refer the reader to [17-20] and the references therein.

The projection technique was introduced by Lions and Stampacchia [2]. It is one of
the most widely used methods to study the variational inequalities, and this technique is
devoted to establishing the equivalence between the variational inequalities and a fixed
point problem which uses the concept of projection.

Inspired and motivated by the above works, in this paper, we introduce a new system of
extended regularized nonconvex variational inequalities (SERNVI) and prove the equiva-
lence between the SERNVI and a fixed point problem. Using this equivalent formulation,
we consider a new perturbed projection iterative algorithm with mixed errors for finding
the solution of the SERNVI. Under some moderate assumptions, we research the conver-
gence analysis of the suggested iterative algorithm.

2 Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and | - ||,
respectively. Let K be a nonempty closed subset of H, the usual distance function to the
subset K is denoted by d(-,K), i.e., d(u,K) = inf,cx |[u — v||. Now we recall the following
basic definitions and results from nonsmooth analysis and nonlinear convex analysis.

Definition 2.1 ([21]) Let u € H be a point not lying in K. Let v € K be a point whose
distance to u# is minimal, i.e., d(u, K) = ||u—v||, then v is called a closest point or a projection
of u onto K. The set of all such closest points is denoted by P, that is,

Px(u):={veK :du,K)=|lu-v|}.
Definition 2.2 ([13]) The proximal normal cone of K at a point u € K is given by
Nf;(u) = {§ € K : 3a > 0 such that u € Py (u + oeg“)}.
Clarke et al. [21] gave the following characterization of the proximal normal cone N7 ().

Lemma 2.3 Let K be a nonempty closed subset in H. Then a vector { € N (u) if and only
if there exists a constant o = a (¢, u) > 0 such that

C,v—u)<alv-ul®>, Vvek. (2.1)

Inequality (2.1) is called the proximal normal inequality. Clarke et al. [21] considered the
special case of the proximal normal cone N¥ (x), in which K is closed and convex; this case

is an important one.

Lemma 2.4 Let K be a nonempty, closed and convex subset in H. Then ¢ € NP (u) if and
only if (¢,v—u) <0 forallveK.

Definition 2.5 The Clarke normal cone of C at a point u# € K is defined as
N () = T[N w)]

where co means the closure of the convex hull.
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Clearly, N, Ilé(u) CN, Ig (), but the converse is not true. N Ilé(u) is always closed and convex,
whereas N (1) is convex, but may not be closed.

To overcome the difficulty caused by the nonconvexity of the set, Clarke et al. [12] in-
troduced a new class of nonconvex sets, which are said to be proximally smooth sets.
Subsequently, Poliquin et al. [13] considered the aforementioned set under the name of
uniformly prox-regular sets. We take the following characterization verified in [12] as a

definition of the uniformly prox-regular sets.

Definition 2.6 For any r € (0, +00], a subset K, of H is said to be normalized uniformly
prox-regular (or uniformly r-prox-regular) if every nonzero proximal normal to K, can be
realized by an r-ball. This means that, for all # € K, and all 0 # ¢ € NP (i) with ||¢ ]| = 1,

<L,u - L't> < i lu—-ul? Vuek,.
I 2r

It is obvious that a closed subset of a Hilbert space is convex if and only if it is proximally
smooth of radius » > 0. In view of Definition 2.6, if r = +o0, the uniform r-prox-regularity
of K, is equivalent to the convexity of K,. So, we set K, = K, when r = +00. Moreover, a
class of uniformly prox-regular sets is sufficiently large to include the class of convex sets,
P-convex sets, C! submanifolds of H, the images under a C'! diffeomorphism of convex
sets and many other nonconvex sets.

We now recall the following well-known proposition which summarizes some signifi-
cant consequences of the uniform prox-regularity. The proof of this result can be found
in [12, 13].

Proposition 2.7 Letr € (0,00] and U(r) = {u € H : d(u, K,) < r}, and let K, be a nonempty
closed and uniformly r-prox-regular subset of H. Then the following results hold:

(i) Forall x € K, set Px, (x) # 0;

(i) Forallr €(0,r), Pk, is Lipschitz continuous with constant —~ on U(r');

r—r'

(iii) The proximal normal cone is closed as a set-valued mapping.

3 System of extended regularized nonconvex variational inequalities

In this section, we introduce a new system of extended regularized nonconvex variational
inequalities and prove the equivalence between the aforesaid system and a fixed point
problem.

Let K, be a uniformly r-prox-regular subset of H, and let g;: H — K,, h;: H - H
(i=1,...,N) be nonlinear single-valued mappings such that g;(H) € K;.Let T;: H x H —
CB(H) (i=1,...,N) (CB(H) means a nonempty closed and bounded subset of H) be non-
linear set-valued mappings, let Q;: H — H (i = 1,...,N) be single-valued mappings. For
any given constants p; >0 (i =1,...,N) and for all x € H, g;(x) € K, the following prob-
lem of finding %} € H (i = 1,...,N) with I(x}) € K, (i =1,...,N) and u} € Ti(x},%])
(i=1,...,N-1), u}; € Ty(x{,x}) such that

(0 Qi) + hi(x?) — gi(ocs, 1), () — hil))) + 5L [l gi() = ha(x)[1> > 0
(i=1,...,.N-1), (3.1)

(onQn () + hn () — g (), an (%) = B (x)) + 22 [lgn (%) — v ()12 = 0,
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is called the system of extended regularized nonconvex variational inequalities (SERNVI),
where A; = [|p:Qi(u}) + hi(x}) — gi(xj, DIl (0 =1,...,N = 1), Ax = [lonQu(uy) + hn(xy) -
vl

We note that if i = 1,2, then problem (3.1) is equivalent to finding (x},x%) € H x H with
(i (x7), ha(x3)) € K, x K, and uf € Th1(x5,%7), uy € To(x7,x5) such that

(p1Qu(u}) + Iy (x}) — g1 (x5), g1 (%) — I (%)) + 5 [lga (%) — I ()% > 0, (3.2)
(02Qa(u3) + ha(x5) — g2(x7), @2 (%) — Mo (%3)) + 22 l|g2 (%) — ha(3) 1% > 0, .
where A1 = || 01 Qu(u}) + I (x}) — @1(x3) [, A2 = [102Qa(us3) + ha(x5) — g2(x7) I, which was in-
troduced by Ansari et al. [18] in 2014.
Ifforeachi=1,2,g; = h; = g, Q; = I, the identity operator T; = T : H — H is an univariate
nonlinear operator, then problem (3.1) reduces to the problem of finding (x},x3) € H x H
such that

(01 T(x5) + g(w}) — g(x3), g(x) — g(x)) + 5L llg) — g&))1* = 0, (3.3)
(P2 T(3) +g(3) - g}), g x) — g(3)) + 3 llglx) - g@3)II” = 0, '
where A1 = [| o1 T(x]) +g(x]) —g@&3)|l, Az = | 2 T(x3) + g(x3) — g(x7])||. Problem (3.3) is called
the system of general nonconvex variational inequalities and was introduced by Noor [19].
It is worth to mention that if T; = T : H — H is an univariate nonlinear operator, x} = u
(i=1,...,N), g =g, Q; = h; =, the identity operator, then problem (3.1) changes into the
problem of finding u € K such that

T1 —
. loTu +u—g(u)|

2 lev)-ul*>0, wek, (3.4)

(p Tu+u—g(u),glv) - u)
which is called the general nonconvex variational inequality, introduced and investigated
by Noor [16].

Moreover, if g; = hi; = I, the identity operator, then problem (3.4) is equivalent to finding
u € K, such that

Il o Tull
+ —

> lv-ul®>>0, Vvek,, (3.5)

(oTu,v—u)
which is called the nonconvex variational inequality. For more details about the nonconvex
variational inequality, we refer the reader to [17, 19] and the references therein.

We note that if K, = K|, the convex set in H, then problem (3.5) is equivalent to finding
u € K such that

(Tu,v-—u) >0, VveKk. (3.6)

An inequality of type (3.6), called the classical variational inequality, has been explosively
growing in both theory and applications. For more formulation and numerical information
about the methods, see [5-7].
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We now establish the equivalence between the system of extended regularized noncon-

vex variational inequalities (3.1) and a system of nonconvex variational inclusions.

Proposition 3.1 Let Q;, T;, h;, g;, and p; (i = 1,...,N) be the same as system (3.1) such that
g(H)eK, (i=1,...,N). Then x; € H (i = 1,...,N) with hi(x}) € K, and u} € Ti(x},,,%])
(i=1,...,N-1), u}; € Tn(x{,x%,) is a solution of system (3.1) if and only if

gixfy) — i) — piQi(u}) € N (hi(x))  (i=1,...,N 1), (37)
an(}) — hn () — onQu () € N (i (%),

where N f?y (s) denotes the P-normal cone of K, at s in the sense of nonconvex analysis.

Proof Let x} € H with hy(x}) e K, (i=1,...,N) and u} € T;(x},;,x]) (i=1,...,N-1), uy €

Tn(x],%%) be a solution of system (3.1).

If gi(x} 1) — hi(x) — p; Qi (1) = 0, since the vector zero always belongs to any normal cone,
it follows that

&) = hi(}) = piQu(uf) € Nig, (hi(7))-
If gi(x},,) — hi(x}) — p:Qi(u) #0, for all x € H, we observe that

2
’

Ai
(@i(xty) = hi(xF) — piQi() ), gi(x) — i) < > | gi(e) = i ()

(3.8)

where X; = [|0;Q;(u}) + hi(xf) — gi(x7, DIl (i =1,...,N —1). It follows from Lemma 2.3 and
(3.8) that

g,»(x}:l) - hl(xf) - ,OlQl(MT) (S N]% (h,(xf)) (l =1,....N - 1)
Similarly,
() — I (55) — P (k) € NE (53

On the contrary, ifx] € H with /;(x}) € K, (i =1,...,N)and u} € T;(x},;,x]) (i=1,...,N -
1), u}; € Tn(x§,%3,;) isa solution of system (3.7). Using Definition 2.6, we can get that x] € H
with 7;(xf) € K, (i =1,...,N) and u} € T;(x},;,x7) (i=1,...,N - 1), u}; € Ty(x§,x}) is a

solution of system (3.1). This completes the proof. d

Note that problem (3.7) is called a system of general nonconvex variational inclusions
(SGNVI) associated with a system of extended regularized nonconvex variational inequal-
ities.

Now, we establish the equivalence between SERNVI (3.1) and a fixed point prob-
lem, which is very useful for our analysis. It is worth to mention that several fixed

point methods, such as (hybrid) projection algorithm and Mann iterative algorithm,
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have been developed for solving the nonlinear problem; see [22—24] and the references
therein.

Theorem 3.2 Suppose that K,, Q;, T}, h;, gi, and p; (i =1,...,N) are the same as system
(3.1) such that gi(H) € K, (i =1,...,N). Then x! € H with h;(x}) e K, (i=1,...,N) and
ui € Tixf,x) (i=1,...,N = 1), u; € Tn(xi,x%,) is a solution of system (3.1) if and only

if

hi(x}) = P, [gi(xf,1) — 0:Qi(u])]  (i=1,...,N 1),
hn(x3) = P, [gn(x) — onQu ()],

(3.9)

with p; < 1,...,N-1), py < , for some ' € (0,r), where Px, is the

1+IIQ (u I (i =
projection of H onto K,.

1+HQN uypll’

Proof Suppose x} € H with h;(x}) € K, (i =1,...,N) and u] € Ti(x,;,xf) (i=1,...,N -
1), uy, € Tn(xf,xy,) is a solution of system (3.1). Since g;(x}) € K, (i = 1,...,N), and for
1+HQ T (i=1,...,N-1), pon < W/(”Xﬂ”’ we can check that g;(x},;) —
piQi(u) and gy (x]) — ,oNQN(uN) belong to U(r"), which implies that equations (3.9) are
well defined.

From Theorem 3.2 and the above mentioned works, we can get

some ' € (0,7), p; <

gixfy) — i) — piQu(u}) € N (hi(x))  (i=1,...,N -1),
an () — hn(xy) — on Qu(uy) € N (i (%))

PN gilxfy) — piQiuy) € I+ NR )(hi(xf))  (i=1,...,N-1),
av(}) — onQu () € (I + NE ) (hn(x3)
hi(x}) = P, [gi(x,1) — piQi(u})]  (i=1,...,N -1),
—
hn(xy) = Pr [gn(%]) — o Qn(uy)],
where [ is an identity mapping and Px, = (I + N};r)‘l. This completes the proof. d

4 Main result

In this section, we use the foregoing equivalent alternative formulation (3.9) to consider
new perturbed projection iterative algorithms with mixed errors for finding the solution of
SERNVI (3.1). For convenience, we now recall some definitions, and they will be powerful
tools in our analysis.

Definition 4.1 An operator g: H — H is called
(i) monotone if

(g@®) -g(),x—5) >0, V¥x,yeH;

(ii) strongly monotone if there exists a constant 1 > 0 such that

(g@) - gO)x—y) = nllx-yl*, VxyeH;

Page 6 of 13
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(iii) Lipschitz continuous if there exists a constant o > 0 such that

lg@) -g0)| <olix-yl, VxyeH.

Definition 4.2 Let T : H x H — 2/ be a set-valued mapping, a nonlinear single-valued
mapping Q: H — H is called
(i) monotone if for any u € T'(x,y), v € T(y,x) such that

(Qw) -Q),x-y)=0, VxyeH;

(ii) relaxed («,X) cocoercive if for any u € T'(x,y), v € T(y,), there exist constants
k >0 and A > 0 such that

2
Q) - QW),x —y) = —k|| Q) - QW) | + Allx = yII>,  Vx,y € H;
(iii) p-Lipschitz continuous if there exists a constant p > 0 such that

Q1) — Qw2) | = pllwr —x2ll, V1,55 € H.

Note that the notion of the cocoercivity is applied in several directions, especially to
solving the variational inequality problems using the auxiliary problem principle and the
projection methods, see [25]; while the notion of the relaxed cocoercivity is more general
than the strong monotonicity as well as cocoercivity. For more details about the relaxed

cocoercive variational inequalities and variational inclusions, see, for example, [26].

Definition 4.3 A two-variable set-valued mapping T : H x H — 2/ is said to be n-D-
Lipschitz continuous in the first variable if for all x,x',y,9 € H, there exists a constant
7 > 0 such that

’

ﬁ(T(x,y), T(x,y)) <m|x-«

where D is the Hausdorff pseudo-metric, that is, for any two nonempty subsets A and B
of H,

ﬁ(A,B) = max{sup d(x,B),supd(y,A) }
x€A yeB

In what follows, we introduce a new perturbed projection iterative algorithm with mixed

errors to find the solution of SERNVI (3.1). For convenience, we assume that K, is a uni-

formly r-prox-regular subset of H with r > 0, also let " € (0,7) and set § = -*.

Algorithm 4.4 Suppose Q;, T}, h;, g, and p; (i =1,...,N) are the same as system (3.1) such

that g;(H) € K, (i =1,...,N), the iterative sequence {(x7,...,x5)}2, in H X --- x H for an
[Ny —

N-times



Zhao et al. Journal of Inequalities and Applications (2017) 2017:87 Page 8 of 13

arbitrarily chosen initial point (x},...,x%) € H x --- x H is given as follows:
D e —

N-times

a = (U= @n)a] + (o] = () + Pr (@) — piQu(uf))

+auel +q! (i=1,...,N-1), 1)
it = (1= )y + (6 — I () + P (gn () — onQu ()

+oey + g

where {,}52, is a sequence in [0,1] such that Y .- a, = 00, and {€/'}2,, {g/}2%, (i =
1,...,N) are sequences in H to consider a possible inexact point of the resolvent operator
satisfying the following conditions:

e/=ej+e) (i=1,...,N),
limy, oo 1€}y lle =0, Y220 llefi .., e lls < 00, (4.2)

[}
2o Ity gl < oo

Moreover, by Nadler theorem [27], there exist

ul e T/ (vl ,x!) (i=1,...,N-1),
o = < (1 + DD(T; 0, ), Tulsd, ),

M?\[ € TN(?C{I,XX,),

lody =11 < (L DTN, k), Ty, ).

Before establishing the convergence analysis of the aforesaid algorithm, we review the
well-known property, which provides the main mathematical results of this section.

Lemma 4.5 ([28]) Let a,, b, and c, be three nonnegative real sequences satisfying the fol-
lowing condition. There exists a natural number ng such that

Apsl = (1 - tn)dn + bntn +¢p Y= no,
where t, € [0,1], Y02ty = 00, lim, .00 by = 0 and Y- ¢, < 00. Then lim,,_, o0 a,, = 0.

Next, the convergence of the iterative sequence generated by Algorithm 4.4 to a solution
of SERNVI (3.1) is demonstrated.

Theorem 4.6 Suppose Q;, T;, h;, gi, and p; (i =1,...,N) are the same as system (3.1) such
that gi(H) € K, (i =1,...,N). Furthermore, for eachi=1,...,N,
(i) Qqis (ki, A;)-relaxed cocoercive with constants i; > 0, A; > 0;
(i) Qj is w;-Lipschitz continuous with a constant p; > 0;
(iii) T;is m; — B—Lipschitz continuous in the first variable with a constant m; > 0;
(iv) g is n;-strongly monotone and o;-Lipschitzian with constants n; > 0, o; > 0;
(V) h; is &;-strongly monotone and ¢;-Lipschitzian with constants §; > 0, §; > 0.
If the constants p; (i =1,...,N) satisfy the following conditions:

r/

ST+ Q) “3)

Pi



Zhao et al. Journal of Inequalities and Applications (2017) 2017:87 Page 9 of 13

forsomer' €(0,r) and

)”l_KlMl (1+ , |
5 (1+
. NEX— (1+;) 2222 (14122 (62-(1-60;1-84/1-20;+02)?) (=1..N-1)
8/4[.2(1+%)27rl.2 Ty ’
AN— KNMN(HN) ﬂNl

loi —

lon = 12,0 2

. Vo202 (1 27202 —1i2 (14 )22 (82 —(1-61 -5 /120 10 2)%)
5#?\](1+%)2711%1

’

S — ki (L + 1)2m?)

4.4
>m(1+%)ni\/52—(1—9,-+1—5 1-2n;+02)? (i=1,...,N-1), 44

SO — knpd (L + )2md) > un (1 + 4 )N\/52—(1—91—5,/1—277N+01%;)2,
8§>1=6;1-8,/1-2n;+0? (i=1,...,N-1),
8§>1-6,-8,/1-2ny +02,

0= \1-25+2 (i=1,...,N),
28 <1+¢? (i=1,...,N).

Then the iterative sequence {x!};2, (i=1,...,N) generated by Algorithm 4.4 strongly con-

verges to (x},...,%x).

. . AT 3 o
Proof Since g;(x}) € K, (i=1,...,N), p; < QG (i=1,...,N-1)and py < 1+HQN(u g it
follows from Theorem 3.2 that ¥} € H satisfies equation (3.9). Moreover, since the solution
of the system of extended regularized nonconvex variational inequalities is a singleton set,

hence, for each positive integer 1, we obtain

= (1= on)x] + (o] = hi(x7) + Pr, (€i(x7,1) — 0iQi(0£)))
(i=1,...,N), (4.5)

Xy = (L= an)xy + o,k — i (k) + Pr, (gn (x7) — on Qn (ux))s

where the sequence {o,,} is the same as in Algorithm 4.4.
Let x?*l,xf € H be given, by Proposition 2.7, (4.1) and (4.5), we observe that

([EauEA|
< (U= o) o =5 | + ona [ {7 = Hs(e]) + P, (g1 (w01) = piQu(ue])) }
— (o] = () + Pr (g (o5n) = 01Qu(ei)) | + €| + [l |
< Q- = | + en(|l27 = a7 = (i) = (7)) |
+8giletn) = g () = (01Qi(sf) = £iQi(147)) ) + etuef | + |17 |
< (o) | — ] || + (|| =7 = (hi(7) —h,-(x;‘))||
+8{ ||y =i = (@lef) — @ (i) + i =270 = 2i(Qi () = Qi) [})

)+l (46

+ (| e ef,,
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From the fact that /; is &;-strongly monotone and ¢;-Lipschitzian, we can get that

o =t = (i) = ha(?)) |
= =P = 20 () — (et — )+ () = Bt ||
< | | = 28 = )P+ 2w

= (L-2& +¢7) || —F ||2 (4.7)
Using the fact that g; is n;-strongly monotone and o;-Lipschitzian, we obtain
”le ( l( z+1) _gl'(x;;l)) Hz

||x,+1 i )” — 20g(®h) — &) —x5) + @) — @) )

=< (1 =2n; + Gi2) ||x;q+1 - x:’k+1 “ : (4'8)

Since Q; is u;-Lipschitz continuous and 7; is w; — 5-Lipschitz continuous in the first
variable, it follows that

Qi) = Qi) | = w7
1\~
< (0} DT ). T o)

< Wi (1 + )7‘[; ”xz+1 l+l ” : (4'9)
From (4.9) and Q; is (k;, A;)-relaxed cocoercive with respect to Q; and T3, it is easy to see
that
||xz+1 lol(Ql( ) Ql(u;k)) ||2

”le whl” = 20 Qu(o4)) = Qu(aay), s — 5
+ o7 Qi) - (o) I

< sty =7 |” - 200 () - Qi)
sty =2 |°) + ol ik [ - ui |

1 2
< |ty =5l - 20 (-Kilh2 <1 + ;) A CAEE
2 2. 2 1 ? 2 2
+ A Hle z+1 || + ;i |1+ ; ||xl+1 l+1 “

1\? 1\? 2
= (1 -2p; ()»,- — ki (1 + ;) rrf) + p2u? (1 + ;) )Hle P (4.10)

Substituting (4.7), (4.8) and (4.10) in (4.6), we deduce that

n+l * ”
i i

o -

= (U)o =7 |+ cun (B[ = 7 + s — )
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+ oy

]+

el + |

= (L-an@=6) |7 = 7| + otuhs | 7,

i+1 T 1+1 ”

+ 0y

n
ei/

+ ”qi ) (4.11)

where ¢, = 8{\/(1 —-2n;+07) + \/(1 = 2pi(hi — kit + 3)272) + pFpZ(L+ 1)2n?)}, and 6; =
\ (1 - 2&' + ;,‘2)'

Now we define || - ||, on H X --- x H as follows:
[Ny ——
N-times
e, xn) ||, = ol + -+ + lell,  forall (xy,...,28) € H x -+ x H.
—_—

N-times

It is obvious that (u || - l+) is a Banach space. We derive from the definition of
|- Ils and (4.11) that ~-times

” (xn+1’x§l+l, )x;’\;'l) (xi’x;"“’x?;f) H*

< (- ou@ = 00) |} = x5 + ctutpr |25 — x3]| + | €]

el + ]+ (1 0) 5] + el i
+anl|ey | +les | + [ as] + -+ (- @ =6n) |25 — x|
tandn[xf =i | +aneq | + ek ] + |ak |

< (1-an@ =) | (#], 55, ah) = (65,5, ||,
+an||(e¥/;~--;e]n\]/> « + || (ef//,...,e;l\[//) % + ||(q;l,,q]}<[) ”*
< (1-aa@ =) | (2], 55, on%) = (65,25, %) ||,

" v
M B )

+o,(1-19)

R (U ol (4.12)

where ¥ =0 + ®, ® ={6y,...,0y} and ® = {¢1,...,¢n}. From condition (4.4), we get that
0 < ¥ < 1. Since all conditions in (4.2) hold, one can easily find that all the conditions of
Lemma 4.5 are satisfied. It follows from Lemma 4.5 and (4.12) that

(A hant LAl = (5], x5,. . xy),  asn— oo, (4.13)

Using the definition of || - || and (4.12), one can easily show that

||((x%,,x}\,),, (xf,,x;’\[)) - ((xf,,x}kv),, (x]k,,x}‘\,))”*

Mz

H(x’fl, ) = () L+ o) = (502

I
—_

J

_

n—

(=01 =) [ (- 8y) = (55,023

j=1

"’Z“I” e ’N’

« T Z“} ” 17
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F N+ (1= 0= 9) | 6 )

)], 4 ] ()]

L+ (@ ax)],

()

n—

H

(1= ey = ) (oo 2y) = (37,65, k)

j=0
n-1 ) ) n-1 n-1 ) )

+2 0l do) L+ 2N (e ) L+ D - an)
j=0 j=0 j=0

n-1

{1 -0 =9)]| (- 2) = (6525003 |,

i
)

+ o (€ @) [+ 1€ o) + 1)L (4.14)

It follows from (4.13) and (4.14) that

I mn)seeos (s d)) = (s R ) eeos (655 0w0)) ||, = 0, @s 2 — o0

Consequently, {x!'}%2, (i=1,...,N) are Cauchy sequences in H. Hence, there exists x} (i =
.,N) € H such that xf —«xf (i=1,...,N) € H as n — oo. This completes the proof.
d

Remark Equation (4.4) is the key condition for the convergence analysis in our algorithm.
Moreover, the problem which we are solving has # elements. So, we consider the special
case for one element. If we choose 6, = %, 8§=2,A =65,k =1,m =1, u; =1, it follows
that p; € (%, 5}#), which implies that the algorithm introduced in our paper is feasible.
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