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1 Introduction

Differential forms are a generalization of the traditional functions. In recent years, differ-
ential forms have been widely used in physics systems, differential geometry, and PDEs.
In this paper, we are interested in the properties of the composite operator acting on dif-
ferential forms. Operator theory plays a critical role in investigating the properties of the
solutions to partial differential equations. Many questions in partial differential equations
involve estimating various norms of operators. The operator theory for functions has been
very well developed in recent years. However, compared to the function cases, the opera-
tor theory for differential forms is more complicated, so we need some advanced methods
to deal with operators. This paper contributes to derive the properties of the composite
operator M o Do G on differential forms, where M is the general sharp maximal operator
defined by

1 1/s
M (1) = MPu(x) = sup( f |u(t) - us,,,|’ dt)
>0 |B(x,r) | By, ’

for any u(x) € L?(M, A'), where 1 < s < p. Here D is the Dirac operator proposed by the
physicist Dirac. According to the needs of practical problems, different versions of the
Dirac operators have been defined. The Dirac operator we are studying is the Hodge-Dirac
operator defined by D = d + d*. Here d is the exterior differential operator on differential
forms, and d* is the formal adjoint operator of d. See [1] for more details. The operator G
is the well-known Green’s operator satisfying the equation

AG(u) = u—H(u),

where H is the harmonic projection operator. See [2—6] for more results and applications
for the sharp maximal operator, the Dirac operator, and Green’s operator.
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In the following, M stands for a bounded convex domain in R”, n > 2. The Lebesgue
measure of a measurable set E C R” is denoted by |E|. We use B and ¢ B to denote con-
centric balls such that diam(o B) = odiam(B). By A/ = AY(R") we denote the linear space
of all [-vectors spanned by the exterior products e; = e; A e;, A --- A e for all ordered
I-tuples I = (iy,i3,...,4), 1 < iy <ip <--- <ij < n. The [-form u(x) = Xju;(x) dx; is a linear
combination of the standard basis dx’ = dx;; A+ A dx;, for all ordered [-tuples 1. If the
coefficient u; is differential, we say that u is a differential /-form. By D'(M, A’) we denote
the space of all differential /-forms. Similarly, we write L*(M, A’) for the I-form u(x) on M
with u; satisfying [, u;]° < oo.

A differential I-form u € D'(M, A') is called a closed form if du = 0 in M. From the
Poincaré lemma ddu = 0 we know that du is a closed form. The module of a differential
form u is given by |u|? = *(u A *u) € D'(M, A°).

A very important operator, the homotopy operator T : C®(M, A!) — C®(M, A"Y), is
defined by

Tu:/ () Kudy
M

for differential forms u, where ¢ € C3°(M) is normalized by [, ¢(y)dy =1, and K, is the
liner operator defined by

1
(Kyu) (&1, ..., E1) = / flute +y - ty;x — y; &1, E1) dt.
0

For the homotopy operator T, we have the following decomposition, which will be used
repeatedly in this paper:

u=d(Tu) + T(du)

for any differential form u. A closed form u,, is defined by u; = d(Tu); in particular, when
u is a 0-form, uy = M| | i #() dy. In regard to Green’s operator, we need the following
results in [7]:
ldd*G(u)llsg + |d*AG(w)lls. + 1dG () |ls,p + A" G (W) 5,8 + |G (W) lls.8 < Cls)ll2ellsp,
ld*G()llsp = 1GA* () ll5,8, and dG(u)lls5 = 1| G () I8
for any differential form # in M and 1 < s < co.

2 Poincaré-type inequality
In this section, we give a Poincaré-type inequality for the composite operator M!oDoG,
which will be used in the estimates for the L7, Lipschitz, and BMO norms. We will need
the following lemmas.

The following estimate for the homotopy operator T appears in [8].

Lemma2.1 Letu e Lfoc, [=1,2,...,n,1<t< 00, be a differential form in M, and T be the
homotopy operator defined on differential forms. Then there exists a constant C, indepen-

dent of u, such that

I Tullean < CIM| diam(M) ||l -
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We will use the generalized Holder inequality repeatedly.

Lemma 2.2 [1] Let0<g <00, 0<p<oo,and s =q ' +p . Iff and g are measurable
functions on R”, then

Wfglls.m < Ifllgaligllpm
forany M C R”.
The following lemma appears in [9].

Lemma 2.3 Let ¢ : [0, +00) be a strictly increasing convex function such that ¢(0) = 0. If
u(x) € D'(M, A') satisfies ¢(|u|) € L\(M, ), then for any a > 0, we have

/Msﬂ(glu—uzwl)dﬂS/Mgo(alul)du.

First, we establish the boundedness for the composite operator M:oDoG.

Lemma 2.4 Let u € L'(M,A)), [=1,2,...,n,1 <5<t < 00, be a differential form in a do-
main M. Then, there exists a constant C, independent of u, such that

|MEDG(w)]), , < CIBI diam(B) | ul,,z.

Proof For aball B in M, using Lemma 2.1 for any B,y C B and the decomposition theo-
rem, we have

1 s 1/s
- d
<|B<x,r>| /BM [DG() - (DG),, | t>

= |Bun| | DG () ~ (DG(w))

By N8:Bx,r)

= By || TADG(W) |,
< ClBiy | | dDG @)
= ClBuy """ | ddGu) + dd* G
= ClBp """ |dd* G| 5

1+1/n-1/.
= C1|B(x,r)| o S”M”s,B(x,,)' (1)

Since 1+ 1/n—1/s > 0, taking the supremum over r, we get

1 s 1/s
DG(u) — (DG dt
SrE(?(( 1B /);3(”) | () ( (u))B(’C»’) | ) )

1+1/n-1/
< SUP(C1|B(x,r)| o S”u”s,B(x,y))

>0

141/n-1
< sup(Cy|BI"Y 75 ul| )

r>0

= GBS g 5. 2)
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Using the generalized Holder inequality, we find

llzells.z < NuelleBlles/(t—s).B

= B ul|, 5. 3)
Combining (2) and (3), we obtain

[MEDGG), , < | LB s

1+1/n-1 —
< HC1|B| +1/n=1/s+(t S)/m”u”t,B “,;B
1+1/n-1
= GBI  ull 18
1+1
= C1IBI"Y™ull 5. (4)

The proof of Lemma 2.4 is completed. O

Theorem 2.5 Let u € LY(M, A%, [=1,2,...,n,1 <s<t< oo, bea differential form in a
domain M. Then,

[MEDG() - (MEDG@)) |, < CIBI diam(B) |l 5,

sl

where C is a constant independent of u.

Proof Choosing ¢(t) = «*, a = 2, and w(x) =1 in Lemma 2.3, we have
e —uglles < Cillull,s.

Replacing u by M; DG(u) and using Lemma 2.4, we get

|MEDG() - (MEDG(W), |, < €1 |MEDGW]

slles =

=< C|B| diam(B) | ]z,5- (5)
The proof of Theorem 2.5 is completed. d

3 Lipschitz and BMO norm inequalities
In this section, we compare the L” norm, Lipschitz norm, and BMO norm of the com-
posite operator M!oDoG applied to differential forms. Especially, when we estimate the
Lipschitz norm in terms of the BMO norm, we need the differential form to satisfy some
versions of harmonic equations. We first introduce some definitions.

We call an equation a nonhomogeneous A-harmonic equation if

d*A(x, du) = B(x, du), (6)
where the operators A : M x AY(R") — AYR") and B: M x AY(R") — A"(R") satisfy

A, &) <alslP™,  A@E)-£>|5 and |B(x&)| <blEPP"
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for almost all x € M and all £ € A/(R"). Here p > 1 is a constant related to equation (6)
and a,b > 0. Now we give definitions of the BMO and Lipschitz norms. See [1] for more
details.

1
Foruel,

(M,AY,1=0,1,...,n, we write u € loc Lip, (M, AYH, 0<k<1,if

n+k)/n |

lltlloc Lipgir = Sup |BI™ " ™ |lu — ug|ly 3 < 00
k

oBCM

for some o > 1.

Foruel! (M,A),1=0,1,...,n, we write u € BMO(M, A!) if

loc

-1
lall a0 = sup Bl |lu—ugllp < 00
oBCM

for some o > 1. Similarly, we can define the weighted BMO norm and Lipschitz norm.

Forue Ll (M,ALw),1=0,1,2,...,n, we write u € loc Lipy (M, ALw), 0<k<1,if

loc

—(n+k)/n
”u”h)cLipk,M,w = sup (M(B)) floe - uB”l,B,w <00
oBCM

for some o > 1, where w is a weight, and u is the Radon measure defined by du = w(x) dx.

Forue Ll (M,ALw),1=0,1,2,...,n we write u € BMOM, AL, w) if

loc

a1
el st = sup (1£(B))™ [l — ugllyzw < 00
oBCM

for some o > 1, where w is a weight, and u is the Radon measure defined by du = w(x) dx.
We also need the following inequality.

Lemma 3.1 [1] Take ¢ be a strictly increasing convex function on [0,+00) such that
@(0) = 0. If u(x) € D'(M, A") satisfies p(|u|) € L(M, i) and for any constant c,

,u{xeM:Iu—c|>0}>0,

where | is the Radon measure defined by du(x) = w(x) dx with weight w(x), then for any
a >0, we have

/w(alul)dufcf o (2alu —uyl)du,
M M

where C is a constant independent of u.
Now, we estimate the Lipschitz norm of M o D o G in terms of the L‘-norm.

Theorem 3.2 Let u € LY(M,A"), [ =1,2,...,n,1 <5 < t < 00, be a differential form in M.

Then, there exists a constant C, independent of u, such that

|MEDG(u Cllaello,

Mioeripenr =
locLipg,M —

where k is a constant with 0 < k <1.
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Proof From Theorem 2.5 we obtain

[MEDG() - (MEDG@W)) ., < C1lBI diam(B) el 5

slles =

for all balls B with B C M. Using the Holder inequality, we have

”MEDG(”) - (MEDG(”))B ” 1B

1/t (t—l)/t
< (/|M§DG(u) - (M?DG(M))BVM) (/ 1416-1) dx)
i B

< BV MEDG(u) - (MEDG(w)) |,

= [BI'" V| MEDG () - (MEDG(w)) |,

< |B|*™*Cy|B| diam(B)||ull,5

<GBV M|y, p. (7)
From the definition of the Lipschitz norm and (7) it follows that

sup |B|""*H"|MEDG(u) — (MEDG(u))

IMEDG(u
oBCM

)||lucLipk,M = B ”1,3

= sup |B|’1’k/”||M§DG(u)—(MfDG(u))

s ol

< sup [BICH BRI |yl g
oBCM

1-k/n-1/t+1
= sup Co|BI" ™ Vem ), p
oBCM

1- -1 1
< sup Co|M|*Km=1edm g, g
oBCM

<G sup |lullys
oBCM

=< Gsllullem- (8)
This ends the proof of Theorem 3.2. O
From the definitions of the Lipschitz and BMO norms we can get a simple relationship.

Theorem 3.3 Letu € L’(M,AY),1=1,2,...,n,1<s<oo,bea differential form in M. Then,

vEDGw) , < CMEDG

) H loc Lipy,M’
where k is a constant with 0 < k <1, and C is a constant independent of u.

Proof From the definition of the BMO norms we obtain

IMEDG (u

Wope = sup 1BI7 [MEDG(w) ~ (MEDG(w)) ]
oBCM

= sup |B"[B|"""|MEDG(u) - (MEDG(w)) 4, ,
oBCM ’
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< sup [MM"| B | MEDG(u) - (MEDG(w)) |, 5
oBCM ’

< MM sup [BI""O" | MEDG(u) — (MIDG(W)) 5],
oBCcM

< C sup B |MEDG(u) - (MIDG(w)) |,
oBCM
= C”MTS:DG(M) HlocLipk,M’ (9)
This ends the proof of Theorem 3.3. O

Theorem 3.4 Let u € L*(M,A'), [ =1,2,...,n, 1 < s < 00, satisfy equation (6) in M and
suppose that u{x € M : |u—c| >0} > 0. Then,

f
||MSDG(M ||locL1pkM - C”M”*M’
where k is a constant with 0 < k <1, and C is a constant independent of u.
Proof From (7) we have
[MEDG(w) — (M;DG(W)) 5|, 5 < GBIVt 5.
Using the reverse Holder inequality and Lemma 3.1, we get

lullsz < CalBI" 5 ullyo5 < CoIBI" |u— w)s]),, 5

where o > 1. So, we have

IMEDG () — (MEDG(w)) 5|, 5 < CalBI"™" || e — ()5

s [y

Letting 0’ > o, we have
VDG = s DGO - (420600,

< sup Cy|B|W*V/n-kin g1 ||u—(”)3||1,03

o’BCM
=Cs sup CylBI™ [u= (s,
o/'BCM
< Cellullsm- (10)
This ends the proof of Theorem 3.4. O

By Theorem 3.2 and Theorem 3.3 we can easily estimate the BMO norm of the compos-
ite operator M oDoG.

Corollary 3.5 Let u € L'(M,A"),[=1,2,...,n,1 < s < t < 00, be a differential form in M.
Then,

|IMEDG@)], ,, < Cliullen,

where C is a constant independent of u.
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4 The weighted norm inequalities

In this section, we consider the weighted situation. The weight function we select is
Ala, B, y, M)-weight, which contains the well-known A,(M)-weight. We will use the
Radon measure to deal with the A(e, 8, v, M)-weight in the proof.

Definition 4.1 [10] We say that a measurable function w(x) defined on a subset M C R”
satisfies the A(«, B, v, M)-condition for some positive constants «, 8, y if w(x) > 0 a.e. and

1 1 vp
sup (—/w"‘dx) <—/W“3dx> < 00.
Bcm\ 1Bl Jp 1Bl Jg

Now, we give estimates for the weighted Lipschitz and BMO norms.

Theorem 4.2 Let u € LY(M, A, 1), [ =1,2,...,n,1 < s < q < 00. Assume that the Radon
measure ( is defined by du = w(x) dx with w(x) € A(a, B, y, M) for some a > 1, where 1 <
p<oo, B=aqllap-p-aq),y =aql/p,and ap —p —aq > 0. Then,

|M;DG(u) ||locLipk,M,w = Cliullpstw:

where C is a constant independent of u.

Proof Using the generalized Holder inequality with exponents satisfying 1/q = 1/ag +
(¢ —1)/ag, we get

1
(/|MfDG(u)—(MEDG(M))BVW(x)dx) !
B
"]
= M!DG(u) — (MEDG(w)), ) w(x)1|? dx !
A pG(w),

(a-1)/e 1o
< < / IMEDG(w) - (MEDG(w)) 5“7 dx) q( / (w(x)Ha)* dx) '
B B

(e-1)/agq 1/aq
< C|B| diam(B) ( / |u| @/ @1 dx> ( / w(x)® dx) ) (11)
B B

Using the generalized Holder inequality with exponents satisfying (o —1)/ag = 1/p + (ap -
p —aq)agp, we get

(@-1)/ag (a-1)/ag
(/ |u|aq/(a—l) dx) — (/|uw(x)1/pw(x)1/p|01q/(oz—1) dx)
B B
1/p
< (/|uw(x)l/p‘p dx)
B

« </ (W(x)-l/p)aqp/(apfpfaq) dx
B

1/p
= </ |u|”w(x)dx>
B

walop—pcd) (ap-p-aq)/agp
X </(w(x)_1) rieptpmed dx) . (12)
B

) (ap-p-aq)/agp
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Since w(x) € A(at, —2—, %4 M), we have
(ap-p-aq)’ p

1/aq wq/(ap—p—cq) (ap-p-aq)/agp
(/ w(x)® dx) </ (w(x)_l) ieptpmad dx)
B B

_ 2/a i a i _\aqlap-p-aq) (ap-p-aq)ip\ lag
= |B| q((|B|(w(x)) dx)(|B| /B (wi)™) dx) )

<G. 13)

Combining (11), (12), and (13), we obtain

1/ 1/
( / |M§DG(M)-(MﬁDG(u))BVw(x)dx) q§ C3|B|diam(B)( |u|Pw(x)dx) ’
B B

It follows that

IMEDG(4) — (MEDG(w))

B || 1,Bw

_ / IMEDG() - (MEDG(w)) | dp
B

Va (@-D/q
=< </|M§DG(M) - (MEDG(M))B|qW(x) dx) </ lq/(q—l) d/.l,)
B B

= (1(B) " |M:DG(w) - (MEDG(W) [, 5.,

Ca(1(B))B| diam(B) | ul 5,0 (14)
Finally, we get

|M;DGW)| loc Lipg,Mw

= sup (u(B)) """ IMEDG(w) - (MEDG(w)) s

< CS sup (H«(B)) (n+k)/n+(q-1)/q+1+1/n

Sup, N2l 5.
<C 61134 (M) (n+K)/n+(q=1)/q+1+1/n il
=< Cllullpsw- (15)
This ends the proof of Theorem 4.2. d

Similarly to the proof of Theorem 3.3, we have the following corollary.

Corollary 4.3 Letu € L*(M, A, 1), [=1,2,...,n,1 < s < 00, be a differential form in M, u
and w(x) be the same as in Theorem 4.2. Then,
IMEDG (u

< C|M:DG(u

||*Mw ”locLlpka

where C is a constant independent of u.
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The following corollary can be obtained by combining Theorem 4.2 and Corollary 4.3.
Corollary 4.4 Let u, 1, w(x), and p be as in Theorem 4.2. Then,
[MEDG@), = Clltllpts
where C is a constant independent of u.

5 Applications
In this section, we apply our results to some differential forms.

Example 5.1 Let M = {(x,7,2) : &7 + x5 + - -- + x> <1} C R” and u(xq, ...,,) be defined in
R” by

2 2 Xi
u(xl, e ,x,,) = Z el+x1+~~~+xn 2—122 dxi.
T+ () +--- +42)

So u(x1,...,x,) is a differential form in M. Now we estimate [|M>DG(x) — (M:DG (1)) 1 Ile01-
By simple calculation we obtain

1/t
ltlloar = (f |u|fdx)
M

< </ (ez+2xf+...+2xﬁ (xf + ~~+xi))ﬂ2 dx)
M

< ( [ dx)m

32|M|1/[.

1/t

Using Theorem 2.5, we have

< C|M|diam(M)e*| M|

N"/Z 1+1/¢t
=2%C( ———— .
¢ (F(1+n/2))

Example 5.2 Let u(xy,...,x,) be defined in R” by

[MEDG(w) - (MDGW)) [

n
1
ulxy, ..., x,) = Z —_—dx,.

-1 J1+al+- -+ a2

For a ball B C R” with radius 7, it is difficult to estimate the upper bound directly for
||M§DG(M)|I1ocLipk,B, but by Theorem 3.2 we have

IMEDG (1 Cllullp

Mioeripes =
locLipy,B —

1 | 2 1/t
< C(/(()( + 4+ X )/( +x1 + .. xi))t/z >
B n + l
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< C|B|l/t

2 1/t
=C| =—4——= ) .
(F(l + n/2)>
Similarly, we also obtain an upper bound for the BMO norm of the composite operator
M§ oDoG.
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