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Abstract

We characterize the Bloch spaces and Besov spaces of pluriharmonic mappings on
the unit ball of C” by using the following quantity:
_ " M

(-1212% (- w 21D f(2)-D ™ f(w) _ A
SUP p(gaw)<r oy |z—|w| : I, whereat + B=n+1,0M = 22 4 2

|m| = n. This generalizes the main results of (Yoneda in Proc. Edinb. Math. Soc.
45:229-239, 2002) in the higher dimensional case.
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1 Introduction
Let C" = {z=(z1,..-,2n) : 21,--.,2, € C} denote the n dimensional complex vector space.
Fora = (ay,...,a,) € C", we define the Euclidean inner product (-, -) by

(z,a) =zia1 + -+ - + 2,4y,

where a; (k € {1,...,n}) denotes the complex conjugate of a;. Then the Euclidean length
of z is defined by

ST

1
2l = (z,2)2 = (|a1]* + -+ + |2a]?) 2.
Denote a ball in C” with center 4 and radius » > 0 by
B*(a,r) = {z eC"':|z-a|< r}.

In particular, we let B” denote the unit ball B”(0,1) and let D be the unit disk in C.

A complex-valued function f of B” into C is called pluriharmonic if there are two holo-
morphic functions /# and g, such that f = & + g. We denote by P(B") the class of all pluri-
harmonic mappings on the unit ball of C”".

Letf = h +g € P(B"). For a multi-index m = (m, ..., m,), we employ the notations

Vf(z)z(aa_i,...,g), Vf<z)=(§—£,-~g)'

amf almlf ——lkid almf
=T = T 0 STl R re——r)
az" 9" - 9z, S zm 9zt - Az

"f

© 2015 Fu and Liu. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0884-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0884-0&domain=pdf
mailto:liuxiaoyou2002@hotmail.com

Fu and Liu Journal of Inequalities and Applications (2015) 2015:360 Page 2 of 10

D"f=9"f+3" f=0"h+d" g,
where |m| = my + - - - + m,. Obviously, if f € P(B"), then so does lA)(m)f.
Similar to the planar case, the Bloch space PB(B") of P(B") consists of all mappings
f € P(B") such that
171 = sup 1-12)(|Vf @] + |Vf(2)]) < 003
zeB”
the little Bloch space PBo(B") consists of all mappings f € PB(B") such that
lzl‘er;_(l - 12*)(|Vf (2] + |Vf(2)]) = 0.
Let dA(z) = (1 - |z|?) " dv(z), where dv is the normalized Lebesgue measure of B”. For

1 < p < oo, the Besov space B, of P(B”) consists of all mappings f € P(B”) such that (1 -
2P)(IVf (2)| + [Vf(2)]) € L (B, d3), i.e.

W Nl 22 anz) = ‘/W((l - |z|2)(in(Z)| + |Vf(z)|))p d\(z) < oo.

For a planar harmonic mapping f in D, Colonna [1] proved that f € PB(D) if and only if
the Lipschitz number

[f (z) = f(w)]
Br= sup ——I oo
zweD,zzw arctanh| ==
Let
I=  sup (1-|z2)*(1 - |W|2)ﬂ|b(”_1)f(z) —ﬁ("_l)f(w)|

weD(z,r),z#w |Z - Wl

where D(z,7) is the Bergman disc with center z € D and radius r, #n > 1 an integer and
o + 8 = n. By means of it, Yoneda [2] characterized the spaces PB(D) and B, as follows.

Theorem A Let n > 1 be an integer and f € P(D). Then f € PB(D) if and only if | is
bounded.

Theorem B Let n > 1 be an integer and f € P(D). Then f € B, if and only if

f P d(z) < oo.
D

In this article, we consider the corresponding problems in higher dimensional set-
ting. We refer to [3—7] for the related topics for holomorphic or harmonic functions.
See [8-12] for various characterizations of the Bloch, little Bloch, and Besov spaces in
the unit ball of C”. In Section 2, we recall some basic facts for pluriharmonic map-
pings. Our main results are Theorems 1-4, whose proofs will be presented in Sections 3
and 4.
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2 Preliminaries
Let Aut(B”) denote the group of biholomorphic mappings of B” onto itself. It is well known
that Aut(B”) is generated by the unitary operators on B” and the involutions ¢, of the form

_a-Piz—(1-1aP’)?Quz

$a(2) I~ a
where a,z € B”,
P,z = 4z a) , Quz=2z-P,z.
(a,a)

For z,w € B”, we define p(z, w) = |¢,(w)|. It is known that p is a distance function on B”,
and we call it pseudo-hyperbolic metric (cf. [6, 12]). For r € (0,1), the pseudo-hyperbolic

ball with center z and radius r is given by
E(z,r) = {w eB: }¢Z(w)| < r}.

Clearly, E(z,r) = ¢,(B(0, r)).

Lemmal ([12]) Let 0 <r<1landw € E(z,r). Then
1-|z)<1-|w)? = {1 - (z,w)| = }E(z,r)|ﬁ,

where |E(z,r)| is the normalized volume of E(z,r), A < B means that there is a constant
C > 0 such that B/IC <A <BC.

The following lemma is crucial [13].

Lemma2 Suppose thatf : B (a,r) — Cis continuous and pluriharmonic in B"(a,r). Then
there exists C > 0 such that

= C
Vi@ + 9@ < [ (ftasro) - @] dotc)
B
Let /1 be a holomorphic function in B”. We say that /1 € B if

sup (1 - |z|2) }Vh(z)| < 00;

zeB”
similarly, # € By if h € B and
| 1‘in}7(1 —1z*)|Vh(2)| = 0.
It is obvious that a pluriharmonic mapping f = /& + g € P(B") (resp. PBo(B")) if and only

if both i, g € B (resp. By).
The following is a characterization of the space B (resp. By).
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Lemma 3 ([12]) Let h be holomorphic in B" and N a positive integer. Then h € B (resp.

By) if and only if
_ NN amh(z) . _ NN 8mh(z) _
ZsEL;BIZ (1-12) | < resp. ‘leliI} (1-12) | 0

for all values of the multi-index m with |m| = N.

Corollary1 Letf = h+g be a pluriharmonic mapping in B" and N a positive integer. Then
f e PB(B") (resp. PBo(B")) if and only if

sup (1 - |z|2)N(|3”’f| +18"f]) = sup (1 - |z|2)N(|8mh| +9"¢g|) < 00,
zeB” zeB”
respectively,

tim (1-12*)" (|a"f |+ [377[) = Jim (1=12P)" (|o" ] + [3"g]) — 0

l2|—>1
for all values of the multi-index m with |m| = N.
As an application of Lemma 3, we obtain the following.
Lemma 4 Let h be holomorphic in B". Then h € B if and only if for each j € {1,...,n},

1-1zP)a-wP)

zweB" zw |z —w|

L=

Ohz)  oh(w) ’
- <00
32]' 3Zj

Proof Fixing a point w and letting

oh
Z:W+SV<—)(W)—> w
821'

with & € C, we have

oh
V(—)(w)
821'
for eachj € {1,...,n}. By Lemma 3, we see that & € B.

For the converse, we assume that 2 € B. Let /;(z) = %(f), then for each j € {1,...,n},
]

1-1wP)? <1,

|i(2) = hy(w)| =

Ydh;
/0 Z(sz +(1- s)w) ds

n
=3
k=1

14,
(Zk—Wk)/O g—Z(szHl—s)w)ds

1
fﬁlz—w|/ ’th(sz+(1—s)w)’ds
0

1 ds

<Cl|z- .
SClem | iz sy
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It follows from [7] that there exists 0 < C; < 0o such that

/1 ds - G
o (L=lsz+(L-s)w2)> = A-|z»)1 - w]?)
This implies that

(1= 1z~ wl)

zZ,weB" z#w |Z - W|

|h}-(z) - hj(w)| < 00.

So the result follows. O

3 The Bloch space for pluriharmonic mappings
In this section, we give some characterizations of the spaces PB(B") and PB,(B") which
can be viewed as the generalizations of Yoneda’s results in the higher dimensional case.

Theorem1 Letf € P(B"), N > 0 be an integer and 0 < r < 1. Then f € PB(B") if and only
if

(1 - z12)*@ — [w?)P D™ f (z) — D" f (w)| o

zeB", p(z,w)<r,z#w |Z - W|

Ly=

for all values of the multi-index m with |m| = N, whereo + B =N + 1.

Proof First we prove the sufficiency. Let f(z) € P(B"), then for each multi-index m with
|m| =N, ﬁ(”‘)f(z) is also pluriharmonic. According to Lemma 2, for z € B” and r € (0,1),

V@] FOTNE] <

- () _(Dm)
o [ 1070600 - (D7)@] da ),

r(1-lz?
2

where o = ), By a simple computation, we see that B"(z,0) C E(z,r), so

A

V@] [TONE] < = s [(D")@) - (D)o

1- |Z|2) weE(z,r)

Since for each w € E(z,r), w # z,

A= 1272 - WPt _ a-r)
|z —w]| - r 7

by Lemma 1, we can deduce that

1 - 12121 - [w]»)?
|z —wl|

> G (1-I2%)".
Therefore, there exists a positive constant C, such that
(== (VD7) + [V (D)) < Cay,

from which we see that f € PB(B").
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Now we prove the necessity. Let w € E(z,r), w # z. Then for each multi-index m with

|m| = N, we have

A

|(DF)(@) - (Df)w)| =
=2
k=1
)
k=1

< Jrlz-wl /0 (|9 (D"f) (s2 + (1= s)w)|

+ |V(f)(’")f) (sz+ (1 -s)w)|)ds

< C|z—w|/1 ds
- o (L=|sz+ (1=s)w|)N+"

By Lemma 1 we infer that there exists ¢ > 0 such that 1 — |[w| = (1 - |z]) and

L g(Dim)
/ dDY) (sz +(1- s)w) ds
0 d

S

1 ()
(Zk—Wk)/o 8(1; kf)

z

(sz +(1- s)w) ds

1 N(m)
(Ek—v"vk)/(; oD f)(sz+(1—s)w)ds

0zZk

(D"P@ - DI _ /1 ds
2wl =)o G Tel) + T8I~ WD

- c /1 ds
T A-[zPN o s+ (1 -s)]NHL
CH
< )
(L—z12)*(1 - |w|?)p

Thus,
1= 1z12)%(1 = [w|2)B 1D F(z) — D
Lo OO WRPIDRE DU
zeB”, p(z,w)<r,z#w |Z - W|
So the proof is complete. d

Theorem 2 Let f € P(B") and N =1,2. Then f € PB(B") if and only if

N N A(m) _ A(W[)
sup (1-12)¥ (1 - ) ¥| LLE=CTDW)
z,weB" z#w Z—w

for all multi-index with \m| =N - 1.

Proof The sufficiency follows from Theorem 1. We only need to prove the necessity. When
N =1, we refer to [8, 11]. Now we prove N =2. Let f =& + g. Then for eachj € {1,...,n},

(-2 W) |9 @) | 3f) _af(w) _ of(w)

z,weB" zw |z —w| 82]’ 82, BZ,' 32]'
11—z - w]?) (‘ dh(z) 3h(W)‘ ‘3g(2) agw) )
= sup - + - .
z,weB z4w |z—wl| 0z; 0z; 0z; 0z;
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Since f € PB(B"), h,g € B, by Lemma 4,

(1= 2@~ wP?) |3h(z)  dh(w)

sup < 00,
zZ,weB" zw |z —w| azj aZ/'
1- |z - |w*) |9 i)
< swp (1- |z - [w])| 3gl) dgw)|
zZ,weB" 24w |z —w| az/ 3Zj
This completes the proof. O

Theorem 3 Let f € PB(B"), N > 0 be an integer and 0 < r < 1. Then f € PBo(B") if and

only if
1= 1z12)%(1 = |w|?)8 1D _ Dim)
i wp | AZEPFA- WD) - D) o
121=17 2eBn p(z,w)<r,zw |z —wl|

for all values of the multi-index m with |m| = N, whereo + B =N + 1.

Proof Sufficiency. Assume that (1) holds. Then for any € > 0, there exists § € (0,1) such
that

- (1 _ 7 (m) _ Dm
wp LI QWD) - DI

zeB, p(z,w)<r,z#w |Z - Wl

whenever § < |z| < 1. It follows from an argument similar to the proof of Theorem 1, that
we have

(=1 (v D"5)] + [9 (D))

- (] — B H(m) _ Nm)
<C s A - 122 (1 - [w]?)P| D" f(z) - D ol

zeB, p(z,w)<r,z#w |Z - W|

Ce,

whenever § < |z| < 1. Hence

lim (1—12")""(|V(D"f)| + [V (D")]) =0,

|z|]—>1

from which we see that f € PB,(B").
Necessity. For A € (0,1), let f;(z) = f(Az). By Lemma 1 and the proof of Theorem 1, we
see that for each multi-index m with |m| = N,

(1 - 1222~ [wIXPID"(f - £)(z) — D™ (f — f)(w)]

|z —w|

< Gi(1=ER) (VD" (F - £)©)] + [VDf - £)(E)])

and

(1 - 12122 = [w?) |D, (2) — DUf, (w))|
|z —w|

CoA + N — A
< oy (L= P (VO E) 0] + [VO7A) o))
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forall z,w € B”, p(z,w) <rand &,n € E(z,r). So

Ly < (1= 1&P) (VD - £)®)| + [VD™(f - £)(€)])
C + N — A
e (= 1) (VDR [V ) o).

+
First letting |z| — 1~ and then letting A — 17, we obtain the desired result
From Theorem 2 and the proof of Theorem 3, we have the following.
Corollary 2 Let f € PB(B") and N =1,2. Then f € PBo(B") if and only if
3

N | (DM )
fm  sup (1- o) ¥ (1 ) ¥ [2L0E@ =DM |

=0
lz|—>1~ zZ,weB", z#w

zZ-w

for all multi-index with |m| =N —1.

4 The Besov space for pluriharmonic mappings

In order to state and prove our next result, we need the following lemmas.

Lemma5 Letf € P(B"). Then f € B, if and only if

sup (1 - |z|2)N+1(‘V(f)(”’)f)} + !V(b(’”)f) ’) el? (B”, dk)

zeB”

for all values of the multi-index m with |m| = N, and p(N + 1) > n.

Proof This follows from [12], Theorem 6.1. O

Lemma 6 Let i be holomorphic in B" and 0 < r < 1. Then there exist constants K > 0,
r <1 <1 such that

h(z) — h(w)

zZ=w

sup
zeB,p(z,w)<r,z#w

gKf |Vh(w)| d(u).
E(z,r")

Proof By the subharmonicity and Lemma 1, for each w € B”, we have

h(z) — h(w)

zZ=w

sup
zeB", p(z,w)<r.z#w

<C sup |VA()|
C€E(z,r)

C
h d
T /E LG

< K/ |Vh(2)|dr(z)
E(z,r)

for some ' >r. O

Theorem 4 Letf € P(B"), N > 0 be an integer and 0 <r <1. Then f € B, if and only if

1= 1212)%(1 = (w2 1D £(z) — Dm) p
G- < VA f(w)l) 5 <o
B \zeB”,p(z,w)<r,z#w |Z - W|

for all values of the multi-index m with |m| = N, where« + =N + 1, and p(N +1) > n.
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Proof Letf = h+g € P(B"). Suppose that

/ ( (1 - 1222 = (W) |D) f (2) — DUf (w))|
sup
B” \zeB",p

(z,w)<r,z5w |z —wl|

p
> d\(z) < oo.

Let

— |22 (1 = |w|2)P D) f (z) — D™
Lf(Z)=Z1i_I>I‘1VSup(1 |z]#)*(1 le|;_|?4/| 'f(z) - D f(w)|'

It follows from the proof of Theorem 1 that we have
(1=12P)" (Y (B @) + [V (D) (@) < CLs(a).
Since Ly(z) < Ly, we see that
[ (D) 4 [7(0) ano

1 122D%(1 — 1w2NB DM £(2) — P »
SC/ ( sup (1 —127))*(1 = |w*[)?|D"f (2) f(W)I) dr2),
B” \zeB",p(z,w)<rz#w |Z - W|

which yields f € B,,.
To prove the necessity, we suppose that f = 4 + g € B,. By Lemmas 1 and 6, for each
multi-index m,

(1= 12 = [w*)P (18" h(z) = 3" h(w)| + 18"g(2) — 3"g(W)])

Lf <
zeB, p(z,w)<r,z#w |Z - W|
_ |»|2\N+lqm _am
-c (1= [z]") 0™ h(z) — 0" h(w)|
zeB, p(z,w)<r,z#w |Z - W|
1—|z]2)N* o™ g(z) — 3™g(w
LC s (1 [z[7)""[9"g(2) — 3™g(w)]
zeB", p(z,w)<r,z#w |Z - W|

<c /E (=) (9 7)) 9 78) 0] 0,

Since

/ di(u) < oo,
E(z,r")

by Hoélder’s inequality and Fubini’s theorem, we can obtain
p
Ky < C/W (/E( /)(1 — ()N (| V(87 R) )| + |V (37) w)]) d,\(u)) d(z)
sc[ ([ a-we)™"(v@nw] «|v@"w)’ dw ) are
B” E(z,r")

= C’/};n(l_ |M|2)(N+l)p(|v(amh)(u)| " |V(3mg)(u)‘)pdk(u)

It follows from Lemma 5 that K is bounded. This completes the proof. d
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