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1 Introduction
In this paper, assume that H is a real Hilbert space with the inner product (-,-) and the
norm || - ||, and let C be a nonempty, closed and convex subset of H. Let N and R be the
sets of positive integers and real numbers, respectively. In the following, we recall some
mappings which will often be used in this paper.
« f:C — Cis said to be k-contractive iff there exists a constant k € (0,1) such that
IIf (x) =f W)l < kllx -yl forallx,y € C.
« §:C— Cissaid to be nonexpansive iff ||Sx — Sy|| < |lx—y| forallx,y € C.
« T:H — H is said to be firmly nonexpansive iff || Tx — Ty||?> < (Tx — Ty, x — y) for all
x,y € H.
o Pc:H — Cissaid to be metric projection iff ||x — Pcx|| < ||x — y|| for all x € H and
yeC.
+ A:H — H is said to be monotone iff (x — y,Ax — Ay) > 0 for allx,y € H.
+ Given a number >0, A: H — H is said to be n-strongly monotone ift
(x —y,Ax — Ay) > n|lx —y||> for all x,y € H.
+ Given a number @ >0, A: C — H is said to be a-inverse-strongly monotone (¢-ism)
iff (x —y,Ax — Ay) > a||Ax — Ay||® for all x,y € C.
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« Y:C — H is a strict pseudo-contraction [1] if there exists £ € R with 0 < ¢ <1 such
that || Yx — Yy|1? < [lx = |2 + t)|({ - )x — (I - Y)y|? for all &,y € C.

First, we introduce the following generalized equilibrium problem.

Find x € C such that

F(x,y) + (Tx,y—x) >0, VyeC, (1.1)

where T': C — H is a monotone mapping and F : C x C — R is a bifunction.

In this paper, we use GEP(F, T') to denote the set of suchx € C, i.e., GEP(F, T) = {x € C:
F(x,y) + (Tx,y —x) > 0,Yy € C}.

In the case of T = 0, problem (1.1) is reduced to the following equilibrium prob-
lem [2].

Find x € C such that

F(x,y) >0, VyeC. 1.2)

In this paper, we use EP(F) to denote the set of such x € C, i.e., EP(F) = {x € C: F(x,y) >
0,vy e C}.

In the case of F =0, problem (1.1) is reduced to the classical variational inequality.

To study equilibrium problems (1.1) and (1.2), we may assume that F satisfies the follow-
ing conditions:

(Al) F(x,x)=0 forall x € C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) for eachw,y,z€C,

lifgl sup F(tz +(1- t)x,y) < F(x,y);
t

(A4) for eachx € C, y+> F(x,y) is convex and weakly lower semicontinuous.
Many problems can be transformed into finding solutions of equilibrium problems (1.1)
and (1.2), for instance, image recovery, network allocation, inverse problems, transporta-
tion problems and optimization problems; see [2—7] and the references therein. Recently,
many regularization methods have been extensively studied for solving solutions of equi-
librium problems (1.1) and (1.2); see [7—13] and the references therein.

Second, we introduce the following fixed point problem for a family of infinitely nonex-
pansive mappings. Consider the fixed point problem

Fix(S) := {x € C:x = Sx},

where S: C — C is a mapping, we use Fix(S) to denote the fixed point set of S. If C is a
bounded, closed and convex subset of H, then Fix(S) is not empty; see [1].

Let {S; : C — C} be a family of infinitely nonexpansive mappings and {y;} be a nonneg-
ative real sequence with 0 < y; <1, Vi > 1. For n > 1, define a mapping W,,: C — C as
follows:

un,n+1 = I;

Un,n = ynsnun,nﬂ + (1 - Vn)Iy
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Uyt = YnaSpoiln + (1- yn—l)l;
Uk = Skl ks + (1- yk)I;
Upi-1 = VierSkaa Ui + (1= v,

vey

Uy = oSl + (1— ),

Wy =Up = nSillyp + (1- )l

Such a mapping W, is nonexpansive from C to C and it is called a W-mapping generated
by Si, Su-1,..., 81 and Yy, Y1, ..., Y15 see [14] and the references therein.

Third, we introduce the problem of zero points of a maximal monotone mapping
M10={xeH:0eMx}, (1.3)

where M is a mapping of H into 2, the effective domain of M is denoted by dom M or
D(M), that is, domM = {x € H : Mx # #J}. A multi-valued mapping M is said to be a mono-
tone mapping on H if (x — y,u — v) > 0 for all x,y € domM, u € Mx, v € My. A monotone
mapping M on H is said to be maximal if its graph is not properly contained in the graph
of any other monotone mapping on H. It is well known that a monotone mapping M is
maximal if and only if, for any (x,u) € H x H, {(x — y,u —v) > 0 for all (y,v) € Graph(M)
implies u € Mx.

For a maximal monotone mapping M on H and r > 0, we may define a single-valued
mapping J, = (I + rM)™' : H — dom M, which is called the resolvent of M for r. It is easy to
see that M~10 = Fix(J,) for all r > 0, and the resolvent J, is firmly nonexpansive, i.e.,

Wx—Jyl? < (x =y, = J,y),  Vx,y € H.

Finally, we introduce the subdifferential of a lower semicontinuous convex function and
an indicator function.

Let /& be a proper lower semicontinuous convex function on a Hilbert space H into
(=00, 00]. Then the subdifferential /% of / is defined as follows:

oh(x) = {z €H:h(x)+(z,y—x) <h(y),Vye H} (1.4)

for all x € H. From Rockafellar [15] we know that 9/ is a maximal monotone operator. Let
ic be the indicator function of C (C is a nonempty closed convex subset of H), i.e.,

0, =xeC,
i = 1.5
ic®) oo, x¢C. (15)

Then ic is a proper lower semicontinuous convex function on H and the subdifferential
dic of ic is a maximal monotone mapping. So we can define the resolvent J, of dic for
r>0,ie.,

Jox = +rdic)
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for all x € H. We have that for any x € H and g € C,

q=J=x xe€q+rdic(q)
x €q+rNc(q)
x—q €rNc(q)
%(x—q,p—q) <0, VpeC

(x—qp—q) <0, VpeC

[ A

q = Pcx,
where N¢(q) is the normal cone to C at g, i.e.,
Nc(g)={zeH:(z,p—q) <0,Vpe C}.

In the present paper, we study the equilibrium problems (1.1) and (1.2), the fixed point
problem for a family of infinitely nonexpansive mappings, and the problem of zero points
of maximal monotone mapping (1.3). Motivated and inspired by the research going on
in this direction, we propose a new regularization algorithm, and it is proved that the
sequence generated by this algorithm converges strongly to a common solution of the
above three problems. The results presented in this paper improve and extend the corre-
sponding results in Chang et al. [7], Takahashi and Takahashi [8], Hao [16] and Yuan and
Zhang [17].

The structure of this paper is set as follows. In Section 2, we introduce some lem-
mas which will be used in the proof of theorems. The main result, that is, the strong
convergence of the regularization algorithm, is proved in Section 3. Corollaries to gen-
eralized equilibrium problem and the zero points of the sum of two operators are pre-
sented in Section 4. And the conclusion of this paper is given in the final section, i.e.,
Section 5.

2 Preliminaries
In the following, we give some useful lemmas, which will often be used in the proof of the
main results and their corollaries.

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. When
{x,} is a sequence in H, we define that the strong convergence of {x,} is a sequence in H,
we denote the strong convergence of {x,} to x € H by x, — x and the weak convergence
by x, — «x. Let C be a nonempty closed convex subset of a Hilbert space H, and let T :
C — H be a mapping. We denote by Fix(T') the set of fixed points for T.If T: C — H is a
nonexpansive mapping, then Fix(7) is closed and convex; see [18].

Firstly, we recall the metric (nearest point) projection from H onto C is the mapping
Pc : H— C which is defined as follows: given x € H, Pcx is the unique point in C with the

property

lx — Pcx|| = inf ||x - y|| =: d(x, C).
yeC

Pc is characterized as follows.
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Lemma 2.1 Given x € H and y € C. Then y = Pcx if and only if the following inequality
holds:

(x-y3y-2)>0, VzeC.

Then we introduce the lemma below, which shows the uniqueness of solution of the

variational inequality.

Lemma 2.2 [19] Let H be a Hilbert space, C be a closed convex subset of H, and f : C — C

be a contraction with coefficient a < 1. Then
=y U-Ha-U-fly)=Q-a)|lx-yl*> xyeC.
That is, I — f is strongly monotone with coefficient 1 — a.

Lemma 2.3 [2] Let F:C x C — R be a bifunction satisfying (Al)-(A4). Then, for anyr > 0
and x € H, there exists z € C such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r

Define a mapping T, : H — C as follows:
1
T,x = {ze C:Flz,y)+-(y—zz—x)>0,Vy € C}, x € H,
r

then the following conclusions hold:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, i.e., for any x,y € H,

ITox = Toyll* < (T = Try,x = 9);

(3) F(T;) =EP(F);
(4) EP(F) is closed and convex.

In the following, we introduce the property of W-mapping generated by a family of
infinitely nonexpansive mappings.

Lemma 2.4 [14] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a
nonempty common fixed point set, and let {y;} be a real sequence such that 0 < y; <l <1,
where [ is some real number, Vi > 1. Then

(1) W, is nonexpansive and F(W,) = [\, F(S;) for each n > 1;

(2) foreach x € C and for each positive integer k, the limit lim,_, o U,k exists;

(3) the mapping W : C — C defined by

Wx:= lim Wyx= lim U,;x, x€C, (2.1)

n— 00 n—00

is a nonexpansive mapping satisfying F(W) = (i, F(S;) and it is called the
W-mapping generated by S1,S,, ... and 1,2, .. ..
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Lemma 2.5 [7] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a
nonempty common fixed point set, and let {y;} be a real sequence such that 0 < y; <[ <1,
Vi> 1. IfK is any bounded subset of C, then

limsup ||Wx - W,x| =0.

n—o00,xeK

The next lemma which we introduce is about the resolvent of the maximal monotone

operator.

Lemma 2.6 (see [20-22]) Let H be a real Hilbert space, and let B be a maximal monotone
operator on H. For r > 0 and x € H, define the resolvent J,x. Then the following holds:

s—t 2
— U —Jie Jox = x) = [V = Jex|
foralls,t >0 andx € H. In particular,
T2 = Jexll < (Is = £1/s) lx — Jx|
foralls,t>0andx € H.
The following lemma will be used in the proof of the main results.

Lemma 2.7 [23] Let {x,} and {y,} be bounded sequences in H, and let {B,} be a sequence
in (0,1) with 0 < liminf,_, o B, <limsup,_, ., Bx < 1. Suppose that x,.1 = (1 — B,)yn + Bu¥n
foralln> 0 and

lim sup(|1ys1 = yull = %1 = %4) <.
n— 00

Then lim,_, o ||y, — %4 = 0.

Besides, the following two lemmas are extremely important in the proof of theorems.
One is called a demiclosed principle for nonexpansive mappings, the other is called an

important lemma.

Lemma 2.8 (Demiclosed principle [24]) Let T : C — C be a nonexpansive mapping with
F(T) # 0. If {x,,):°, is a sequence in C weekly converging to x and if {(I — T)x,}50, converges
strongly to y, then (I — T)x = y. In particular, if y = 0, then x € F(T).

Lemma 2.9 [25] Assume that {a,}., is a sequence of nonnegative real numbers such that
ani1 < (1= ¥n)ay + Ynbu + By 1 >0,

where {y,}:°, and {B,}52, are sequences in (0,1) and {8,}52, is a sequence in R such that
(1) Z:io Yn = 005
(i) either imsup,,_, .8, <0 0r Y oo Vuldul < 00;

(i) Y_n2g Bu < 00.

Then lim,_, o a, = 0.
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3 Main results

Theorem 3.1 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction which satisfies (A1)-(A4), and let f : C — C be a
k-contraction with the constant k € (0,1). Let A : C — H be an a-inverse-strongly mono-
tone (a-ism) mapping with a > 0, let B: C — H be a B-inverse-strongly monotone (B-ism)
mapping with 8 >0, and let T : C — H be a t-inverse-strongly monotone (t-ism) mapping
with © > 0. Let M be a maximal monotone operator on H such that the domain of M is
included in C, and let J; = (I + sM)™" be the resolvent of M for s > 0. Let N be a maximal
monotone operator on H such that the domain of N is included in C, and let ], = (I + rN)™!
be the resolvent of N forr > 0. Let {S; : C — C} be a family of infinitely nonexpansive map-
pings. Assume that Q = GEP(F, T) N[5, F(S)N(A+N)0N(B+M)™0 # . Let {a,}, {Bn}
and {y,} be sequences in (0,1) such that o, + B, + v, = 1. Let {r,,}, {A,} and {s,,} be positive
number sequences. Let x, € C and let {x,} be a sequence generated by

Yn = ]rn (vt — rAuy,), G.1)
Xntl = ar(f(Yn) + ﬂn Wn]sn (yn - SnByn) + Yu¥n Vn = 1,

where {u,} is such that

1
F(tty, y) + (Tx,y — Uy) + )L—(y—u,,, uy, —x,) >0, VyeC,

n

and {W,} is the sequence generated in (2.1). Assume that the following conditions hold:
(i) O<a<r,<b<22aandlim,_ . |t —1.=0;
(ii) 0<c< A, <d<2t andlim,_, o |Aps1 — An| = 0;
(ili) O<e<s, <g<2Bandlim,_ . |Sp1—Su| = 0;
(iv) limy—oo0t, =0, Y o7 &ty = 00;
(v) 0<liminf,— s yu <limsup,_, . ¥u <1,
where a, b, ¢, d, e, and g are real constants. Then {x,} converges strongly to a point q € ,

which solves uniquely the following variational inequality:
[a-f@,q-x)<0, Vreq. (3.2)

Equivalently, q = Pof (q).

Proof We divide the proof into several steps.
Step 1. We prove that the sequence {x,} is bounded.
Since A is an «-ism mapping, we see from restriction (i) that Vx,y € C,

2
[ = rud)x — (I = ruA)y|” = llx = ylI* = 21, (x — 3, Ax — Ay) + r2 | Ax — Ay||®
< |lx = ylI* = 2rue|Ax — Ay + ro||Ax — Ay|)?
= [lx = y1I* + ru(ry — 2a)|| Ax — Ay|*

2
< lx=yl"

This implies that / — r,A is nonexpansive.
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In the same way, we find that I — s,B and I — A,T are nonexpansive. Note that u, =
T,,I - X, T)x,. Let p € Q, it follows that

llun = pll < [T = 2 T)tn = (I = 2, T)p|| < I1%s = .
Putting z,, = J5, (¥» — $.Byx), we see that

zn =PIl < yn =PIl < l1n = pll < %0 = Pl (33)
From (3.3), we find that

%041 =PIl < ot |[f ) = P + Bul Wz = pll + vl = pll

< aukllyn = pll + ou[f @) = || + Bullzn =PIl + Vull%u - p

) - pll
< (1-ay k), —pl + (1 - ) LP L
By induction, we derive that
) - pll
nxn—pnsmax{nxl—pn,wff,f’}, Vi > 1.

Therefore, it turns out that {x,} is bounded, and so are {y,}, {z,,} and {u,}.

Step 2. We show that lim,,_, o |41 — %, ]| = 0.

Without loss of generality, we can assume that there exists a bounded set K C C such
that x,,, ¥4, 24, u,, € K. Since u,, = T;,(I — 1,,T)x,,, we find that

1
F(erlry) + X ()’ — Up+1 Upsl — (1 - )‘-n+1 T)xwrl) Z Or Vy S C (34)
n+l
and
1
F(u,y) + k—<y —thyythy — ([ = 1, T)x,) = 0, VyeC. (3.5)

n

Let y = u,, in (3.4) and y = u,,; in (3.5). Then we add up (3.4) and (3.5) to derive that

A
<un+1 —Upy Uy — Upy1 + Upy1 — (1 - )"n T)xn - )\_ﬂ (un+1 - (1 - )"rz+1 T)xn+1)> = 0.

n+l

This implies that

l2£41 — "tn”2 = <un+1 = Uy (I = A1 T = (I = 1, Ty

N <1 B )\(An ) . (un+1 - ([ - Afn+1 T)xn+1)>

n+l

< Ntn1 — thl - <“ (I = 2pi1 T)xns1 — (I = Ay Ty, ”

An

+1]1-

: “ Upi1 — (I = X1 Ty H)

n+l
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From I — A, T is nonexpansive and condition (ii), we obtain that

b1 — unll < ” (I = 2n1 T)xpsr — (I = Ay T)xn”

|)\n+1 - )"nl
+ e
)“n+1

= ” (I = 2ni1 T)xns1 — (I = A1 Ty H + A = Al - | T |

H Upe1 — I = X1 T)Xpi1 H

Al — A
+ LC"' H“"‘fl (I = A1 1% H

< %ne1 = %ull + [Aps1 = AulLa, (3.6)
where L, is an appropriate constant such that
1
Ly = sup [ Tl + - ” U1 = ([ = A1 T)Xni1 ” .
n>1 Cc

Since both J,,, and I — r,A are nonexpansive, it follows from Lemma 2.6, condition (i) and
(3.6) that

”_yn+l _yn" = |]rn+1 (I - rn+1A)un+1 _]ry, (I - VnA)un “
= ||]rn+1 U = rpn Aty _]rml U = rpnAuy, ”
]'”n+1 (1 - rn+1A)un _]rml (I - rnA)un ||

]Vn+1 (1 - rnA)un _]rn (1 - rnA)un H

+|

+]
=< ”un+1 - un” + || (1 - rn+1A)Mn - (I - }"nA)M,, H

|rn+1_rn|
Lot

]rml (1 - rnA)un - (I - rnA)un H
Tnsl

< Notnsr = vl + 17001 = 1l - |1 Amse|

17141 = Tl
MLl

Jrui I - rpA)uy, — (I - r,A)uy, H

=< ”xVH-l _xn” + |)\n+1 - )‘«n|L1 + |rn+1 - rn|L2: (37)

where L is an appropriate constant such that

1
L= sup ”Aun” +— ’ ]r,H.l (1 - rnA)un - ([ - rnA)un ” .
n>1 a

Thus, from both J;, and I —s,, B are nonexpansive, we have from Lemma 2.6, condition (iii)
and (3.7) that

]5n+1 (1 - 5n+lB)yn+1 _]s,, (1 - snB)yn H
]5n+1 (- Sn+lB)yn+1 _]s,,+1 - 5n+lB)yn ”
+ ”]sml (I = $41B)Yn = Jspan (I = 5,B)yn ”

+ ||]sn+1 (1 - snB)yn _]s,, (1 - SnB)yn ||

1zui1 = zull = |

<|

=< ||J’n+1 _yn” + || (1 - sn+lB)yn - (1 - SnB)yn ||
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+ s =] sir (0 = $4B)yn = (I = 5,B)yu |

Sn+l

= ||yn+1 _yn” + |Sn+1 _Snl . ”Byn”
I$n+1 = Sal

+ ||]Sn+1 (I = 5,B)y, — (I = 5,B)y, ”

< %1 = xall

+ L3(|)Ln+1 = Anl + |1 = Tl + [Sns1 —Snl): (3.8)

where Ls = max{Ly, Ly, sup,. 1 { Byl + 2 Js,,., (I = $,B)yn — (I = 5,B)yn I }}.
It yields from (3.8) that

W1z — Wazull < 1Whizna — Wzall + | Wz — Wz, ||
+ ” Wzn - ann”

< sup{[| Wi = Watl| + | Wax = Wll} + [0 =
xek
+L3(|)\n+1 = dul + Pns1 = Tl + [Sna1 _5n|), (3.9)

where K is the bounded subset of C defined above. Let x,,,1 = (1 — )t + VuXy.
It follows that

an+1f(yn+1) + ,3n+1 Wn+lzn+l _ ar(f(yn) + ,Bn ann
1- Vn+l 1- Vn

bpy1 =ty =

Oyl 1— 01 = Vi

= —f()’n+1) +t Wn+lzn+1
1- VYn+l 1- VYn+l

n 1_ n— rn
_( o f(ynH#ann)
1-yy 1-y,

(07788 |

= (f()/n+1) - Wn+lzn+l) -
1- Vn+1

+ Wn+lzn+1 - ann'

Oy

l_yn

(f(yn) - ann)

From (3.9), we derive that

Oyl o
”tn+1 - tn” = a Hf(y;ﬁl) - Wn+lzn+l || + d Hf(yn) - ann ”
1- Vn+l 1- Yn
+ | Wii12us1 = Wazall
(077051 o
= - Hf(y;ﬂl) = Whnzun ” + - Hf(y;q) - Wz, ”
1- Yn+l 1- Vn
+ Sup{ Wiz — Wxl| + || Wx - an”} + %1 — %l
xeK
+L3(|)"n+1 - )\'VI| + |rn+1 - rn| + |Sr1+1 _Sn|))
which implies that
Oyl
”trl+1 - tn” - ”xn+1 _xn” =< Hf(ynﬂ) - Wn+lzn+1 ||
1- VYn+1
oy

+

o) - Wi



Tian and Jiao Journal of Inequalities and Applications (2015) 2015:311 Page 11 of 23

+ sup{[| Wax — Wal| + | Wx — W,x| }
xeK
+L3(|)"n+1 - )"n| + |Vn+1 - rnl + |sr1+1 _Sn|)'
It follows from conditions (i)-(v) that

lim sup(ll£ns1 — tull = 1%ns1 = xall) < 0.
n— o0

From Lemma 2.7, we derive that lim,,_, , ||£, — x,| = 0.
Since t,, — x,, = ﬁ(xml —x,), it follows that

lim ||x,41 — %, = 0. (3.10)
n— 00

Step 3. We prove that lim,,_, , ||, — uy]| = 0.
Since T is T-ism, we find from (3.3) that

%1 =PI < et [f ) = 2||* + Bulltn =PI + allxs - pII?
=y Hf(yn) —19”2 + Bu Hxn —p = ATy - TP)HZ + Yull®n —19||2

2
< o |[f o) = p|” + 1% = P11 = A0 Bu 2T = 1)1 T, - T,

it turns out that

AnBr(2T — X)) || Ty — TP||2

2
< au|[fon) =p|" + (1 = Il + 196000 = 211) %001 = 24l

By virtue of conditions (ii), (iv), (v), we derive from (3.10) that

lim ||Tx, — Tp| = 0. (3.11)

n—00
Since T, is firmly nonexpansive, we find from Lemma 2.3 that

ity = plI? = | T, (I = 20 T)xu = Ty, (I = 2, Dp |

= <(1 = dnT)xy = (I = 2n T)p, 1y —P>

1
=< E(Hxn =PI + ety =PI = s = wll?

+ 22| T = T - 1960 — ),
it implies that
ltn = pI* < l1%n = PI* = 60 = tull® + 22l Tt = Tpl| - 1% = 1.
Therefore, we derive that

s =PI < @ul[f0n) = 2| + Ballttn = DI + villn - pII?

2
=ay Hf()/n) —PH = Bullxn = un||2
+ 20 Bull Tt — Tpll - 1% — il + [1% — pII%,
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which yields that
Bullt =l = atnlf0) =PI + 2001 s = Tl - 1 = 10,
+ (Ien = pll + %01 = 1) %001 = 24l
By use of conditions (ii), (iv), (v), we obtain from (3.10) and (3.11) that
Him o, —at,,[| = 0. (3.12)

Step 4. We prove that lim,_, ||t — y4[| = 0
Since J,,, is nonexpansive, A is a-ism, we find from (3.3) that

”yn —17”2 = H]r,,(l_rnA)un _]ry,([_ VnA)PH2

2
< |t -ruA)u, - I -r,A)p|
<l = plI* = 2r,etl|Aus, — Ap|1* + 21| A, — Ap|?

< %0 =PI + 1u(r = 2a) | Autyy — Ap||*.

Therefore, we derive that

%01 =PI < @ [f3) = p||* + Bal Wiz = D11 + v2ll2n — pI1?
< au|lfm) =2 + Bullyn — 21 + yullx, - pII?
< au|[fO) = p||* + rulrn = 20) BullAws, — Ap|® + Il — pII%,

it turns out that
ru(20 = 1) Bull Aty — Ap||?
<0 [f0) = p[” + (16w =PIl + 101 = P11 161 = -
In view of conditions (i), (iv), (v), we obtain from (3.10) that
lim ||Au, — Ap|| = 0. (3.13)
n—o0

Since J,,, is firmly nonexpansive, I — r,A is nonexpansive, we find from (3.3) that

1y =PI = |1 = 1wt = 1, (L = 72 A)p |

<((I = ruA)uy — (I = r,A)p, 3 - p)
= §{|| (I = 1y )ty — (= 1, A)p|” + Iy - pII®
— |t = reA)u — (I = 1, )p = (3 - p)||*)

< lltn =PI + 190 =PI = || thn = 30 = ru(Ars,, — Ap)|*)

l\JIi——‘ Nlb—‘

< —{l1% = pI* + Ilyn = pI* = N1t = yull?

+ 2\t = yul - 1 Aw, - Apll},
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which implies that
Iy = oI < 1960 = PI* = Nt = yull? + 27ull 6 = yull - Aty — Ap]|.
From (3.3), this further implies that

ner =PI < @u[f ) = p[)* + Ball Wazu = I + vl — pII®
< au[fO) =P + Ballyu — pI* + Vullxa — pII?
< aulfOn) = p|” - Bulltw — yull®
+ 20 Ballitn = yall - 1Aty — Apl) + 1%: - pII%,

which yields that

2
Bulluy _yn||2 = an“f()’n) —P” + 21 Bulltty = yull - |Au, — Apl|

+ (1% = pll + 1%ns1 = I %1 = %l
By use of conditions (i), (iv), (v), we derive from (3.10) and (3.13) that
lim [y — ]l = 0. (3.14)

Step 5. We prove that lim,_, « ||y, — 24| = 0.
Since J;, is nonexpansive, B is 8-ism, we find from (3.3) that

]s,, (I - SnB)yn - ]s,,, (1 - SnB)p || 2
< |t -5,B)y, - U - s.B)p|”

Iz —pl* = |

< yx =11 - 25,81By, - Bp|* + 5,,1| By, — Bp|*

< l1%n =PI + 84(s0 — 28) 1By, — Bp||*.
Hence, we derive that

%241 —P||2 = ”an(f(yn) —P) + Bu(Whzy — p) + vl _p)H2
< au|f o) = p| + Bullzn = pI* + vulln - pII?
< @u|[f ) = 2| + $u(sx — 28)Bl By, — Bpll* + Il — plI%,

which implies that

51(28 — 54) Bn 1Byn - BP||2

2
<au|fa) = p|” + (1% = 2l + %01 = PI) 1%ms1 — 2all.
By virtue of conditions (iii), (iv), (v), we derive from (3.10) that

lim | By, - Bp| = 0. (3.15)
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Since J;, is firmly nonexpansive, I — s, B is nonexpansive, we find from (3.3) that

2w = pI? = |5, = 5:B)yn — Js, (I ~5,B)p|”

< (U = $uB)yn — I = $,B)p, 24 - p)

= %{n(l—snB)yn ~ (U= suB)p|)” + llzw — pII?
~ |t = 5uB)yu ~ U - 5,B)p — (20~ )|}

=

{1y = DI + 120 =PI = ||y = 20 = 50(Byn — Bp)|*}

— N =

< E{Hxn = pIP + 2w = pI* = lyn = 2411

+28,llyn = 2ul - | By = Bpll}-

It turns out that

Iz =PI < %0 =PI = 19 = 2all® + 28,19 — 2ull - 1By, — Bpll.
Hence, we obtain that
2
[s1 =PI < @n|[f ) = p||” + Bul Wazw = pII* + ¥aullxn — pII?
2
<an|fn) —p|” + Bullzn =PI + vulu - pII*

2
< an|fOn) —p|" = Ballyn — zall?
+ 28,8119 — Zull - | By, — Bpll + llx, — pII%,

it follows that
2
ﬁn”yn - Zn”2 =y Hf(yn) —P” + 2Sn:3n||yn - Zn” . ”Byn —BPH
+ (”xn =Pl + 1% _p”)”xnﬂ =%y |-
By use of conditions (iii), (iv), (v), we obtain from (3.10) and (3.15) that
lim ||y, —z,| = 0. (3.16)
n— o0

Step 6. We show that

lim sup(f(q) —q, %, — q) <0, Vx,€q,
where g = Pqof(q). It is equivalent to show that g € @ = GEP(F,T) N (5, F(S) N (A +
N)'on (B +M)7to.

First, we show that g € GEP(F, T). From Lemma 2.3, we get u,, = T, (I — A, T)x,, for any
y € C, we find from (A2) that

Up;, — Xy,

An

(Txni;y - u}’li) + <}’ — Uy;» > = F()’, un,-): Vy eC. (317)

i
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Putting y, = hy + (1 — h)q for any & € (0,1] and y € C, we see that y, € C. From (3.17), we
derive that

O = Uy Tyn) = Un = Wy V) — (T Y1 — thr;)
U, — K
- <}’h - uni’ 7> + F()’h» uni)
Yo

= n =ty Ty — Tn,) + (Y — Uy Tk, — Tx;)

Uy — Xy
—<yh — Uy, — "’>+F(yh,un,-).
Yo

By virtue of the monotonicity of 7" and condition (ii), we obtain from (A4) that
On—a Tyn) = Fyn, q)- (3.18)
From (A1) and (A4), we see that

0 = FWnyn) < hF(yp,y) + L= )F(yn, q)
< hF(yp,y) + (L= ) {yn — g, Tyn)
= hF(ypy) + A= h(y - q, Tyn).

It turns out from (A3) that g € GEP(F, T).
Then we show that g € () F(S;). Indeed, choose a subsequence {x,,} of {x,} such that

lim sup((f -DNq,x, — q) = ‘lim<(f -1)g, %, — q).
n—00 1—> 00
Since {x,,} is bounded, there exists a subsequence {x,,i/_} of {x,,} such that {xnl./_} converges
weakly to g. Without loss of generality, we may assume that x,, — g. In view of (3.12),
(3.14) and (3.16), we know x,,, — ¢ is equivalent to u,, —~ ¢, y,, =~ g and z,, — q.
Since x,,41 = & f V) + Bu Wiz + Yuxy, it implies that
BullWzu — xull < %041 — X ll + oty |Lf(yyz) —Xn ”
By virtue of conditions (iv), (v), we derive from (3.10) that
lim ||W,z, —x,| = 0. (3.19)
n—00
Observing that
I1Wuzn = zall < Wiz = xull + 1260 — || + ety = Y|l + 1y — 2zl
and from (3.12), (3.14), (3.16) and (3.19), we derive that
lim ||W,z, —z.| = 0. (3.20)
n—00

It is not hard to find that

Wz, — zu|l < Wz, = Wzl + | Wz — 24|l < sup | Wx — Wl + [| Wz, — 2, ]l
xeK
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From Lemma 2.5 and (3.20), we obtain that
lim | Wz, — z,|| = 0.
n—0oQ

Since z,, — q, W : C — Cis anonexpansive mapping, we get by Lemma 2.8 that g € F(W).
Then by Lemma 2.4, we know that g € F(W) is equivalent to g € ()5, F(S;).

In the following, we show that g € (A + N)0.

As in [26], we have that for any r > 0,

geA+N)"o 0e€Aq+Ng

0 erAq +rNgq
q-rAq € q+rNg
q=JI-rA)q

q € Fix(J,(I - rA)). (3.21)

rrruae

In view of condition (i), we can take ry € [a, b]. From Lemma 2.6 and J,,, is nonexpansive,

we derive that

170 = ro )t = yu|| < |[Jro (I = roA)thy = T (I = ruA)uss
+ o U = ruA)it = yu |
< | = roA)uy — (I = 1, A)us |
+ | Jr I = rnA)uty, = ]y, (I = 1 A)usy |

<Ira—rol- | AGu)|

|7 = 7ol

” 7o I =AYt — (I = ruA)u, | — 0. (3.22)

Observing that

“]ro (I =roA)uy — uy, “ = ”]ro (I = roA)tp = yn || + |y = tnll,
and from (3.14) and (3.22), we have that

170 = roA)tty — || — 0. (3.23)
From the boundedness of {x,}, we may assume that there exists a subsequence {x,,} of {x,}
such that x,, — g, g € C. By (3.12), we also have that u,, — g, g € C. On the other hand,
from r, — ry € [a, b], we have that r,, = rg € [a, b].

By use of (3.23), we have that

||],0 (I —roA)uy, — uy, || — 0.

Since J,, (I - roA) is nonexpansive, we have from Lemma 2.8 that g = J,, (I - roA)q. In virtue
of (3.21), this means that g € (4 + N)™10.
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By use of the similar proof method, we can also derive that
/s = s0B)yn — 24| = 0, (3.24)
and we also have from (3.16) and (3.24) that
o I = 50B)yn = yu|| < |[Jsio T = 50B)yn = 2u | + lyn — 2ull = O.

From the above proof processing, x,, — g and ||x,, — y,|| = 0, we have that y,, — g, where
g € C. On the other hand, from s, — s¢ € [e,g], we have that s,, — so € [e, g].
In view of the above inequality, we have that

||]So (I_SOB)yn,' —Un; — 0.

Since J;, (I — soB) is nonexpansive, we also have from Lemma 2.8 that g = J;, (I — 50B)q. By
(3.21), we obtain that g € (B + M)™0.

Step 7. We finally prove that x, — ¢ in norm.

Indeed, we derive from (3.1) and (3.3) that

1%0s1 = qlI* = ulf On) = @ Xni1 — @) + Bu WaZu — @, %ni1 — q)
+ Yu(%n = @ Xni1 — )
< @ukllyn = gl - %01 = gl + eulf (q) — @ %01 — q)
+ Bullzn = qll - %041 = qll + Vullxn = qll - %041 = gl

< (1- 0,1 = K)) I1%s = g1l - %1 = g1l + @u{f (@) = @, %01 — q)
< S (e =) (bl + 00— al?)
+aulf (@) — 4 %1 — q),
it turns out that
%001 = gl1* < (1= 0t (1= K)) 12 = q1* + 204{f (@) = ¢, %1 = ).
By use of condition (iv), we obtain from Lemma 2.9 that
lim |lx, —q|* =0,
100

i.e., X, = qas n— 00.

It is easy to see that the variational inequality (3.2) can be rewritten as
f@-9.q9-x>0, VxeQ.

From Lemma 2.1, it is equivalent to the following fixed point equation:

Pof(q) = 4.

This completes the proof. O
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4 Theorems

Theorem 4.1 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction which satisfies (A1)-(A4), and let f : C — C be a
k-contraction with the constant k € (0,1). Let T : C — H be a t-ism mappingwitht > 0. Let
{Si : C — C} be a family of infinitely nonexpansive mappings. Assume that Q = GEP(F, T)N
N E(Si) #9. Let {ay}, {Ba} and {y,} be sequences in (0,1) such that o, + By + yu = 1. Let
{1y} be a positive number sequence. Let x; € C and let {x,} be a sequence generated by

Xp+l = ar(f(yn) + ﬂn Wnun + Vu¥Xn, Vne Nr (41)

where {u,} is such that

Flan) + (T y ~ ) + -y = bty = 32) 20, ¥y €C,
n

and {W,} is the sequence generated in (2.1). Assume that the following conditions hold:

1) 0<c<A,<d<2t andlim,_, o |Aps1 — Ayl = 0;

(2) limyoo0ty =0, > 02 0ty = 00;

(3) 0<liminf,, y, <limsup, . V. <1,
where c and d are real constants. Then {x,} converges strongly to a point q € 2, which solves
uniquely the variational inequality (3.2).

Theorem 4.2 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction which satisfies (A1)-(A4), and let f : C — C be a
k-contraction with the constant k € (0,1). Let A : C — H be an a-ism mapping with o > 0.
Let T : C — H be a t-ism mapping with t > 0. Let N be a maximal monotone operator
on H such that the domain of N is included in C. Let ], = (I + rN)™ be the resolvent of N
forr>0.Let {S;: C — C} be a family of infinitely nonexpansive mappings. Assume that
Q=GEP(F, T) N2 F(S:) N (A + N)0 # 0. Let {a}, {Bn} and {yu} be sequences in (0,1)
such that o, + By, + yn = 1. Let {r,,} and {),,} be positive number sequences. Let x, € C and
let {x,} be a sequence generated by

{yn = Jr, (ttn = rnAty), 42)

X1 = Qf V) + B Wdn + YuXn,  VHEN,

where {u,} is such that

Flan) + (T y ~ ) + -y = bty —31) 20, ¥y €C,
n
and {W,} is the sequence generated in (2.1). Assume that the following conditions hold:

(1) O<a<r,<b<2aandlim,_ o |ty — 14 =0;

(2) 0<c<A,<d<2t andlim,_, s |Aps1 — An| = 0;

(3) limyoo0t, =0, > 02 @y = 00;

(4) 0<liminf,_ o ¥, <limsup, . ¥u<1,
where a, b, ¢, and d are real constants. Then {x,} converges strongly to a point q € 2, which

solves uniquely the variational inequality (3.2).
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Theorem 4.3 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction which satisfies (A1)-(A4), and let f : C — C be a
k-contraction with the constant k € (0,1). Let A : C — H be an a-ism mapping with o > 0,
let B: C — H be a B-ism mapping with B >0, and let T : C — H be a t-ism mapping
with T > 0. Let {S; : C — C} be a family of infinitely nonexpansive mappings. Assume that
Q =GEP(F, T) N, F(S:) N VI(C,A) N VI(C, B) # . Let {,}, {Bn} and {y,} be sequences
in (0,1) such that a,, + B, + yn = 1. Let {ry,}, {A,} and {s,,} be positive number sequences. Let
x1 € C and let {x,} be a sequence generated by

Yn = PC(un - rnAMn):

4.3
Xne1 = Cf W) + BaWuPc(Vn — $uBYn) + Vukn, VneN, “3)

where {u,} is such that

Flan) + (T y ~ ) + -y = byt = 32) 20, ¥y €C,
n
and {W,} is the sequence generated in (2.1). Assume that the following conditions hold:

(1) 0<a<r,<b<2aandlim,_,  |ry1 -1, =0;

(2) 0<c=<A,<d<2t andlim,_, s |Aps1 — An| = 0;

(3) O<e<s, <g<2Bandlim,_,|s1— S, =0;

(4) limy 000, =0, Y 02 aty = 00;

(5) 0<liminf,—  y, <limsup,_, ., ¥x <1,
where a, b, c, d, e, and g are real constants. Then {x,} converges strongly to a point q € 2,
which solves uniquely the variational inequality (3.2).

Proof Put N = dic and M = dic in Theorem 3.1. Then, for r, > 0 and s, > 0, we have that
Jr, = Pc and J;, = Pc. Furthermore, we have (4 + dic)™0 = VI(C,A) and (B + dic)™'0 =
VI(C, B). Indeed, for g € C, we have

ge(A+dic)to 0 eAq+dic(g)

0 € Ag+ Ncq

—-Aq € Ncq

(-Aq,p—¢q) <0, VpeC

(Agp-q) =20, VpeC

[ A

q € VI(C,A).
Similarly, for g € C, we also have
ge(B+9ic)'0 < qeVIC,B).
Thus, we obtain the desired result by Theorem 3.1. O

Theorem 4.4 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction which satisfies (Al1)-(A4), and let f : C — C be a
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k-contraction with the constant k € (0,1). Let A : C — H be an a-ism mapping with o > 0,
and let B: C — H be a -ism mapping with B > 0. Let {S; : C — C} be a family of infinitely
nonexpansive mappings. Assume that Q = EP(F) N (5, F(S;)) N VI(C,A)NVI(C,B) # . Let
{an}, {Bn} and {y,} be sequences in (0,1) such that o, + B, + vy = 1. Let {r,}, {\,,} and {s,}
be positive number sequences. Let x; € C and let {x,} be a sequence generated by
{yn = Pc(un — rnAuy), (4.4)

%1 = Cf V) + Bu WP n = $uBYn) + Yuxn, V€N,

where {u,} is such that

F(uny) + %(y— UpyUp —%n) >0, VyeC,
n
and {W,} is the sequence generated in (2.1). Assume that the following conditions hold:

(1) O<a<r,<b<2aandlim, |y —1s =0;

(2) 0<c< A, <d<2tandlim,_, o A1 — Ayl =0;

(3) 0<e<s, <g<2Bandlim,_, o |Sy11 —Sy| = 0;

(4) limy 000, =0, Y 02 aty = 00;

(5) 0<liminf,_, y, <limsup,_, . ¥ <1,
where a, b, ¢, d, e, and g are real constants. Then {x,} converges strongly to a point q € ,
which solves uniquely the variational inequality (3.2).

Proof In Theorem 4.3, put T = 0. Then, for all T € (0, c0), we have
(x—y, Tx—Ty) > 1| Tx - Ty|*>, Vx,y€C.

Taking ¢, d € (0, 00) with 0 < ¢ < d < 0o and choosing a sequence {1, } of real numbers with
¢ < X\, <d, we obtain the desired result by Theorem 4.3. O

Theorem 4.5 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let Pc : H — C be the metric projection. Let f : C — C be a k-contraction with the
constant k € (0,1). Let A : C — H be an a-ism mapping with o >0, let B: C — H be a
B-ism mapping with 8 >0, and let T : C — H be a t-ism mapping with t > 0. Let
{S;: C — C} be a family of infinitely nonexpansive mappings. Assume that Q2 = VI(C, T) N
N F(S) NVI(C,A) N VI(C, B) # 9. Let {a,}, {Bn} and {y,} be sequences in (0,1) such that
ay + By + v = 1. Let {r,}, {A,} and {s,} be positive number sequences. Let x, € C and let
{x,} be a sequence generated by

Uy = PC(xn - )\nTxn):
Yn = PC(un - rnAun)x (45)
KXn+l = anf()/n) + By WnPC(yn - SnByn) + Vu¥Xn, VneN,

where {W,} is the sequence generated in (2.1). {A,}, {sn}, {ru}, {&,} and {y,} satisfy the
following conditions:

(1) O<a<r,<b<2aandlim,_ s |ty -1 =0;

(2) 0<c=<A,<d<2t andlim,_, s |Aps1 — An| = 0;
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(3) 0<e<s, <g<2Bandlim,_, o |Sys1 —Su| = 0;

(4) limy 000, =0, Y 02 aty = 00;

(5) 0<liminf,_ y, <limsup,_, ., ¥x <1,
where a, b, ¢, d, e, and g are real constants. Then {x,} converges strongly to a point q € ,
which solves uniquely the variational inequality (3.2).

Proof In Theorem 4.3, put F = 0. Then we find that

1
<Txn,y—un)+)L—(y—un,un—x,,)20, V_)/EC

n

is equivalent to
(y_”n:xn_)\nTxn_un> §O¢ V_)/GC,
i.e., by Lemma 2.1, u,, = Pc(x, — A, Tx,). This completes the proof. O

Theorem 4.6 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let Pc : H — C be the metric projection. Let f : C — C be a k-contraction with the
constant k € (0,1). Let A : C — H be an a-ism mapping with o >0, let B: C — H be a
B-ism mapping with 8 >0, and let T : C — H be a t-ism mapping with t > 0. Let {S; :
C — C} be a family of infinitely nonexpansive mappings. Let Y : C — H be a widely r-strict
pseudo-contraction with r <1 (r e R). Z: C — H be a widely s-strict pseudo-contraction
with s <1 (s € R). Assume that Q = VI(C, T) N (2 F(S;) N Fix(Y) NFix(Z) # @. Let {o,},
{B.} and {y,} be sequences in (0,1) such that a,, + B, + Yn = 1. Let {r,}, {L,} and {s,} be
positive number sequences. Let x; € C and let {x,} be a sequence generated by

Uy = PC(xn - )"n Txn);
In = Pc(uy, — ryAuy), (4.6)
%ns1 = Caf (V) + By WP = $uByn) + yukn, VneN,

where {W,} is the sequence generated in (2.1). {\,}, {su}, {ru}, {an} and {y,} satisfy condi-
tions (i)-(v) respectively, which appear in Theorem 3.1. {t,,} satisfies

@) {2} C (-00,1);

(2) r<t,<l<l

(3) 2;1“;1 [ty — tya| < 00.
Then {x,} converges strongly to a point gy € 2.

Proof PutN = dic and A =1-Y in Theorem 3.1. Furthermore, putp =1-1,r, =1-¢, and

2a =1—rin Theorem 3.1. From {¢,} C (—00,1) and r <t, <[ <1, we get {r,} C (0,00) and
0<p<r, <2a. Wealso get

00 00
Z|rn+1 _rn| = Z|tn+l _tn| <0
n=1 n=1

and

I-rA=I-1-t)I-Y)=(1—-t)Y +t,.l.
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Furthermore, we have (4 + dic) 10 = Fix(Y). Indeed, for g € C, we have

ge(A+dic)™"0 0 € Aq + dic(q)
0€q-Yg+Nc(q)

Yg —q € Nc(q)
(Yg-q,p-q) <0, VpeC

PcY(q)=gq.

[N

Since Fix(Y) # ¥, we get from [27] that Fix(PcY) = Fix(Y). Thus we obtain the desired
result by Theorem 3.1.

Similarly, put M = dic and B = I - Z in Theorem 3.1. Furthermore, putp =1-1,5, =1-¢,
and 2 =1 -sin Theorem 3.1. From {¢,} C (—00,1) and s < ¢, <[ <1, we get {s,} C (0,00)
and 0 < p <s, <28. We also get

oo oo
Z |S141 — Sul = Z [tp41 — ta] <00
n=1 n=1

and
I-s,B=T1-0—t,)I-2)=0-1)Z +t,1.
Furthermore, we also obtain (B + dic)™'0 = Fix(Z2). O

Due to Section 3 and Section 4, we will give our conclusion in the next section.

5 Conclusion

Methods for solving a generalized equilibrium problem, a fixed point problem and the
zero points of the sum of two operators have been studied by many authors respectively.
However, in this paper, for finding a common solution of the above three problems, we
proposed a new regularization algorithm, and it is proved that the sequence generated
by this algorithm has the strong convergence. And then some corollaries to this strong
convergence theorem are presented, which play important roles in nonlinear analysis and

optimization problem.
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