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1A(a,b) + (1 —aq)H(a, b) < X(a,b) < B1A(a,b) + (1 - B1)H
arA(a,b) + (1 —ay)G(a, b) < X(a, b) <,32Aab +(1- ,82) (a,b),

Hlasa+ (1 - as)b,a3b + (1 = az)a] < X(a,b) < H[ Bsa+ (1 = B3)b, Bsb + (1 - B3)a],
Glosa+ (1 = aa)b, asb + (1 - s)a] < X(a,b) < G[ Bsa + (1 = Ba)b, Bab + (1 = Ba)a]

hold for all a,b > 0 with a # b. Here, X(a, b), Ala, b), G(a, b) and H(a, b) are the Sandor,
arithmetic, geometric and harmonic means of a and b, respectively.
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1 Introduction

Let r € R and 4,b > 0 with a # b. Then the harmonic mean H(a,b), geometric mean
G(a, b), logarithmic mean L(a, b), Seiffert mean P(a, b), arithmetic mean A(a, b), Séndor
mean X(a, b) [1] and rth power mean M, (a, b) of a and b are, respectively, defined by

2

Hab -2 Gab-vab  Lab-—""2 (11)

a+b loga —logh’

-b b (ab) _

Pab)=— 0 Ah=""C X(@b)=Aaberd ! (12)

2arcsin(%77) 2

and
a + b\ —

Mr(ﬂ) b) = 2 (r#O), MO(‘L b) =+ab. (1'3)

It is well known that M, (a, b) is continuous and strictly increasing with respect to r € R
for fixed a, b > 0 with a # b, and the inequalities

H(a,b) < G(a,b) < L(a,b) < P(a,b) < A(a, b) (1.4)

hold for all 4, b > 0 with a # b.
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Recently, the Sdndor mean has attracted the attention of several researchers. In [2],

Sandor established the inequalities

Kb <Gy gy XD < Gy
X(a,b) > A4(a1’)2i§;l’ b) o tes -1 X(a,b) > A(aéi)(z(:)’f) (; (E(Z)’ b)],
e i 1) )
A(a,b) + G(a, b) - P(a,b) < X(a,b) <A™ (a, b) [‘w]m,
pllogm-log2)(, py g1-Vlogm-log2) (;; p)
< X(a,b) < P a,b) [zwjr
foralla,b > 0 with a # b.
Yang et al. [3] proved that the double inequality
My(a,b) < X(a,b) < My(a, b) (1.5)

holds for all a,b > 0 with a # b if and only if p <1/3 and g > log2/(1 + log2) = 0.4903....
In [4], Zhou et al. proved that the double inequality

Hy(a,b) < X(a,b) < Hg(a, b) (1.6)
holds for all 4, b > 0 with a # b if and only if « <1/2 and 8 >1og3/(1 + log2) = 0.6488...,
where H,(a,b) = [(a” + (ab)’? + b?)/3]"7 (p #0) and Hy(p) = v/ab is the pth power-type
Heronian mean of 2 and b.

Inequalities (1.4) and (1.5) together with the identities H(a,b) = M_1(a,b), G(a,b) =
My(a, b) and A(a, b) = M;(a, b) lead to the inequalities

H(a,b) < G(a,b) < X(a,b) < A(a, b) 1.7)
forall a,b > 0 with a # b.

Leta,b>0witha #b,x € [0,1/2], f(x) = H{xa + 1 —x)b,xb + (1 — x)a] and g(x) = G[xa +

(1-x)b,xb + (1 — x)a]. Then both functions f and g are continuous and strictly increasing
on [0,1/2]. Note that

f(0)=H(a,b) < X(a,b) <f(1/2) = A(a,b) (1.8)
and

2(0) = G(a,b) < X(a,b) < g(1/2) = A(a, b). (1.9)
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Motivated by inequalities (1.7)-(1.9), we naturally ask: what are the best possible param-
eters oy, o, B1, B2 € (0,1) and &3, g, B3, B4 € (0,1/2) such that the double inequalities
a1A(a,b) + (1—oq)H(a,b) < X(a,b) < p1A(a,b) + (1 - p1)H(a, b),
a2A(a,b) + (1 - a2)Gla, b) < X(a,b) < B2A(a,b) + (1 - B2)Gl(a, D),
H[(Xgﬂ +(1-az)b,azb+ (1 - Olg)ﬂ] <X(a,b) < H[,Bgﬂ +(1-pB3)b,B3b+ (1 - ﬂg)a],
G[aw +(Q-ca)b,oab+(1- a4)zz] <X(a,b) < G[ﬁw +(1=Ba)b,Bab+ (1 - ﬁ4)a]

hold for all 4, b > 0 with a # b? The purpose of this paper is to answer this question.

2 Lemmas

In order to prove our main results, we need four lemmas, which we present in this section.
Lemma 2.1 Letp € (0,1) and

Cav1-22[A-p)a® +1]

S = -2

— arcsin(x). (2.1)

Then the following statements are true:
(1) Ifp=2/3, then f(x) <0 for all x € (0,1).
(2) If p=1le, then there exists A € (0,1) such that f(x) > 0 for x € (0, A1) and f(x) < 0 for
X € ()»1, l)

Proof Simple computations lead to

f(0) =0, _ﬂU:—%, (2.2)
£ = 2 £ 2.3)
S VI-Zp+A-pa-2) '
where
filx) =1 -p)’x* = (1-p)3-p)x* +2 - 3p. (2.4)

(1) If p = 2/3, then (2.4) leads to

x2

filx) =—3(7—x2) <0 (2.5)
forx € (0,1).
Therefore, f(x) < 0 for x € (0,1) follows easily from (2.2), (2.3) and (2.5).
(2) If p = 1/e, then (2.4) leads to

2e—3

£(0) = 50, fill)= -}2 <0, (2.6)
fix)=2(1-p) [2(1 -p)x* -3 —p)]x < —2(1 —pz)x <0 (2.7)

forx € (0,1).
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From (2.6) and (2.7) we clearly see that there exists Xy € (0,1) such that f(x) > 0 for
x € (0,10) and fi(x) < 0 for x € (Ao, 1).

We divide the proof into two cases.

Casel.x € (0,Ap]. Then f(x) > O follows easily from (2.2) and (2.3) together with fi(x) > 0
on the interval (0, A¢).

Case 2. x € (Ag,1). Then (2.3) and fi(x) < 0 on the interval (Ao, 1) lead to the conclusion
that f(x) is strictly decreasing on [%¢,1).

From (2.2) and f(X¢) > O together with the monotonicity of f(x) on [X,1) we clearly
see that there exists A; € (Ag,1) C (0,1) such that f(x) > 0 for x € (19, A1) and f(x) < O for
x € (A, 1). O

Lemma 2.2 Let p € (0,1) and

pav1-x2+(1-p
(%) =

Vi rp — arcsin(x). (2.8)

Then the following statements are true:
(1) Ifp=1/3, then g(x) > 0 for all x € (0,1).
(2) If p =1le, then there exists ju1 € (0,1) such that g(x) < 0 for x € (0, 1) and g(x) > 0 for
X € (/'Ll’ ]-)

Proof Simple computations lead to

1 T

g0)=0, g)=--1-_, (2.9)
p 2
/ xz
gx) = s -] S81(x), (2.10)
where
a®) =plp-1DvV1-2+1-2p-p* (2.11)

(1) If p = 1/3, then (2.11) leads to
2
&) = 5(1 -V1-2)>0 (2.12)
for x € (0,1).

Therefore, g(x) > 0 for all x € (0,1) follows easily from (2.9), (2.10) and (2.12).
(2) If p = 1/e, then (2.11) leads to

e—3 e —-2e-1
£(0) = Y <0, al)= 2 >0, (2.13)
/ p(l _p)x
(x) =——=>0 (2.14)
& -2

for all x € (0,1).
From (2.13) and (2.14) we clearly see that there exists ¢ € (0,1) such that g;(x) < 0 for
x € (0, o) and g (x) > 0 for x € (10,1).
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We divide the proof into two cases.

Case 1. x € (0, uo]. Then g(x) < 0 for x € (0, po] follows easily from (2.9) and (2.10) to-
gether with g1(x) < 0 on the interval (0, wo).

Case 2. x € (i9,1). Then (2.10) and g1 (x) > 0 on the interval (1, 1) lead to the conclusion
that g(x) is strictly increasing on [j,1). Note that

o) <0,  g)=e—1- % >0. (2.15)

From (2.15) and the monotonicity of g(x) on the interval [, 1) we clearly see that there
exists p1 € (1o,1) C (0,1) such that g(x) < 0 for x € (1o, 1) and g(x) > 0 for x € (u1,1). O

Lemma 2.3 Let p € (0,1/2) and

21— 221+ (1 -2p)°x?]

=2 (2.16)

h(x) = arcsin(x) —

Then the following statements are true:
() Ifp=1/2-+/3/6 =0.2113..., then h(x) > 0 for all x € (0,1).
(2) Ifp=1/2-1-1/e/2 =0.1024..., then there exists o1 € (0,1) such that h(x) < 0 for
x € (0,01) and h(x) > 0 for x € (01,1).

Proof Simple computations lead to

h(0)=0, k(1) = % (2.17)
/ xz
H(x)=- h(x), (2.18)
VI=R2[1 - (1-2pp2
where
hi(x) = (16p* - 32p° + 24p* — 8p + 1)x*
+ (-16p* +32p° - 32p* + 16p — 3)x” + 2(6p* — 6p +1). (2.19)
(1) If p = 1/2 — /3/6, then (2.19) leads to
4 5 2
@) =-gx (7-%") <0 (2.20)
forx € (0,1).
Therefore, h(x) > 0 for all x € (0,1) follows easily from (2.17) and (2.18) together with
(2.10).
(2)Ifp=1/2-+/1-1/e/2, then
h1(0) = 2(6‘192 —6p+ 1) >0, (1) =-4p(1-p) <0, (2.21)

H(x) = 4(16p* - 32p° + 24p* - 8p + 1)

+2(-16p* + 32p° - 32p* + 16p - 3)x. (2.22)
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Note that
16p* —32p% + 24p* —8p +1=10.3995...> 0, (2.23)
16p* —32p° +16p* —1=-0.8646...<0. (2.24)

It follows from (2.22)-(2.24) that

W, (x) < 4(16p* - 32p” + 24p> — 8p + 1)x + 2(-16p* + 32p° - 32p> + 16p - 3)x

=2(16p* - 32p” +16p> ~1)x < 0 (2.25)

for x € (0,1).

From (2.21) and (2.25) we clearly see that there exists oy € (0,1) such that /;(x) > 0 for
x € (0,00) and /;(x) < 0 for x € (0g, 1).

We divide the proof into two cases.

Case 1. x € (0,00]. Then h(x) < 0 for x € (0, 00] follows easily from (2.17) and (2.18) to-
gether with 7 (x) > 0 on the interval (0, o).

Case 2. x € (09g,1). Then (2.18) and /;(x) < 0 on the interval (5, 1) lead to the conclusion
that s(x) is strictly increasing on (o9, 1). Therefore, there exists o1 € (0p,1) C (0,1) such
that s1(x) < 0 for x € (09,01) and k(x) > 0 for x € (01,1) follows from (2.17) and 4(og) < O
together with the monotonicity of 4(x) on the interval (o, 1). O

Lemma 2.4 Let p € (0,1/2) and

xv/1—x2

W . (2.26)

J(x) = arcsin(x) —

Then the following statements are true:
Q) Ifp=1/2-+6/6 =0.0917..., then J(x) > 0 for all x € (0,1).
(2) Ifp=1/2—/1-1/€2/2 = 0.0350..., then there exists T, € (0,1) such that J(x) < 0 for
x € (0,71) and h(x) > 0 for x € (11,1).

Proof Simple computations lead to

j0=0, JW-7, (2.27)
x2
"(x) = , 2.28
J (%) Nerie (1—2p)2x2]2]1(x) (2.28)
where
Ji(x) = (16p* - 32p° + 24p* - 8p + 1)x* - (12p* - 12p + 1). (2.29)

(1) If p = 1/2 = /6/6, then (2.29) leads to

Ji(x) = ng >0 (2.30)

forx € (0,1).
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Therefore, J(x) > 0 for all x € (0,1) follows easily from (2.27) and (2.28) together with
(2.30).
(2) If p=1/2 — /1 —-1/€2/2, then (2.29) leads to

J1(0)=—(12p* -12p +1) <0,  Ji(1) = 4p(4p® - 8p*> +3p +1) > 0, (2.31)
J1(x) = 2(16p* - 32p° + 24p> —8p + 1)x > 0 (2.32)
for x € (0,1).

It follows from (2.31) and (2.32) that there exists 7y € (0,1) such that J;(x) < 0 for x €
(0, 79) and /1 (x) > 0 for x € (19,1).

We divide the proof into two cases.

Case 1. x € (0, 79]. Then J(x) < 0 for x € (0, 7p] follows easily from (2.27) and (2.28) to-
gether with /;(x) < 0 on the interval (0, 79).

Case 2. x € (tg,1). Then (2.28) and /i (x) > 0 on the interval (19, 1) lead to the conclusion
that J(x) is strictly increasing on (7o, 1).

Therefore, there exists 1, € (19,1) C (0,1) such that J(x) < 0 for x € (79, 71) and J(x) > 0
for x € (11,1) follows from (2.27) and /(7o) < O together with the monotonicity of J(x) on
the interval (19, 1). O

3 Main results
Theorem 3.1 The double inequality

a1A(a,b) + (1 - 1)H(a,b) < X(a, b) < p1A(a,b) + (1 - B1)H(a, b)
holds for all a,b > 0 with a # b if and only if a1 <1/e=0.3678... and B; > 2/3.

Proof Since H(a, b), X(a,b) and A(a, b) are symmetric and homogenous of degree one, we
assume thata > b > 0. Letx = (a—b)/(a+ b) € (0,1) and p € (0,1). Then (1.1) and (1.2) lead

to
X(a,b)-H(a,b) ewfl—(l—xz) (3.1)
Ala,b) - H(a,b) x2 ’ '
X(a, b) _V1- x2 arcsin(x) )
10gpA(a,b)+(1—p)H(a,b) = » —l—log[p+(1 —p)(l—x )] (3.2)
Let
F(x) = w —1—10g[p+(1 —p)(l—xz)]. (3.3)
Then simple computations lead to
F(0*) =0, (3.4)
F1)=-logp-1, (3.5)
, 1
F'(x) = WT—xzf(x), (3.6)

where f'(x) is defined by (2.1).
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We divide the proof into two cases.
Case 1. p = 2/3. Then (3.2)-(3.4) and (3.6) together with Lemma 2.1(1) lead to the con-

clusion that
2 1
X(a,b) < §A(a, b) + §H(a, b). (3.7)
Case 2. p = 1/e. Then (3.6) and Lemma 2.1(2) lead to the conclusion that there exists
A1 € (0,1) such that F(x) is strictly increasing on (0, 1] and strictly decreasing on [A1,1).
Note that (3.5) becomes

F(1)=0. (3.8)

It follows from (3.2)-(3.4) and (3.8) together with the piecewise monotonicity of F(x)

that
1 1
X(a,b) > -A(a,b) + (1 - —)H(a, b). (3.9)
e e
Note that
—x2 arcsin(x,
i T (1) o (310)
1m = -, .
x—0% x2 3
/1«2 arcsin(x,
B e B PC N
lim 5 =-. (3.11)
x—>1" X e

Therefore, Theorem 3.1 follows from (3.7) and (3.9) in conjunction with the following

statements.

e Ifa; >2/3, then equations (3.1) and (3.10) lead to the conclusion that there exists §; €
(0,1) such that X(a, b) < a1A(a,b) + (1 —a1)H(a, b) for alla > b > 0 with (a — b)/(a + b) €
(0, 67).

ee If B < 1/e, then equations (3.1) and (3.11) lead to the conclusion that there exists &, €
(0,1) such that X(a, b) > B1A(a,b) + (1 — B1)H(a,b) for alla > b > 0 with (a —b)/(a + b) €
(1-65,1). O

Theorem 3.2 The double inequality
aA(a,b) + (1 - a2)Gla, b) < X(a,b) < prA(a, b) + (1 - B2)G(a, b)
holds for all a,b > 0 with a # b if and only if ay <1/3 and By > 1/e=0.3678....

Proof Since A(a, b), G(a, b) and X(a, b) are symmetric and homogenous of degree one, we
assume thata > b > 0. Letx = (a—b)/(a+ b) € (0,1) and p € (0,1). Then (1.1) and (1.2) lead

to

—x2 arcsin(x)
X(a,b) - Gla,b) D i e SNV, g

A(a,b) - Gla,b) 1- V12 (3.12)
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X(a,b) _ ~/1-x?arcsin(x)
10gpA(a,b)+(l—p)G(a,b) = . —1—10g[p+(1 —p)vl—xz]. (3.13)
Let
G(x) = w —-1-log[p+(1-p)V1-42]. (3.14)

Then simple computations lead to

G(0") =0, (315)

G()=-logp -1, (3.16)
) 1

G'(x) = mg(x), (3.17)

where g(x) is defined by (2.8).

We divide the proof into two cases.

Case 1. p = 1/3. Then (3.13)-(3.15) and (3.17) together with Lemma 2.2(1) lead to the
conclusion that

1 2
X(a,b) > §A(a, b) + gG(oz, b). (3.18)
Case 2. p = 1/e. Then from Lemma 2.2(2) and (3.17) we know that there exists u; € (0,1)
such that G(x) is strictly decreasing on (0, 1] and strictly increasing on [141,1). Note that
(3.16) becomes

G(1) = 0. (3.19)

It follows from (3.13)-(3.15) and (3.19) together with the piecewise monotonicity of G(x)

that
X(a,b) < éA(a, b) + <1 - 2>G(a,b). (3.20)
Note that
lim Y B L (3.21)
x—0* 1-V1-42 3
lim Y By L (3.22)

x—1" 1—‘/1—962 e

Therefore, Theorem 3.2 follows easily from (3.12) and (3.18) together with (3.20)-
(3.22). O

Theorem 3.3 Let a3, B3 € (0,1/2). Then the double inequality

H[Olgﬂ + (1 -a3)b,asb+(1- Olg)ﬂ] <X(a,b) < H[,Bga +(1-B3)b, B3+ (1 - ,33)61]
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holds for all a,b > 0 with a # b if and only if ez <1/2 — /1 -1/e/2 =0.1024.... and B3 >
1/2-+/3/6 =0.2113....

Proof Since H(a, b) and X(a, b) are symmetric and homogenous of degree one, we assume
thata>b>0.Letx = (a—b)/(a+b) € (0,1) and p € (0,1/2). Then (1.1) and (1.2) lead to

H 1-p)b, 1- V1 —x? i
log TPa+A=pb.pb+ (A =pla] _ log[1 - (1-2p)2?] - -2 T aresin() 1 (3.03)
X(a,b) x
Let
V1 = x2 i

H(x) =log[1 - (1-2p)°s*] - #rcsm(x) +1 (3.24)
Then simple computations lead to

H(0") =0, (3.25)

H(1)=1 +210g2+10g(p—p2), (3.26)

1
H'(x) = ———h(x), (3.27)
x24/1 — &2

where /(x) is defined by (2.16).

We divide the proof into four cases.

Case 1. p = 1/2 — +/3/6. Then (3.23)-(3.25) and (3.27) together with Lemma 2.3(1) lead
to

Koty (5 L)or (22 (2 L)os (30 L))

Case 2. 0 < p <1/2 — \/3/6. Let ¢ = (1 — 2p)? and x — 0*, then 1/3 < g < 1 and power
series expansion leads to

1
H(x) = —(q - g)xz + o(xz). (3.28)
Equations (3.23), (3.24) and (3.28) lead to the conclusion that there exists 0 < § < 1 such
that
X(a,b) > H[pa +(1-p)b,pb+(1 —p)a] (3.29)

for all a > b > 0 with (a — b)/(a + b) € (0, 6).

Case 3. p = 1/2 — /1 —1/e/2. Then (3.27) and Lemma 2.3(2) lead to the conclusion that
there exists o7 € (0,1) such that H(x) is strictly decreasing on (0, 01] and strictly increasing
on [o1,1).

Note that (3.26) becomes

HQ) =0. (3.30)
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Therefore,
1 1 1 1
1 Yl-e 1 Yl-e 1 Yl-e 1 Yl-e
X(ﬂ,b)>H[(———)a+(—+ >b,(———)b+(—+—>gj|
2 2 2 2 2 2 2 2
follows from (3.23)-(3.25) and (3.30) together with the piecewise monotonicity of H(x).
Case 4.1/2 — /1-1/e/2 < p <1/2. Then (3.26) leads to

H(1)>o0. (3.31)

Equations (3.23) and (3.24) together with inequality (3.31) imply that there exists 0 <
8’ <1 such that

X(a,b) < H[pa +1-p)b,pb+(1 —p)a]
fora>b >0 with (a-b)(a+b) e (1-6,1). O
Theorem 3.4 Let ay, B4 € (0,1/2). Then the double inequality

G[am + (1 -og)b,ash+(1- a4)a] <X(a,b) < G[,&La + (1= Ba)b, Bab+ (1 - ,34)a]

holds for all a,b > 0 with a # b if and only if ag <1/2 — ~/1-1/?/2 =0.0350... and B4 >
1/2 - 4/6/6 =0.0917.....

Proof Since G(a, b) and X(a, b) are symmetric and homogenous of degree one, we assume
thata>b>0.Letx = (a—-b)/(a+b) e (0,1) and p € (0,1/2). Then (1.1) and (1.2) lead to

Glpa+ (1 -p)b,pb + (1 -p)al

log X(a, b)
= %log[l - (1-2p)*x*] - m +1. (3.32)

Let

K(x) = %log[l ~(1-2p)*x*] - m +1 (3.33)
Then simple computations lead to

K(0%) =0, (3.34)

K1)=1+1log2 + %log(p—pz), (3.35)

K'(x) = ;](x), (3.36)

x24/1—«2

where J(x) is defined by (2.26).
We divide the proof into four cases.
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Casel. p = py =1/2 - /6/6. Then
X(a,b) < G[poa + (1 = po)b,pob + (1 —po)a]

follows from (3.32)-(3.34) and (3.36) together with Lemma 2.4(1).
Case 2. 0 < p <1/2 —+/6/6. Let g = (1 — 2p)* and x — 07, then 2/3 < ¢ <1 and power
series expansion leads to

K(x) = —% (q - §>x2 +0(x%). (3.37)

From (3.32), (3.33) and (3.37) we clearly see that there exists 0 < § < 1 such that
X(a,b) > G[pu +(1-p)b,pb+(1 —p)a]

for a > b > 0 with (a — b)/(a + b) € (0,§).

Case 3. p = p1 = 1/2 — v/1-1/€2/2. Then (3.36) and Lemma 2.4(2) lead to the conclu-
sion that there exists 77 € (0,1) such that K(x) is strictly decreasing on (0, 7;] and strictly
increasing on [y, 1).

Note that (3.35) becomes

K(1) = 0. (3.38)
Therefore,
X(a,b) > G[pra+ (1 - p1)b,p1b + (1 - p1)a]

follows from (3.32)-(3.34) and (3.38) together with the piecewise monotonicity of K(x).
Case 4.1/2 — +/1-1/€%*/2 < p <1/2. Then (3.35) leads to

K(1) > 0. (3.39)

Equations (3.32) and (3.33) together with inequality (3.39) imply that there exists 0 <
8’ <1 such that

X(a,b) < G[pa +1-p)b,pb+(1 —p)a] (3.40)

fora > b >0 with (a - b)/(a+b) e (1-45,1). O
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