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1 Introduction
A conformal, meromorphic function f on the punctured unit disk

U*:={zeC:0<z] <1} = TV\{0}

is said to be a concave mapping if f(U*) is the complement of a compact, convex set.
Let ¥ denote the class of analytic functions of the form

1 < *
f@="+ kXZO:bkzk (zeU"), 11
then the necessary and sufficient condition for f to be a concave mapping is
1+§ﬁ(%) <0 (ze€l), (1.2)
where
#'(2)

=-2-2b12% - 6by2° — (12b3 +2b7)z* — -
f(@) ( !

Recently, Bhowmik ez al. [1], Chuaqui et al. [2], Ibrahim and Soké! [3] derived some
interesting properties of concave conformal mappings. In this paper, we aim at proving
several criteria for the function f € X to be a concave mapping.

To prove our main results, we need the following two lemmas.

Lemma 1.1 (Jack’s lemma [4]) Let h(z) = a,2" + a,,12" + - - - be a non-constant analytic
function in U. If |h(z)| attains its maximum value on the circle |z| = r <1, then

zoh'(z0) = kh(zo),

where k is a real number with k > n.
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Lemmal.2 (See [5]) Let 2 be a set in the complex plane C and suppose that ® is a mapping

from C* x U to C which satisfies ®(ix,y;z) & Q for z € U and for all real x, y such that
y < —%. Ifthe function p(z) = 1+ 1z + c22> + - - - is analytic in U and ®(p(z),zp'(2); z) € Q

forall z € U, then R(p(z)) > 0.

2 Main results
We first give the following result.

Theorem 2.1 Suppose that f € X with (zf'(2)) #0. Iff satisfies the condition

2f"(2)  z(2f"(2) + 2" (2)) 1
f/(z) - f/(Z)+Zf//(Z) ‘ <A (0<)‘§ 5): (21)

then f is concave in U*.

Proof Assume that

1-2)7l8 +1 1
¢(z) = S@)4() -1 <0 <A< —;z€ TU). (2.2)
A 2
Then the function ¢ is analytic in U with ¢(0) = 0. From (2.2), we know that
! f—
[ _a@4i-1 03
f(2) +zf"(2) 1-A
By differentiating both sides of (2.3) with respect to z logarithmically, we get
7f"(2) z22f"(2) +2f"(2)  Az¢'(2) (2.4)
f(2) f(2) +zf"(2) rp(z) + 1 -1 ’
From (2.1) and (2.4), we find that
" 2 1 " )\’ /
#"(z) 2(2f"(2) +2f (Z))‘ _ /\’ z¢'(z) ‘<x. (2.5)
f(2z) f(2) +zf"(2) Ap(z) + A -1
Now, we can claim that |¢(z)| < 1. If not, there exists a point zy € U such that
max [¢(2)] = [¢(z0)[ = 1.
lz1=lzol
By Lemma 1.1, we know that
(2.6)

209 (20) = kdp(z0) = ke’ (0 <6 <2m;k > 1).

For z = zg, we find from (2.4) and (2.6) that

k
A+ (A=1)e®

2.7)

> A

zof"(20)  20(2f"(20) + Zof”/(zo))‘ s
f'(20) f'(20) + zof " (20)




Wang and Li Journal of Inequalities and Applications (2015) 2015:119 Page3of 6

But (2.7) contradicts (2.5). Thus, we deduce that |¢(z)| < 1, which implies that

-1| <1, (2.8)

f (@)
| - Vperre +1
Y

or equivalently,

__S& ‘ * 2.9)
| f'(z) + zf” @ 1o '

From (2.9), we get

<r< ]J:/;(Z))<A—1<0 (0<A§%>,

which shows that the function f is concave in U*. O

Theorem 2.2 Suppose that f € ¥ with f'(z) # 0. If f satisfies the inequality

(2.10)

%<Z[(f” + Zf/// f/ Z(f// > < 1
) f1(2)(zf"(2) +3f(2)) ’

then f is concave in U*.
Proof Define the function ¢(z) by

7" (2)

@(2) = @

+2 (zel). (2.11)

It is easy to see that
o(z) = —2b12% - 6by2° — (12193 + be)z4 -
is analytic in U with ¢(0) = ¢’(0) = 0. From (2.11), we obtain

4" (2)
(@)

+3=1+¢() (zel). (2.12)

Taking logarithmical derivatives of both sides of (2.12) with respect to z, we get

Z[(f"(2) + 2f" (2)f ' (2) — 2(f" ()] _ z¢'(2)
f'@)(ef"(2) + 3f"(2)) 1+¢(2)

(2.13)

We now show that |¢(z)| < 1. If not, there exists a point zy € U such that

max |g0(z)| | (zo)| =1

lzl=<lzol

By Jack’s lemma, we know that

20¢'(z0) = kp(zo) =ke® (0 <6 <2m;k > 2). (2.14)
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For z = zg, we have

(H<Zo [(f"(z0) + zof " (20))f " (20) — 20 (f" (20))?] )
l f/(z0)(zof " (20) + 3f'(20))

/ i0
:m<z090(20)>:m( ke .9)21—(21. (2.15)
1+ ¢(zo) 1+ et 2

But (2.15) is a contradiction to condition (2.10), which implies that |¢(z)| < 1. Conse-

quently, we deduce from (2.11) that

’ Zf//(Z) o ~ ~
S]i(l + @ ) = Jt((p(z)) 1< ‘(p(z)’ 1<0,

which implies that f is concave in U*. O

Theorem 2.3 Suppose that f € X with f'(z) # 0. Iff satisfies the condition

SR( zf'(2) ((zf/(z))’))> oy (O
(")) \ f'(2) B (1

then f is concave in U*.

(2.16)

Proof Suppose that

2" (2)

-LE g5
i)
V(o) = ———

(0<6<1;z€)). (2.17)

Then  is analytic in U. From (2.17), we find that

7' (Zf’(Z))’>/ 00w .
(zf/(z))/( (2) TS+ (- 0¥ (2) = d)(l//(z),zw (Z)rz)) (2.18)

where

1-46)s

dD(r,S;t) = m.

L1+x2

For the real numbers x and y satisfying the condition y < -5, we know that

(1-8)oy
52 + (1-8)%x2
- 1-198)8 1+ 42
- 2 82+ (1 —8)%x2?
s 1
2(5-1) (0 é J § E)r
&1 (% <5<1).

ER(QD(ix,y; z)) =

(2.19)

Now, we take

; 1
Q={“§:§R(§)>{@ ((1)<aj§)}’

28 (2 =
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then ®(ix, y;z) ¢ Q for all real x, y such that y < —%. Furthermore, by virtue of (2.16), we
know that ®(y(2),z¢/'(2);z) € Q. Thus, by Lemma 1.2, we get R(/(z)) > 0, which shows
that f is concave in U*. d

Finally, we correct an error of Theorem 2.1 in [3], the condition

. Zf///(z)
Lh(f”(z) ><O (zeU)

in it should be changed into

m <Zf/// (Z)

e > >-3 (zel).

Theorem 2.4 Suppose that f € X with f'(z) # 0. If f satisfies the inequality

9{ (Zf/// (Z)

I ) >-3 (zel), (2.20)

then f is concave in U*.
Proof Define the function w(z) by

zf" (z) 1+ w(2)

1- _ , (2.21)
@) 1-o0()

Then w is analytic in U with @(0) = @/(0) = 0. From (2.21), we get

zf"(z) -2

= . 2.22

S 1-w() (222
Differentiating both sides of (2.22) logarithmically, we get

zf"(z)  z0/(z)  zf"(2) (2.23)

@ 1wk fl@

Now, we show that |w(z)| < 1. If not, there exists a point zy € U such that

max ’a)(z)’ = ’w(zo)‘ =1.
lz|<|zo|

By Jack’s lemma, we know that

a7 (20) _ . ((k+Do(zo) ~3
Lh( f"(z0) )_Lh< 1-w(zo) )

:m<(k+1)(cos9+isin9)—3)
1-cosf —isinf

_ (k+4)cost - (k +4)

~ (1-cosf)? +sin?0

_ (k+4)(cost 1)

"~ (1-cos0)? +sin®0
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where k > 2, but this contradicts (2.20), which implies that |@(z)| < 1. Thus, f is concave
in U*. a
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