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Abstract

Let Q(x) = Q(xq,X3,...,X,) be a nonsingular quadratic form with integer coefficients,

n be even and p be an odd prime. In Hakami (J. Inequal. Appl. 2014:290, 2014,
doi:10.1186/1029-242X-2014-290) we obtained an upper bound on the number of
integer solutions of the congruence Q(x) = 0 (mod p?) in small boxes of the type
{xe Z;2 lai < x;<aj+m,1 <i<n}, centered about the origin, where a;, m; € Z,
0<m; <p?, 1 <i<n.Inthis paper, we shall drop the hypothesis of ‘centered about
the origin’ and generalize the result of paper Hakami (J. Inequal. Appl. 2014:290, 2014,
doi:10.1186/1029-242X-2014-290) to boxes of arbitrary size and position.
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1 Introduction

Let Q(x) = Q(x1,%9,...,%,) = 213'5;5;1 a;xix; be a quadratic form with integer coefficients
in n-variables, p be an odd prime, Z,> = Z/ (»?), and V2 = V,2(Q) be the algebraic subset
of Z;2 defined by the equation

Q(X) = Q(xlxx27 ceer%y) = 0. (11)

When # is even, we let A,(Q) = ((-1)"*detAq/p) if pt detAq and A,(Q) = 0 if p|detAq,
where (-/p) denotes the Legendre-Jacobi symbol and A is the # x n defining matrix for
Q(x). We call Q a nonsingular form (modp) if p { detAg. As usual, we let |S| denote the
cardinality of a set S.

Our first interest in this paper is obtaining an estimate for the number of solutions of
(1.1) in a box of the type

B:{XGZ”Mfxi<ai+m,-,1§i§n}, (1.2)
viewed as a subset of Z;’z, where a;,m; € Z,0 <m; <p*>,1<i<n.

Theorem 1 Suppose that n is even, Q is a nonsingular form (mod p) and that V,2(Q) is the
set of solutions of (1.1). Then, for any box B of type (1.2) (viewed as a subset onZz) with
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0<m; <p* 1<i<n,wehave

B
|Bm VpZ(Q)| =< Vn(|p_2| +P")x (1.3)
where
yu=2"(1+6"). (1.4)

We conjecture that the following upper bound holds:

|IBNV,2(Q)| < '% + O (p"*"),
which would be the best possible estimate. Indeed, for the form Q(x) = x1x; — x3x4, the €
factor cannot be removed altogether. For this form it is known [1], Theorem 3, that the
number of solutions of the equation Q(x) = 0 in integers x with 1 < x; < B is asymptotic to
%BZ log B. Thus, for any B, the number of solutions of the congruence Q(x) = 0 (mod p?)
with 1 <x; < B is at least %BZ log B. Letting B &~ p demonstrates the optimality of the
conjectured upper bound. In Section 3 we establish the asymptotic estimate

BN sz(Q)| = |p£2| + O(p%”’1 log” p).

The error term p” in the upper bound (1.3) greatly improves on the error term p%”‘l log" p
in the asymptotic estimate at the expense of having to place a constant larger than 1 on
the main term. We would expect that the error term in the asymptotic estimate can be
improved at least to the value p” appearing in our upper bound.

In the next theorem the same type of bound as Theorem 1 is given for boxes with sides
of unrestricted lengths. In this case, we let V2 ; denote the set of integer solutions of the
congruence

Qx)=0 (modp?), (1.5)
and regard B as a set of points in Z".

Theorem 2 Suppose that n is even, Q is nonsingular (modp) and V27 = V2 5(Q) is the
set of integer solutions of the congruence (1.5). Then, for any box B of type (1.2) (allowing
m; > p?), we have

|B] "
BN V22l < Vn — +Ngp" ),
p
where y, is as in (1.4), and
n m;
NB = 1_[’7—2—‘
-1 P

We devote Section 4 and Section 5 respectively to the proofs of Theorem 1 and Theo-
rem 2.
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2 Preliminary lemmas

For any x, y in ZZZ, we let x - y denote the ordinary dot productx-y = > x;y;. Forany x €
Ly, let e (x) = > /P” \We use the abbreviation Y = Y xez, for complete sums. Fory
ZZZ, we write p|y if p|y;, 1 < i < n (where the y; are regardedgs integer representatives for
the residue classes). In this case [lgy is a well-defined element of Z;Z. Let Q be a nonsingular
quadratic form (modp), and V)2 = V,2(Q) be the set of solutions of (1.1). Fory € Zzz we
define

> xevep(x-y) fory#0,

P(Vj2,y) :=
P |V;72| _p2(n—1)

fory=0.
The following lemma was established in [2].

Lemma 1 ([2], Lemma 2.3) Suppose that n is even, Q is nonsingular modulo p and A =
A, (Q). Then, for any y € ZZ2,

P —p! if ptyi for some i and p*|Q*(y),
! if pty; for some i and p|Q*(y),

$(V,2,y) = {0 ifp1tyi for someiand pt Q*(y),
“ApBI=2 4 pnl(p 1) if plyi for all i and pt Q*(y'),
Alp - 1)pBni2-2 4 pr-l(p — 1) if ply; for all i and p|Q*(y),

where Q* is the quadratic form associated with the inverse of the matrix for Q mod p.

In [3] we established the basic identity

Y ax) =p"a0) + Y aly)p(Vye,y) (21)

X€ sz Yy

for any complex valued function «(x) defined on Z,> with Fourier expansion

a(x) = Za(y)epz (y - x).
y

Inserting the value of ¢(V,2,y) from Lemma 1 into the basic identity (2.1) yields the fol-
lowing (see [4]).

Lemma 2 (The fundamental identity) For any complex valued a(x) on ZZZ’

Y a@=p7)y a@+p" Y aly)-p" Y aly)
x )

xev P21QH(y) pIQ*(y

_Ap(sn/z)fz Z a(py/) + Ap(?,nlz)fl Z a(py/).

Y/ (mod p) pIQ*(Y)
y'(modp)
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3 Asymptotic estimate of |[B N V2|

To obtain an asymptotic estimate for the number of solutions of (1.5) in a box B with sides
of length m; < p?, we let o = xz, the characteristic function for the box. For such «, it is
well known that the Fourier coefficients az(y) have magnitude

n

|as(y)| =p™" ]_1[

sin 7w m;y;/p?

sinmy;/p?

where the term in the product is taken to be m; if y; = 0. Henceforth, we choose represen-
2 2
tatives y for Z”, with —2=% <y, < Z=1 1 < < n. With this convention we can say
P 2 2

o T ind e 2
las(y)| <p ]i:[mm{mnzyi},

from which one readily obtains the well-known inequality

> las(y)| < log"p.
Y

Also, by Lemma 1 one has uniformly [¢(V,2,y)| < p%"‘l + p". The asymptotic formula in
(1.3) is now an immediate consequence of the basic identity (2.1), and the fact that a;3(0) =
|B|/p*".

4 Proof of Theorem 1
We turn now to the proof of Theorem 1. Let 3 be a box of point of the type (1.2), with
0 <m; < p* 1 <i<n,andlet xp be its characteristic function with Fourier expansion

x5(X) =Y _as(ye(x-y).
y

As usual, we define the convolution of two functions «, 8 defined on sz by

ax ) =Y a@pBx-u)= Y a@pv).

u u+v=x

Lemma 3 Let a = x5 * x5, where B is a box as in (1.2), B' = B — ¢, with ¢ chosen so that

B’ is ‘nearly’ centered at the origin,

[ml_l]
Ci=a;+ .
2

Then, for any subset S of ZZ2 , we have

1
> ()= IBISNBI.

xe$§

Proof Let

I={aja;+1,...,a; + m; —1}.
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. . 1
Then if m; is odd, ¢; = a; + ™=, and hence

Wll'—l Wll'—l}

1,=I—Cl': — yeees
2 2

Thus, for any x € [,

m;+1  m;
:E:: :E:: 1> 12 = Tzi'

uel vel
u+v=x

If m; is even, so that ¢; = a; + % —1, then

m; m
2 )

I/ZI—CL':{——+1,...,—
2

and so for any x € /,

.
> 127’.

uel vel
u+v=x

Thus, for any x € 3, we have
- m;
>| | — =278l
a(x) = |i=1| 5 5]

and so for any subset S of Z”,,
p

e = Y alx)=ISNBR7B. -

xe$ xeSNB

With « as given in Lemma 3, we have by the fundamental identity, Lemma 2, that

2 2

p P
Y@ =p? Y e@ep’ Y aly)-p Y aly)
xEsz X yi=1 yi=1
P1Q*(y) PlQ*(y)
Eo E
p »*
_ Ap(3n/2)—2 Za(py/) +Ap(3n/2)—l Z a(py/)
=1 ¥=1
pIQ*(Y)
Ey
E3
Also,

Y ax)=|BI|B| =8P,

a(0)=) Y 1<IB,

ueBveB’
u+v=0
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and

a(y) = p™ag(y)ap (y).

It follows that
2

B
> oW < Eo- Bl |- Eol. (@)

xeV.
2

By the Cauchy-Schwarz inequality and Parseval’s identity (see, for example, [5, 6]), we
get

S law)| =p* > |asy)as ()|

Yy Yy

) 1/2 5 1/2
5p2"(2|a8<y>| ) (Z|asf(y/)| )
y Yy
1 1/2 1 1/2
fpz”(q Zxé(ﬂ) (7 > xé(ﬂ)
p Yy p Yy

- 1B1"2|B'" = 1Bl (4.2)
Next
172 172 p2
Eo-Eil=|p" Y aly)-p"" Y aly)|=|d_vyaly)| (4.3)
yi=1 yi=1 yi=1
Py PIQ*(Y)
where
P pQAy),
v(y) =

-P" rIQ*(y).

Continuing from (4.3) and using (4.2), we obtain

Eo—Ei| < (" -p" Z|a(y)| "—p")IBl. (4.4)
Also,
|E2—E3| — 3}’1/2 2Zﬂ(py +Ap3n/2) 1 Z
¥=1
pIQ*(Y)

ZO Na(py')),

(4.5)
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where

p(Sn/Z)—l _p(Sn/2)—2’ P|Q* (y)’

0(y) =
Y p(Bn/Z)—Z, p f Q*(Y)

Continuing from (4.5),

»
\Ey — Es| < (p3n/2—1 _psn/zfz) Z |a(py/) { (4.6)

¥=1

We are left with estimating Zw(p/z lai(py:)|. Say a(y) = [1~, ai(y:). Since the Fourier

coefficients are given by a(y) = p*"az(y)as (y), we have

1 sin? (7w m;y;/p?)

(v = 2 i\Ji iJil| = T sin2(rv /)
|ﬂl(yl)| p |a3,,(yl)ﬂ3,z(yz)| P> sinz(ﬂyi/Pz) ’

and so

C[m? 1
’a,»(py,»)| < min —2’, — ¢ for [yl <p/2. (4.7)
p°4y;

Lemma 4

SIE

ifm; <p,
if m; > p.

Z |ﬂi(l9yi)| = 2

lyil<p/2 p

3
[~to

6
3

|

Proof We begin by establishing the inequality
1 4% ifm; <pl2,
» P (4.8)
1yil>p/2m; 1 lfm, >p/2.
We split the proof of the inequality into two cases.
Case (I): If % > 1, then

T

Thus,
oo o0
1 1 1 1 1 [*°d
Z 492 4 Z y2 T 4AL% 4 x2
y=L y=L
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and so

1 m;
> Lo
4y; p

lyil>p/2m;

Case (I): If 3£~ <1, then

Z L<E§: < —<1
4y? 4=y T 12 T

ilspram; Y

Returning to the proof of the lemma, we consider four cases as follows.
Case (i): If m; < £, then by (4.7) and (4.8) we have

= 9

m?
Z |ﬂi(pyi)’§ Z — + Z

lyil<p/2 lyil<p/2m; [yil>p/2m;

4m;
" <£+1>+ "
m;

2
< L
= 2

p

Case (ii): If m; > £, then by (4.7) and (4.8)

Y fatewl= 3 e X

lyil<p/2 lyil<p/2m; [yil>p/2m;

Case (iii): If %’ < m; < p, then continuing from Case (ii) we have

. 2 . .
Z |ai(pyi)’§@+m—2‘+1§2@+1§4@.
p p p p

lyil<p/2

Case (iv): If m; > p, then continuing from Case (ii) we get

2
> ailpy)| < 2(%) +1<3

lyil<p/2

completing the proof of Lemma 4.

We return to the proof of Theorem 1. Suppose that

mp =my <M =p<mMp = S My

By Lemma 4, we obtain

- : 2
Y laitoy| =TT X lastor| = [T 67 135

lyl<p/2 i=1 |yil<p/2

[|B| mi [|B| Hmppmi
<3"2'— 1_[—_3”2—7.

P o P

Page 8of 11

(4.9)
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Using (4.9), then continuing from (4.6), we have

|E; - Es| < p®"P 2 (p-1) - 3720 B] H m; < 3"2! ’*“1|B|1"[ml

i=l+1

By (4.1) and (4.4), we then obtain

B
> ax) < i *|Eo-Eil 4B~ Ei|

xEVz
< L + (p" - p"Y)IBl + 3"2p 2B l_[m
P
< |7| +p"|B| + 32/ B ]_[ m;. (4.10)

i=l+1

The task now is to determine which of the terms |B|?/p?, p"|B| and 3"2/p!~("'2-1|B| x
[1%,,; m; in (4.10) is the dominant term. We consider two cases as follows.

Case (i): Suppose [ < 5 — 1. Then, comparing the first and third terms, we get

1 1~(n/2)-1 n
3"2'p @21 5| H?:m m; ipl—(n/2)+13n21 l—[ m;

|BI*/p? B

i=l+1
pl—(n/2)+13n21

1_[5:1 m

< 3n2 —(n/2)+ < 3;121

This leads to

3712 —(n/2) I|B| 1_[ m; < 3}121| |
P’

i=l+1

Case (ii): Suppose [ > 7. Then, comparing the second and third terms, we have

3;12 —(n/2) 1|B|1‘[l L M
p"|B|

- 3}‘12 = 3}’1/2 -1 1_[ ml

i=l+1
321
P .

53 zp (3n/2)- 1p2n ) 3n2pn/2) 1- l

This gives that

3}42 —(n/2)- |B| 1_[ m; <

i=l+1

So for any /, we always have

n
B2 3n21
3n2lpl—(n/2)—l|8| 1_[ m; S 3}’!21|szI + 7PVIIB|

i=l+1



Hakami Journal of Inequalities and Applications (2015) 2015:110 Page 10 of 11

Returning to (4.10), we now can write

2
Z (x)<%+p |B|+3”2 [=(nl2) 1|B|Hm,

XEV2 i=l+1

BJ? 3"2’

< B B 3B 32 g
p? p? p

B|? 319!
=(1+ 3"21)% + (1 + )p"|B|

p p

1B

< y,,( 7 +p" Bl ), (4.11)

where y, = 1+ 3"2%. On the other hand, using Lemma 3, we have

> ax) = %|B||Vp2 nBl. (4.12)

xeV.
)

Combining the last two inequalities ((4.11) and (4.12)) yields

B B
BN V2| < 2”)/,2(% +p”) < yn(% +p”>,
p p

where y,, =1+ 6". Theorem 1 is proved.

5 Proof of Theorem 2
Let B be a box of points in Z” as given in (1.2). Partition B into N = N smaller boxes B;,

B=B,UBy,U---UBy,

where each B; has all of its edge lengths < p?. Plainly,

n m;
Np = ’7——‘
Applying Theorem 1 to each B;, we get

N
BNV, =Z BN V24|

i (|B| )

N
Vn
= —ZZIBfI + Nyp'"

The proof of Theorem 2 is complete.
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