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In this paper, we generalize Rice’s integral and give some applications. Some old and
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1 Introduction
For complex z and m, n € Ny = NU {0}, we define that

(20 =1, @n=2(z+1)---(z+n-1) @)
and
i(m+z)(m+z+1)---(z+n—1), when 0 < m < n,
(Z+ M)y = (2)
1, when m > n.

The standard Bell polynomials (see [1, p.133]). The modified Bell polynomials L,,(x1,
Xy,...) are defined by

exp X — =l+ZLm(x1,x2,...)—. (3)

1
— k ~ m!
We have

m! X1 m X2 m X3 "3
L (x1,%9,...) = Z W<T> (5 3 (4)

m1+2my+3m3z+--=m

Recalling Rice’s integral (see [2] and [3]), suppose that f(z) is a rational function analytic
on [0, +o0o[, and 7 € Ny, then we have

3 k(" _ Y n!
Z(—l) <k>f(k)— i /cz(z—l)---(z—nf(z)dz’ 5)

k=0

where C is a positively oriented, encloses the simple poles at the integers 0,1,2,...,n and
no others.
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All technicalities and many examples of Rice’s integral are involved in [2] and [3].
Well-known is the following binomial identity: For n € N = {1,2,...} and 6 > 0, we have

u AN Lok
Z(_l) (k>9+k_l_[9+k' (©)

k=0 k=1

Recently, Jonathon [4] gave a simple and interesting probabilistic proof of the above
binomial identity, and he further extended this binomial identity based on the probabilistic

method. We state his result as follows. For all r,7 € N; 6 > 0, we have

kio:(_”k@ (eik>r

n k r-1 Qf
:(H9+k)<l+z Z (0+k1)(0+k2)~~~(0+k,»)>' 7

k=1 j=1 1<k <--<kj<n

More recently, Bayad et al. [5, 6] established new identities for some new polynomials
associated with the A-array type polynomials. Simsek [6] gave an approach to combinato-
rial sums involving binomial coefficients and the Catalan number from the analysis of the
Bernstein basis functions. There is much literature about the binomial identities, we refer
the readers to [7-17].

In the present paper, we further extend Rice’s integral by using Cauchy’s integral formula.
As some applications, some old and new binomial identities are obtained.

2 Rice’s integral

In this section, we generalize Rice’s integral using Cauchy’s integral formula.

Theorem 1 Let f(z) be a rational function analytic on [0,+00[ and m,n € Ny. Then we
have

- M\ [(n+k =)' m+z+1)_m
g(_l) (k) <m + k)/(k) " 2i(n—m)! /C D a—ny O ®

where C is a positively oriented, encloses the poles 0,1,2,...,n and no others.

Proof By using Cauchy’s integral formula, via the residues calculus, we have

(-1)"n! /; (z+m+1),_, f()dz

2wiln—m)! Jo z2(z=1)---(z—n)

(-1)"n! “ (z+m+1),_,
RS @

" (- m)! = z-1)---(z—n)

(=1)"n! &2 (Z+m+1)pm

(n—m)!kz;zgrkrllz(z—1)~~~(z—k+2)(z—k)---(z—n)f(z)

(~1)"m! &L (M + K)o

i (n—rn)!k%:(k—1)~~-2.1(_1)(_2)...(_n+k_1)f(k—1)
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n

n! Z( )k(m+k+1),, ")

" (n—m)! Py ki(n - k)!
k n+k
kZO:( 1) ( > (m . k)j(k).
The proof is complete. d

Corollary 2 Let f(z) be a rational function analytic on [0, +oo[ and n € Ny. Then we have

B n+k _ (z+1),
Z( ) ( )( )f() it |7 @ ®

where C is a positively oriented, encloses the poles 0,1,2,...,n and no others.

Proof Taking m = 0 in Theorem 1, Corollary 2 follows. g

Remark3 Taking m = nin Theorem 1 and noting that (z+m+1)o = 1, we get Rice’s integral
(5) immediately. Obviously, Theorem 1 is an extension of Rice’s integral (5).

3 Applications
In this section, we give some applications of Theorem 1 and Corollary 2. We can obtain
many old and new binomial identities.

Below we give an extension of binomial identity (7) and deduce some new binomial
identities.

Theorem 4 Letr,,neN,meNy,0<m=<n;0>0,8#0.
When 6 ¢ {m+1,m+2,...,n} and r >0, we have

S (1) o) (722)
(1175 (11.65)

BY < B
X<(5> DD 00 +5)@ +52) (0 +5)

j=1 1<s1<--<sj<n

n-m IBV
D IPIEPD 2 9(k1—e)---u@-—e)(e+s1>---(e+sz>>'

i+l=r-1 i=1 m+1<ki<--<kj<n0=<s1<--<s;<n

(10)

When 0 e {m+1,m+2,...,n} and r > 1, we have
i(_l)k n\(n+k B\
pary k)\m+k/\0+k

1 "ok
:(n—m)!(ﬂe+k>
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n IBV r-2 ﬁr
x ( l_[ (k_9)> <9r—1 +Z Z 00 +51)(O +52)---(0 +5))

k=m+1,k#0 j=1 1<s1<--<sj<n
n—-m-1 IBV
Yy ¥ % )
irl=r—2 -1 Kooki#0  0<si<-<s;<n O(ky =0)-- (ki =0)(O +s1)--- (0 +51)

m+1<kj<---<k;j<n

(11)

Proof Taking f(z) = (e%)’ in (8), and C is a positively oriented, encloses the poles
0,1,2,...,n and no others, by means of the residues calculus, we obtain the following.
e When6 ¢ {m+1,m+2,...,n}, we have

X n+k B\
S
(- (m+z+1), B\
‘2m(n—m)z/cz(z—1)---(z—n)(9+z> dz

(=)™l R (m+z+1),_m ( B )r

T m—m) =62z(z=1)---(z-n)\ O +z

~ (-1)1n!
T (n-m)!

(z+1+m)---(z+n)B"
2(z=1)---(z—n)

R Lo i) (e )
"Gl (1_[9+k)(l_[<’< 9)9(1 -5 - )

k=m+

) n k n k_0 L n—-m Zi
_(E“k)(kl;[ﬂk—m)[z l]<l+z 2 (kl—e)---(k,»—e))

i=1 m+1<ky<--<kj<n

[(6+2)]

ﬁr
x 2 00 +51)(0 +52) - (0 +51)

0<s1=<--<s;<n

(M)l 2, )

k=1 k=m+1 i=1 m+1<ky<---<kj<n

ﬂr
X<91+1+Z Z 00 +51)(0 +5s7)-- (9+S/)>

j=1 1<s1=<-- "<sj<n

n k n k—@ ,8 r r-1 ﬁr
‘(ﬂﬂ)( k—m><(§) DIEDD 00 +51)(0 +52)--- (6 +5,)

k=m+1 j=1 1<s1<--<sj<n

n-m ﬁr
D IPIEPD 2 9(k1—e)---(&-—e)(e+s1>---(e+sz>>'

i+l=r-1 i=1 m+1<kj<--<k;<n0<s1<--<s;<m

e When6 € {m+1,m+2,...,n}, we have
- n\ (n+k B\
_1)k L
S0 () i) (575%)

(- m+z+1), B\
_271i(n—m)!/cz(z—l)~~~(z—n)<0+z> dz
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_(—1)””;1!R m+z+1), ( B )'

S m-m) =62z(z-1)---(z-n)\ O +2z

_(—1)""1;1!R (z+1+m) - (z+0-D)(z+0+1)---(z+n-0) B’
-~ (n—m) Pt z2(z-1)---(z—n) 0 +z)1

~ (=1)"* 1! vzt lem) (240 -1)(z+0+1)---(z+n-0)B"
-~ (n—-m)! [@+2] Z2(z-1)---(z—n)
)R oz lem—0)-- - (z-1)(z+1)- - (z+n—-0)p"
- (n—m)![z ] Z-0)z-0-1)---(z—n-0)
n! QS | -
= d k-0
(n—m)! [Z ] Q_! 0+ k) (kml;[,k#G( )>
1+ =) (1-2)1+2)---(L+ %)
01-2)0-75)-1-3%)
1 n k n
_ k—6 r—i-2
(n—m)! (ﬂ o+ k) <km1+_1[,k#0( )> [Z ]
n-m-1 Zi
x (“ 2 h%{, (/q—e)--«k,»—e))
m+1<ki<---<kj<n

ﬁr
x ) 00 +5)0 +55) (0 +3)

O=sp=<--=s;<n

T _lm)z (ﬁ P /i k) ( ﬁ (k- 9)) [z

k=1 k=m+1,k#0

n-m-1 i

z
x |1+ E —>
( i=1 Kiki#0 (ki =8)--- (ki = 6)

m+l<kj<---<k;<n

ﬁr l ﬁr
X(@l+1+2 2 9(9+sl)(9+sz)---(9+sj)>

j=1 15&15»»»§s/§n

i (n—lm)!(ﬁelik>< H (/<—9)>

k=1 k=m+1,k#0

ﬁr r=2 ﬂr
X(ar—1+z 2 00 +s)(0 +52) (0 +5)

j=1 1§s1§<--§si§n

n-m-1
ﬂr
il=r=2 =1 Kpworki0 0<S1<___<s[<n9(k1—9)~~~(k,-—9)(9+s1)---(9+sl)>

m+l<ki<---<k;j<n
This proof is complete. O

Setting r =1 and 0 = 8 in (10) of Theorem 4 and r =2 and 6 = 8 in (11) of Theorem 4,
we have the following new binomial identity.

Corollary 5 LetneN,me Ny, 0<m<wn; 0 >0.
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When 6 ¢ {m+1,m+2,...,n}, we have
n+k\ 6 ok k-6
1)k — = — — ). 12
Z( )<)< ) +k <D9+k)( k—m) (12)
=1 k=m+1

When 6 e {m+1,m+2,...,n}, we have

Xn:( l)k(n n+k 0 \*

Py k) \m+k/\0 +k

n k n
_ (n_gm)!(pmk)( I (k—@)). (13)
=1

k=m+1,k#0

Corollary 6 (see [4]) Forr,neN;6 >0, we have

2 () ()

n 01
(1_[ 0+ k) (1 + Z Z 0 +51)O +55)---(0 +s]»)>' (14)

j=1 1<s1=<-<sj<n

Proof Take m = n, B =6 in (10) of Theorem 4, it is a must that 6 ¢ {m + L,m + 2,...,n},
and define that [T}_,,, =1, 3", = 0, then Corollary 6 follows. O

Setting r = 0 in (14), defining the empty sum 2;11 = -1, we have the following familiar
formula.

Corollary 7 ForallneNand6 >0,

n [ )
;0(—1) <k> =0. (15)

Setting r =1 in (14), defining the empty sum Z _1 = 0, we have the following.

Corollary 8 (see [4]) Forallne Nand6 >0,

X =k
Z( 1)<)0+k l_!éwk' e

Setting m = 2 in (14), we have the following.

Corollary 9 (see [4]) Foralln e Nand6 >0,

w0\ (Y K S
Z;(_l) <k> (m) B <E9+k> <1+§0+k>' 17)

Corollary 10 Letr,l,n € Nand 6 > 0.
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When 6 ¢ {1,2,...,n},
- k(M (r+k\( 6 r
2.V (W) G)

) ll[k—e 1+§ 3 o
- 0 +k — (0 +51)(0 +52)---(0 +5))

k=1 j=1 1<s1<-<sj<n

y er—l
DI > <k1-e)---(ki—e)<e+s1>~~(9+Sf>)' o

i+l=r-1 i=1 1<ky<---<k;<n0<s1<---<s;<n

When 6 € {1,2,...,n}, we have

s ()G

n 1 n r-2 9}
:(H9+k><n (k—@))<6+2 Z (0 +s)0 +5s2)--- (0 +5))

k=1 k=1,k#6 j=1 1<s1<--<sj<n

el 9}"—1
+ Z Z Z Z (kl_g)...(ki_e)(e+sl)---(9+51)>. (19)

i+l=r-2 i=1 ki,...ki#0  0=<s1<---<s;<n
1<ki<--<ki<n

Proof Take m =0, 8 =6 in Theorem 4, then Corollary 10 follows. O

Setting r = 0 in (18) and defining the suitable empty sum, we have the following familiar
formula.

Corollary 11 ([7]) Forallne Nand 6 >0,

- 1\ (n+k _ "
> 1 (k)< L )-(—1). (20)

k=0

Setting r =1 and 0 = B in (18) and defining the empty sum Z]Q:l =0, we have the follow-
ing new binomial identity.

Corollary 12 Foralln e Nand 6 >0,

" " n+k9_nk—9
g(_l) <k)< k )m‘<ne+k>' @)

k=1

Setting r =2 and 6 = § in (18) and defining the empty sum Z,(')=1 =0, we have the follow-
ing new binomial identity.

Corollary 13 Foralln e Nand 6 >0,

" 7\ (n+k 0 2_ " k;@ " L
g(_l) <k)< k )(m) _(ﬂ9+k)(l+;9+k)' 22)
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Theorem 14 Forr,,neN,0<m <mn, B #0.
When 6 ¢ {0,1,2,...,n}, we have

Lo (D)) (Ee)

i (0 -1\ (n+6 BY B
- 1( n ) <m+9>(_<_5> D BED B e st oy

j=1 1=s1<--<sj<n

n—-m ,Br
PIPIEDY 2 9(k1+e)---(ki+e)<s1—9)---<sz—e>>‘

i+l=r-1 i=1 m+1<ki<---<kj<n0=<s1<--<s;<n

(23)

When 6 €{0,1,2,...,n}, we have
- fm\ [ n+k B "
k=02,k:¢e(_1) (k) (m + k) (k - 9)
IRy LAY R A _E’ - Y
=(-1) <9>(m+9)(< 9) +' Z (s1-0)---(s;—0)

j=1 S yever Sﬁ:’O

1=si<--=sj<n

nem B
DY) > (kl+9)...(k,-+9)(S1—9)~~~(Sz—9))‘ e

i+l=r i=1 m+l<ki<---<ki<nm  $1,.,876
O0<si<--=s;=n

Proof By means of Theorem 1 and the residues calculus, we obtain the following.
e When 6 ¢ {0,1,2,...,n}, taking f(z) = (%)’ in (8), and C is a positively oriented, en-
closes the poles 0,1,2,...,# and no others.

e () (L) ()

(- (m+z+1), B\
_2ni(n—m)!/Cz(z—l)---(z—n)(z—e) dz

(=1)"1n! R (m+2z+1)m < B )V

(m—m)! z=0 z(z—1)---(z—n)\z-0
()t m+z+0),, B
T (m=—m)! =0 z(z=1)---(z—=n) (z=06)"
() rz+l+m)(z+2+m)---(z+n)p"
T (n-m)! [(2_9) ] Z2(z=1)---(z—n)
_(—1)”*171! i z+1+m+0)(z+2+m+6)---(z+n+6)p"
“ oy 2] @+0)z+0-1)---(z+6—n)
MO =D+ 140), g A 2) L+ )BT
=(-1) (n—m)0! [= ](1+§)(1+ﬁ)'“(1+9ﬁ)

— n+l 6-1 B n+0 r—I-1 — Z
- (n) (m+0)[z ]<“Z 2 (k1+e)~--(ki+e)>

i=1 m+1<ky<---<kj<n
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ﬂr
P e e ey

O<s<--=s;<n

n+ -1 - n+6 r—Il— S Zi
=(-1) 1( n ) <m+9>[z ll]<l+2 Z m)

i=1 m+l<ki<--<kj<n

| B B
( )91+1+Z > (51_9)...(51,_9))

j=1 1ssj<--<sj<n

— n+l 6-1 - n+0 é g B
=(-1) (n) (m+9>(_(_9) Z Z 0(s1—0)--(s;—0)

j=1 l=s1<--<sj<n

n-m

ﬂr
" 2 2 9(/<1+9)~-(k,-+9)<s1—9)-~-<s,—e>)'

i+l=r-1 i=1 m+1<kj<--<kj<n0<s;<--<s;<m

e When 6 € {0,1,2,...,n}, taking f(z) = (Z%)’ in (8), and C is a positively oriented, en-

closes the poles 0,1,...,0 —1,0 +1,...,n and no others.

. M\ [ n+k B\
kg,;#)(_l) (k) (m + k) (k—@)

() (m+z+1), B\

© 27i(n — m)! /; z2(z=1)---(z—n) (z—@) dz
(=1)1n! (m+z+1),_m ( B )’

= Res

(m—m)! z=0 z(z=1)---(z—n)\z-6

~ (—1)""111!R m+z+1), B
T (n—-m)! Z:GGSZ(Z—I)~~~(Z—9+1)(Z—9—1)~~(Z—I’l) (z-0)+1

(=1)"* g . (z+1+m)(z+2+m)---(z+n)B"
[~ )]z(z—1)~~-(z—0+1)(z—0—1)---(z—n)
(1)"nl L E+1l+m+0)(z+2+m+0)---(z+n+06)B"
- ](z+9)(z+9—1)~~~(z+1)(z—1)~--(z+9—n)

(n —m)!

T (n-m)!

oy MM+ 140), 7] A+ 5m) A+ 558"
(n—m)0!(n - 0)! o 1+ 50+ 75)-1+2)(1-2)---1--5)

o pea(m\ (8 — Z
=1 <6><m+9) ( Z Z (k1 +6)-- (kl+0>

i=1 m+1<ki<---<kj<n

ﬂ}"

0<s1<--<s;<m

_ (_1)\°+1 n n+6 r-1 « z
= (9>(m+0>[z ]<1+Z 2 (/(1+9)...(/(i+9)>

i=1 m+1<ky<--<kj<n

I

1<51 <-=<sj=<n

= (-1
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af(n\(n+6 B\ B
:(_1)91(9>(m+9>(<_5) PORDY (s1-0)-- (55— 6)

j=1 S1yeenr s]-;!e

l<si<--<sj<n

n-m ﬂr
PP 2 (kl+e)---<ki+e)(s1—e)---(sz—e))'

i+l=r i=1 m+l<ki<--<kj<n0<s1<---<s;<n

This proof is complete. O

Corollary 15 Forr,n e N.
When 6 ¢ {0,1,2,...,n}, we have

2 () (e5)

o-1\ & o
- (")) (1‘2 2 m) 25

j=1 1=s1=--<sj<n

When 6 €{0,1,2,...,n}, we have

n 9 r
6
k=02,k:;!0 k) \k-6
—_(_ 0+1 n _1YV : 9—]
=(-1) (9)(( 1) +j2=1: 1 (s1—9)---(s]»—0))' (26)

Proof Take m = n, f =0 in Theorem 14 and define that []}_,,, =1, Z?:l =0, then Corol-
lary 15 follows. O

Corollary 16 Forr,l,neN.
When 6 ¢ {0,1,2,...,n}, we have

s () ()

_ n+l 6-1 - n+6 r+1 < 0/
=(-1) (n) (9 >((—1) + 1 Z (s1-0)---(s;—6)

j=1 1ssp<--=<sj<n

n o1
+ZZ Z Z (k1+9)~~~(/<i+9)(S1—9)'~~(s,—9))' 27)

i+l=r-1 i=1 1<kj<-<kj<n0=<s;<---<s;<n

When 6 € {0,1,2,...,n}, we have
" n\ (n+k 0\
> () ()
Py k k k-0
0
_ (L n\ (n+
()"
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r o
_1) 2: Z e
x ((=1)" + 1 sted (s1-6)---(s;—6)

l<si<--<sj<n

n er
2 X X mremean e ee) @

i+l=r i=1 1<kj<---<kj<n  81,..,5]70
0=<s1=--=s;<n

Proof Take m =0, B =6 in Theorem 14 and define that [}_,,; = 1, Z?:l =0, then Corol-
lary 16 follows. O

Remark 17 By applying Bell polynomials (3) and (4), we can deduce all the results of
[18] and [19]. Our results are another representation of the corresponding results in [18]
and [19]. For example, compare formula (24) with m =0, 6 = M, B =1 and the following
formula [19]: For 0 <M < n,

e fn\ (n+k 1
2 Y (k)( k )(k—M)r

0<k<nk+M
G B () GG
M)\ M ) e milmalmal (1 2 3
(29)
where
"1
x = (-D)HY  —oHW +HY, HY = o nmreN.

k=1

Obviously, formula (24) includes the above formula (29) and the main result of [18], i.e.,
formula (24) is an extension of them.
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