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Abstract

In this paper, a viscosity splitting for common solution problems is proposed. Strong
convergence theorems are obtained in the framework of Hilbert spaces. Applications
are also provided to support the main results.
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1 Introduction; preliminaries

In this paper, we always assume that H is a real Hilbert space with the inner product (x, y)
and the induced norm ||x|| = </{x, %) forx,y € H. Recall that a set-valued mapping M : H =
H is said to be monotone iff, for all x,y € H, f € Mx, and g € My imply (x —y,f —g) > 0.
In this paper, we use M~1(0) to denote the zero point set of M. A monotone mapping
M : H = H is maximal iff the graph Graph(M) of M is not properly contained in the graph
of any other monotone mapping. It is well known that a monotone mapping M is maximal
if and only if, for any (x,f) e H x H, (x —y,f — g) > 0, for all (y,g) € Graph(M) implies
f € Mx. For a maximal monotone operator M on H, and r > 0, we may define the single-
valued resolvent J, : H — Dom(M), where Dom(M) denotes the domain of M. It is well
known that J, is firmly nonexpansive, and M~(0) = F(J,).

The proximal point algorithm, which was proposed by Martinet [1, 2] and generalized
by Rockafellar [3, 4] is one of the classical methods for solving zero points of maximal
monotone operators. In this paper, we investigate the problem of finding a zero of the
sum of two monotone operators. The problem is very general in the sense that it includes,
as special cases, convexly constrained linear inverse problems, split feasibility problem,
convexly constrained minimization problems, fixed point problems, variational inequal-
ities, Nash equilibrium problem in noncooperative games and others. Because of their
importance, splitting methods, which were proposed by Lions and Mercier [5] and Passty
[6], for zero problems have been studied extensively recently; see, for instance, [7-17] and
the references therein.

Let C be a nonempty closed and convex subset of H. Let A : C — H be a mapping. Recall
that the classical variational inequality problem is to find a point x € C such that

(y—x,Ax) >0, VyeC. (1.1)

Such a point x € C is called a solution of variational inequality (1.1). In this paper, we use
VI(C, A) to denote the solution set of variational inequality (1.1). Recall that A is said to be
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monotone iff

(Ax—Ay,x-y) >0, VxyeC.

Recall that A is said to be inverse-strongly monotone iff there exists a constant « > 0 such
that

(Ax — Ay,x —y) > k||Ax — Ay||>, Vx,yeC.
For such a case, we also call A is k-inverse-strongly monotone. It is also not hard to see
that every inverse-strongly monotone mapping is monotone and continuous.
Let S: C — C be a mapping. In this paper, we use F(S) to denote the fixed point set of S.
S is said to be contractive iff there exists a constant € (0,1) such that
[Sx Syl < Bllx—yll, Vx,yeC.
We also call S is B-contractive. S is said to be nonexpansive ift

Sx =Syl < lx=yll, VxyeC.

It is well known if C is nonempty closed convex of H, then F(S) is not empty. S is said to

be firmly nonexpansive ift

2
IS = Syll*> < llx = ylI*> = | = S)x - T - )y,

Vx,y € C.

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 [18] Let A be a maximal monotone operator on H. For . >0, u >0, and x € E,
we have Jx = J,(5x + (1 - &), x), where J;, = (I + AMA) ™ and ], = (I + pA)™.

Lemma 1.2 [19] Let {x,} and {y,} be bounded sequences in H. Let {B,} be a sequence in
(0,1) with 0 < liminf,_, B, < limsup,_, . B, < 1. Suppose that x,.1 = 1 — B)yn + Bukn
Vn>1and

1im Sup (|11 = Yol = %1 = 2all) < 0.

n—0oQ

Then lim,_, o ||y, — x4 = 0.

Lemma 1.3 [20] Let {a,} be a sequence of nonnegative numbers satisfying the condi-
tion ay,yg < (1 - t,)a, + t,b,, Vn > 0, where {t,} is a number sequence in (0,1) such that
lim, 0oty =0 and Y oo t, = 00, {b,} is a number sequence such that limsup,_, ., b, < 0.

Then lim,_, o a,, = 0.

Lemma 1.4 [21] Let C be a nonempty closed convex subset of H. Let A : C — H be a
mapping and let B: H = H be a maximal monotone operator. Then |x — (I + sB) x| <
20— (I +rB) x| forall 0 <s <r.
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Lemma 1.5 [22] Let {A,} be a real sequence that does not decreasing at infinity, in the sense
that there exists a subsequence {),, } such that A, < Ay for all k > 0. For every n > ny,
define an integer sequence d(n) as d(n) = max{nyg < k <n|r,, <Ay} Thenlim,_,d(n) =

0 and for all n > no max{rym, An} < Aam.

Lemma 1.6 [23] Let C be a nonempty closed convex subset of H. Let S : C — C be a
nonexpansive mapping with a nonempty fixed point set. If {x,,} converges weakly to x and

{ll%, — Tx, ||} converges to zero. Then x € F(S).

2 Main results

Now, we are in a position to state our main results.

Theorem 2.1 Let C be a nonempty closed convex subset of H. Let S : C — C be a non-
expansive mapping with fixed points and let f : C — C be a B-contractive mapping. Let
A : C — H be an a-inverse-strongly monotone mapping and let B be a maximal monotone
operator on H. Assume that Dom(B) C C and F(S) N (A + B)™(0) is not empty. Let {a,,} and
{B.} be real number sequences in (0,1) and let {r,} be a positive real number sequence in

(0,2w). Let {x,,} be a sequence generated in the following process: x; € C and

Y = 0f (%) + (1 = )%,
Xn+l = ﬁnxn + (1 - IBVI)S(I + rnB)_l(Yn - rnAyn)r Vl’l = 1.

Assume that the control sequences satisfy the following restrictions:
() limy oo 0y =0, Y gty = 00;
(b) 0<liminf,_, o B, <limsup,_ . B. <1
() O<a<r,<b<2aand o2 |ry—rual| <00,
where a and b are two real numbers. Then {x,} converges strongly to a pointx € F(S)N (A +

B)7X(0), which is also a unique solution to the following variational inequality:
(f&® -xp-%<0, VpeF(S)N(A+B)(0).
Proof Note that the mapping I — r,A is nonexpansive. Indeed, we have

||(I— raA)x — (I - r,,A)y”2
= [lx = ylI* = 27 (x - y, Ax = Ay) + 1, °[|Ax - Ay|®

< llx=y1? = ruQa - r,) | Ax - Ayl>.

In light of restriction (c), one finds that I — r,A is nonexpansive. It is obvious that F((/ +
r,B) (I — r,A)) = (A + B)™(0). Fix p € (A + B)"}(0) N F(S). It follows that

Iy =PIl < e |[f ) = p| + 1 = ) llxs — p
< (1= 0,0~ B))Ixn - pll + 2 | () - P
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Putting J,, = (I + r,B)~!, we see that

%1 = Il < Bulln = pll + (L= B) | ST 0 = rudyn) — |
< Bullxn = pll + (L= B)|| 0 — rudyn) - p||

) - pll

= (1=, =B)A=B))llxn = pll + s (1= B)A = B) = .y

By mathematical induction, we find that the sequence {x,} is bounded. Note that

lyn = ynall < oy “f(xn) —f(xu-1) ” + (L= a) [l — %1
+ |an - an—1| “f(xn—l) —Xn-1 ||

=< (1 - an(l - ,3)) o6y, = %1 |l + |ty — a1 ”f(xn—l) — Xp-1 ||

Putting z,, = ¥, — r,Ay,, we find from Lemma 1.1 that

Tn-1 n-1
”]rnzn _]r,,,lzn—ln < H (zn - Zn—l) + (1 - )(]rnzn - Zn—l)
I'n Ty
|rn - rn—1|
< llzn = znall + T ruzn — zall
|rn - rn—1|
< ”yn —YVn-1 ” + |rn - rn—1|||Ayn—1 ” + T ”]rnzn - Zn”

. (1 —a,(1- ,3)) % = xpall + loty — ot Hf(xn—l) —Xn-1 ”

|7 = 1l
+ |rn _rn—1|||Ayn—l|| + T”]rnzn _ZVl”‘

This yields

”S]rnzn - S]rn_lzn—ln =< ”]rnzn _]rn_lzn—ln

< N = Xt | + ot — || ®nt) = % |

[T = Tl
+ |rn _rn—1|||Ayn—l|| + T”]rnzn _Zn”-

It follows from restrictions (a) and (c) that
timup(1S), 2 = S 21| = I = ) < 0.

Using Lemma 1.2, we have lim,,_,  [|S/;, 21 — %4l = 0. It follows that
nlggo %641 — % |l = 0.

Since ||y, — 24|l = &, ||f (x,) — x4, we find that

lim |1y, - ] = 0.
n—o0

(2.2)

Page 4 of 15
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Since || - || is convex, we find that

lyn =PI < | fen) = | + (1 = )l — pII>. (2.3)
It follows that

%1 = 211> < Bulln =PI + A= BT, 20 - PII?

Hence, we have

]rn(I_rnA)yn —P||2

< Bullxn —plI* + 1= By)|
< Bulln =l + 1= B)| T = ruA)y, - p|*
S lgn”xn —P||2 + (1 - /3n)||yn —P||2 - rn(l - ,Bn)(za - rn)”Ayn —AP||2

< [l = pI? + @ [f () = 2| = (1 = B) R = 1) | Ay, — AplI*.

7",,,(1 - /3,,)(20[ - Vn)”Ayn —AP||2

= (”xn -

Pl + %1 = Pl 161 — | + 0| f () — 2|

In view of restrictions (a), (b), and (c), we find from (2.1) that

lim ||Ay, —
n—00

Apl|l =0. (2.4)

Since J,,, is firmly nonexpansive, we have

”]rnzn —P||2

< ru2n = 2, On = 1aAyn) — (p — r4Ap))

- %(n/rnzn I + | O = ruAyn) = (p — r4Ap) |
| Uruzn =) = (0 = rayn) - (0= raAD)) )

< 5 (Wnz =l + s =1 =~ W2~

+ 21l Ay — Ap 20 — yull).-

This implies from (2.3) that

Wiz =PI < 190 =PI = Wru2n = yull® + 200114y, = AP, 20 — 3

< & |[f @) = p||* + A= @)lxn =PI = 15 20 =yl

+ 21y Ay — Apllr, 20 — Yl

On the other hand, we have

%51 = pI* < Balln = pII* + (L= BST, 20 - P

< Bullxn —pI* + A= By, 20 — pII?
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<l = pI? + @ [f ) = 2> = A= B Wrn2 = 9l

+ 27l Ayn — APl 20 = Yull-
This implies that
2
A= B)Wrszn = yull* < (%0 = pIl + 1%s1 = PU) 120 = Xt | + 0 [ f(x) = p|
+ 2rn||Ayn —AP” ”]rnzn _yn”'

In view of restrictions (a) and (b), we find from (2.1) and (2.4) that
lim (|, 2z, = yull = 0. (2.5)
n— o0

Next, we show that limsup,,_, . {f(¥) — X, y, — x) < 0, where X = Projz4,5-1().f (*¥)- To
show it, we can choose a subsequence {y,,} of {y,} such that

hrrlrisolip(f(x) — X, Yy — x) = ilirglo(f(x) =% Yn; — x)
Since {y,,} is bounded, we can choose a subsequence {y,,i/_ } of {y,;} which converges weakly
some point x. We may assume, without loss of generality, that y,, converges weakly to x.

Now, we are in a position to show that x € (4 + B)™1(0). Set A,, = J,,, (¥, — 4 Ay,). It follows
that y”;% — Ay, € BA,. Since B is monotone, we get, for any (i, v) € B,

yn_)\n

n

<An—u, —Ayn—v>20.

Replacing n by #; and letting i — 0o, we obtain from (2.5) that
(x — u,—Ax—v) > 0.

This gives —Ax € Bx, that is, 0 € (A + B)(x). This proves that x € (4 + B)™}(0).
Now, we are in a position to prove that x € F(S). Notice that

n

S)&n_ nll =
152 =yl e

||xn+1 _yn” + ”yn_xn”‘

1
1_:371

This implies that lim,_, o, ||SA,, — y,|| = 0. This implies from (2.5) that ||SA, — A,|| — O.
Since I — § is demiclosed at zero, we find that x € F(S). This complete the proof that x €
F(S)N (A + B)7(0). It follows that

lim sup(f(a'c) — XY — 50) <0.

n—00

Finally, we show that x,, — x. Notice that

lyn = 9_5”2 = an(f(xn) =%, Yn _9_C> + (1= o)l = %[y — x|

< (1= an@ = B))llxn = Zll 1y = ZI| + ctalf (%) = %,y — X).
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This implies that
lyn = 21 < 20a{f (%) = %,y — %) + (1 - (1 = B)) Il — XI>.
It follows that

- - -2
[9s1 = %1 < Bullwn = %> + (1= Bu) || ST, (I = ruA)yn = X|
< Bulln = %1 + L= Ba)lyn — %I

= (1 - an(]- - IBH)(l - IB)) ”xn _7_6”2 + 20[,,(1 - ﬂn)(f(fc) _Q_C'yn _9_C>

In view of restrictions (a) and (b), we find from Lemma 1.3 that x,, — x. This completes
the proof. 0

From Theorem 2.1, we have the following results immediately.

Corollary 2.2 Let C be a nonempty closed convex subset of H. Let S : C — C be a non-
expansive mapping with fixed points and let f : C — C be a B-contractive mapping. Let
{a,} and {B,} be real number sequences in (0,1). Let {x,} be a sequence generated in the

following process: x; € C and

yn = arzf(xn) + (1 - an)xm
X+l = ,ann + (1 - IBrl)Syn: Vn > 1.

Assume that the control sequences satisfy the following restrictions:
() limy oo 0y =0, Y gty = 00;
(b) 0 <liminf,_, B, <limsup,_, . B, <1
Then {x,} converges strongly to a point x € F(S), which is also a unique solution to the

following variational inequality:
(f®-xp-x)<0, VpeF(S).

Corollary 2.3 Let C be a nonempty closed convex subset of H. Let f : C — C be a -
contractive mapping. Let A : C — H be an a-inverse-strongly monotone mapping and let
B be a maximal monotone operator on H. Assume that Dom(B) C C and (A + B)™(0) is
not empty. Let {o,} and {B,} be real number sequences in (0,1) and {r,} be a positive real
number sequence in (0,2a). Let {x,} be a sequence generated in the following process: x; € C
and

Yn = anf(xn) + (1 - a,)x,,
Xn+l = ﬂnxn + (1 - /Sn)(l + rnB)_l(yn - rnAyn)’ Vn > 1.

Assume that the control sequences satisfy the following restrictions:
(a) limyooay =0, Y o0 ay = 00;

(b) 0<liminf,_, B, <limsup,_, ., Bn<1;
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() O<a<r,<b<2aand oo |ry—ry1] <00,
where a and b are two real numbers. Then {x,,} converges strongly to a point X € (A +B)~1(0),
which is also a unique solution to the following variational inequality:

(f®-xp-%<0, Vpe(A+B)0).

Next, we give a result on the zeros of the sum of the operators A and B based on a
different method.

Theorem 2.4 Let C be a nonempty closed convex subset of H. Let f : C — C be a -
contractive mapping. Let A : C — H be an o-inverse-strongly monotone mapping and let
B be a maximal monotone operator on H. Assume that Dom(B) C C and (A + B)™(0) is
not empty. Let {a,} and {B,} be real number sequences in (0,1) and {r,} be a positive real
number sequence in (0,2a). Let {x,} be a sequence generated in the following process: x; € C
and

In = a'lf(xn) + (1 —ap)xy,
Xnl = ﬁnxn + (1 - /371)(1 + VnB)fl()/n - rnAyn)r Vn>1.

Assume that the control sequences satisfy the following restrictions:

(@) lim, o0, =0, oogay =00;

(b) 0<Bu<B<L;

(¢) 0<a<r,<b<2a,
where B, a, and b are real numbers. Then {x,,} converges strongly to a point X € (A + B)™1(0),
which is also a unique solution to the following variational inequality:

(f® -xp-%<0, Vpe(A+B)0).
Proof From the proof of Theorem 2.1, we find that {x,} is bounded. Since Pr(g)n4,5)-1(0)f

is contractive, it has a unique fixed point. Next, we use x to denote the unique fixed point.
Note that

llyn = %1% = ulf (6n) = %,y — X) + (1 = ) (%0 — %, Y — %)

S (1 _an(l _ﬁ)) ”xn _9_‘:””)/}1 _Q_C” +an(f(9_c) _i’yn _9_C>

1-o,(1- _ _ - _
< #(”xn =+ lyn = %01?) + ulf (X) — X, y0 — X).
It follows that
-2 2“;4(1_/3) -n2 205;«1 —- - -
lyn =" < (1 - m) ll, — %7 + m(f(x) — %, — X). (2.6)

Since J,,, is firmly nonexpansive and A is inverse-strongly monotone, we find that

Jrn O = 10AYn) _7_5”2 = ”(y;q — 1mAy,) — (.9_6—1‘,,149_6)”2

T =J0) O = ruy) = (I =], (& - 1, AR) |
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< llyn = %1% = ru e = 1) | Ay, — AZ||?

A=) 0 = ray) = T = J,,) & — 1, AR) | 2.7)

Substituting (2.6) into (2.7), we find that

Jrn O = 10Ayn) — 7_5”2

20,(1-B) _ 20, - _
) R e e Ly

- 7‘,,(20[ - rn)”Ayn _AQ_Cllz - H (1_]7””)()’}1 - rnAyn) - (1 —]rn)(J_C - VnAJ_C) Hz

It follows that

- - —n2
[9s1 = %1 < Bullwn = ZI1* + L= Bu) | T 0 — 1uAyn) — %||

200,(1 - B,)(1 - B) — 12 20,(1 - B,) -\ = _
(- g

-(1- ﬁn)rn(za - rn)”Ayn _A?_C”2

— (=BT =T = 1Ay) = (L = ], ) G = 1, AR) | (2.8)

Next, we consider the following possible two cases.
Case 1. Suppose that there exists some nonnegative integer m such that the sequence
{llx, — x||} is eventually decreasing. Then lim,_, » ||x, — X|| exists. By (2.8), we find that

(1= Bu)rn(2a — 1) | Ay, —A.7_C||2
< 120 = ZII? = %1 = 21 + 20, |[f(R) = %[ 1 - ZII.

By use of restrictions (b) and (c), we have lim,,_, », [|Ay, —AX| = 0. It also follows from (2.8)
that

(=BT =)0 = 12y) = I = J,,) & — 1,A%) |

< [0 = Xl = 11 = 2I* + 200, | f (&) = %[ 17 - ZII.
From restrictions (b) and (c), we obtain
lim ”(1 _]rn)O/n - rnAyn) - (I _]r,,)(;c - rnA;C) || =0.
n— o0

Hence, we have limy,_.« ¥4 — Ji,, Wu — ¥1Ayn)|l = 0. From Lemma 1.4, we find that ||y, —
]r(yn - rAyn)” f 2||yn _]rn (yn - rnAyn)”' ThlS 1mphes that hmnﬁoo ”_yn _]r()’n - rAyn)H = 0
Next, we show that limsup,_, . {(f(X) — X,y, — ¥) < 0. To show it, we can choose a subse-

quence {y,,} of {y,} such that

lim sup(f(a_c) — X, Yy — 5c> = ilirglo(f(a_c) — XY, — 56)

n—00

Since {y,,} is bounded, we can choose a subsequence {y,,L.]_ } of {y,;} which converges weakly
to some point x. We may assume, without loss of generality, that y,, converges weakly to x.

Page 9 of 15
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Since the mapping /(I — rA) is nonexpansive, we find that x € F(J,(I — rA)) = (A + B)~(0).
It follows that limsup,,_, . (f(¥) — ¥, 7, — %) < 0. In view of (2.8), we find from Lemma 1.3
that x, — X.

Next, we consider another case.

Case 2. Suppose that the sequence {||x,, —x||} is not eventually decreasing. There exists a
subsequence {||x,, — X||} such that |lx,, —X|| < ||l%y;+1 — X|| for all i > 0. We define an integer
sequence k() as in Lemma 1.5. By use of (2.8), we have

ll k1 — I
20tk (n) (1 = Brgw)) (L — B) _
< (1 - Sk PR ey — %112
1+ g1 - B)

20tk(n) (1 = Br(ny)
1+ age(—B)

(f (%) = % yan) — )
— (1 = Bictmw)(m (20t = i) | Ayiny — AR

= (1= Bm) [ I = Try) Oktn) = T AVkn) = (I = T )& = 1) AR) | g (2.9)

It follows that

Jim (7 ~Trom Ok = Tk AVk()) | =o. (2.10)
Hence, we have limsup,,_, . (f(%) — %, yx(n) — %) < 0. In view of (2.9), we find that

lim %) — &|| = 0.

n—0oQ
Note that

ko1 = 20 < 1Yk — Zron+1ll + Xk = e | + 1%k — %]
< ke |[f By 1) = X |
+ (1= Brw) e Ok = T AVkn) = %iny | + 1%k — X
< iy |[f Gorim1) = Xk | + gy Okn) = P AYk0n) = Ve |
+ ot | Ok m) = %k0m) || + 1%k0n) = I

By use of (2.10), we find that lim,,_, « ||y, — | = 0. Since ||x, —%|| < au|lf () — x|l + lyn — 2|,
we find that lim,,_, » ||%, — ¥|| = 0. This completes the proof. O

Remark 2.5 Comparing Theorem 2.4 with the recent results announced in [7, 11] and
[24], we have the following:

(i) Our proofs are different from theirs.

(ii) We remove the additional restriction Y -, [Fu1 — | < 00.

3 Applications
In this section, we investigate solutions of equilibrium problems, variational inequalities
and convex minimization problems, respectively.
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Let F be a bifunction of C x C into R, where R denotes the set of real numbers. Recall

the following equilibrium problem:
Find x € C such that F(x,y) >0, VyeC. (3.1)

In this paper, we use EP(F) to denote the solution set of the equilibrium problem.

To study equilibrium problems (3.1), we may assume that F satisfies the following con-
ditions:

(Al) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) foreachx,y,z€C,

limsup F(tz + (1 - t)x,y) < F(%,);
£40

(A4) for eachx € C, y— F(x,y) is convex and weakly lower semi-continuous.

Lemma 3.1 [24] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F be a bifunction from C x C to R which satisfies (A1)-(A4) and let B be a multivalued
mapping of H into itself defined by

eH:F(x,y) > {y—«,2),Vye C}, eC,
B o {z x> (y-x2),YVy€C}, « (3.2)
@, x ¢ C.

Then B is a maximal monotone operator with the domain D(Br) C C, EP(F) = BX(0), and
T,x= (I +rB)™\x, Vx € H, r > 0, where T, is defined as

1
Tx= {zeC:F(z,y)+ ;(y—z,z—x) ZO»V)’GC}'

Theorem 3.2 Let C be a nonempty closed convex subset of H. Let S : C — C be a non-
expansive mapping with fixed points and let f : C — C be a B-contractive mapping. Let
A : C — H be an a-inverse-strongly monotone mapping and let F be a bifunction from
C x C to R which satisfies (A1)-(A4). Assume that F(S) N EP(F) is not empty. Let {o,} and
{B.} be real number sequences in (0,1) and let {r,} be a positive real number sequence in

(0,2w). Let {x,,} be a sequence generated in the following process: x; € C and

Y = f () + (1 = )%,
Xne1 = BnXn + (1- ,Bn)S(I + rnB)_](Yn - rnAyn)r Vn>1,

where B is a mapping defined as in (3.2). Assume that the control sequences satisfy the
following restrictions:

() limy— oo 0y =0, Y gty = 00;

(b) 0 <liminf,_, o By <limsup,_, ., Bn<1;

() O<a<r,<b<2aand . |ry—ry1] <00,
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where a and b are two real numbers. Then {x,} converges strongly to a point x € F(S) N

EDP(F), which is a unique solution to the following variational inequality:
(f® -%p-%<0, VpeF(S) NEPKF).

Theorem 3.3 Let C be a nonempty closed convex subset of H. Let f : C — C be a B-
contractive mapping. Let A : C — H be an a-inverse-strongly monotone mapping and Let F
be a bifunction from C x C to R which satisfies (A1)-(A4). Assume that EP(F) is not empty.
Let {a,} and {B,} be real number sequences in (0,1) and let {r,} be a positive real number

sequence in (0,2a). Let {x,} be a sequence generated in the following process: x1 € C and

yn = arzf(xn) + (1 - Oln)xm
Xl = ﬂnxn + (1 - ﬂn)(] + rnB)71@n - rnAyn)) Vn = 1.

Assume that the control sequences satisfy the following restrictions:
(a) limy oo, =0, Y 00 ay = 00;
(b) 0<B,<B<l;
(¢) 0O<a<r,<b<2a,
where B, a, and b are real numbers. Then {x,,} converges strongly to a point X € (A + B)™1(0),

which is also a unique solution to the following variational inequality:
(f®) -xp-%<0, Vpe(A+B)0).

Let g: H — (—00,+00] be a proper convex lower semi-continuous function. Then the
subdifferential dg of g is defined as follows:

dg(x) = {yeH:g(z) >g(x) + (z—x,y),zeH}, Vx € H.

From Rockafellar [4], we know that dg is maximal monotone. It is easy to verify that 0 €
9g(x) if and only if g(x) = minyey g(9). Let I¢ be the indicator function of C, i.e.,

0, xeC,
Ic(x) = (3.3)
+o00, x¢C.

Since I¢ is a proper lower semi-continuous convex function on H, we see that the subdif-

ferential d/¢ of I¢ is a maximal monotone operator.

Lemma 3.4 [24] Let C be a nonempty closed convex subset of H and let Proj - be the metric
projection from H onto C. Let 91 be the subdifferential of I, where I¢ is as defined in (3.3).
Theny = (I + A3Ic) " x &= y=Projcx,Vx € H,y € C,

Theorem 3.5 Let C be a nonempty closed convex subset of H. Let S : C — C be a non-
expansive mapping with fixed points and let f : C — C be a B-contractive mapping. Let
A : C — H be an a-inverse-strongly monotone mapping. Assume that F(S) N VI(C,A) is

not empty. Let {a,,} and {B,} be real number sequences in (0,1) and let {r,} be a positive
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real number sequence in (0,2a). Let {x,} be a sequence generated in the following process:
x1 € Cand

In = arlf(xn) + (1 —ap)xy,
Xn+l = ﬁnxn + (1 - ﬁn)SPrOjC(yn - rnAyn)’ Vn = 1.

Assume that the control sequences satisfy the following restrictions:

1) lim, 00, =0, Y ooy oty = 00;

(2) 0<liminf,, B, <limsup,_, B <1;

(B) O<a<r,<b<2aand) ;. |ry,—ry1] <00,
where a and b are two real numbers. Then {x,} converges strongly to a point x € F(S) N
VI(C, A), which is a unique solution to the following variational inequality:

[f® -%p-3 <0, VpeF(S)NVI(C,A).

Proof Putting Bx = dl¢, we find from Theorem 2.1 and Lemma 3.4 the desired conclusion
immediately. O

Theorem 3.6 Let C be a nonempty closed convex subset of H. Let f : C — C be a B-
contractive mapping and let A : C — H be an o-inverse-strongly monotone mapping. As-
sume that FVI(C, A) is not empty. Let {«,} and {B,,} be real number sequences in (0,1) and
let {r,} be a positive real number sequence in (0,2a). Let {x,} be a sequence generated in
the following process: x, € C and

Yn = arzf(xn) + (1 - an)xn,
Xpe1 = BnXn + (1- ,Bn)ProjC()/n - rnAyn); Vn>1.

Assume that the control sequences satisfy the following restrictions:

(a) limyoo 0y =0, Y 00 ay = 00;

(b) 0<B,<B<l;

(¢) 0<a<r,<b<2a,
where B, a, and b are real numbers. Then {x,,} converges strongly to a point X € (A + B)™1(0),
which is also a unique solution to the following variational inequality:

(f®) -xp-%<0, VYpe(A+B)0).

Proof Putting B = 3I¢, we find from Theorem 2.4 and Lemma 3.4 the desired conclusion
immediately. d

Let W : H — R be a convex and differentiable function and M : H — R is a convex
function. Consider the convex minimization problem minycy (W (x) + M(x)). From [25],
we know if VW is %-Lipschitz continuous, then it is L-inverse-strongly monotone. Hence,
we have the following results.

Theorem 3.7 Let W : H — R be a convex and differentiable function such that VW is %—
Lipschitz continuous and let M : H — R be a convex and lower semi-continuous function
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such that (VW + dM)71(0) is not empty. Let f be a B-contractive mapping on H. Let {a,,)}
and {B,} be real number sequences in (0,1) and let {r,} be a positive real number sequence
in (0,20). Let {x,,} be a sequence generated in the following process: x, € C and

Y = nf () + (1 = )%,
Xpi1 = BuXn + 1- ,Bn)(] + rnM)_l(yn -1,V Wyn): Vn>1.

Assume that the control sequences satisfy the following restrictions:

(@) lim, oo, =0, oogay = 00;

(b) 0<Bu=B<L;

() O<a<r,<b<2a,
where B, a, and b are real numbers. Then {x,} converges strongly to a point x € (VW +
M), which is also a unique solution to the following variational inequality:

f@®-xp-%<0, VYpe(VW+aM)™

Proof Putting A = VW and B = 9M, we find from Theorem 2.4 the desired conclusion
immediately. O

4 Conclusions

In this paper, we study a convex feasibility problem via two monotone mappings and a
nonexpansive mapping. The common solution is also a unique solution of another vari-
ational inequality. The restrictions imposed on the sequence {r,} are mild. The results

presented in this paper mainly improve the corresponding results in [7] and [11].
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