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Abstract

In this paper we establish atomic decompositions of some weak Orlicz-Lorentz
martingale spaces which are generalization of Orlicz martingale spaces and of Lorentz
martingale spaces. With the help of atomic decompositions, the boundedness of
sublinear operators is obtained.
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1 Introduction and preliminaries

The idea of atomic decomposition in martingale theory is derived from harmonic anal-
ysis [1]. Just as it does in harmonic analysis, the method is a key ingredient in dealing
with many problems including martingale inequalities, duality, interpolation, and so on,
especially for small-index martingale and multi-parameter martingales. As is well known,
Weisz [2] gave some atomic decompositions on martingale Hardy spaces and proved many
important theorems by atomic decompositions; Weisz [3] made a further study of atomic
decompositions for weak Hardy spaces consisting of Vilenkin martingales, and he proved a
weak version of the Hardy-Littlewood inequality; Liu and Hou [4] investigated the atomic
decompositions for vector-valued martingales and some geometry properties of Banach
spaces were characterized; Hou and Ren [5] considered the vector-valued weak atomic de-
compositions and weak martingale inequalities. Orlicz Hardy martingale spaces are also
studied by some authors such as Miyamoto, Nakai, Sadasue and Jiao [6—8]. At the same
time, the Lorentz spaces are discussed (see [9—13]). For example, the atomic decomposi-
tions of Lorentz martingales are first studied by Jiao et al. in [10], and in 2013 Ho investi-
gated the atomic decomposition of Lorentz-Karamata martingale spaces similarly to the
idea of [10]. As the generalization of Orlicz and Lorentz spaces, the Orlicz-Lorentz spaces
attract more attention. Montgomery-Smith [14] discuss the comparison of Orlicz-Lorentz
spaces. Rajeev and Romesh [15] studied composition operators on Orlicz-Lorentz spaces.
Echandia [16] discussed the interpolation of Orlicz-Lorentz spaces.

Let (2, X, 1) be a measure space, L°(11) be a space of all X-measurable functions. Let
there be given an Orlicz function ¢ : [0,00) — [0,00) (i.e., it is a convex function and
takes value zero only at zero) and a weight function w : (0, 00) — (0,00) (i.e., it is a non-
increasing function and locally integrable and fooo w(x) dx = 00). The Orlicz-Lorentz space
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Ay, on (R, X, 1) is the set of all functions f(x) € L%(11) such that

/ <p(kf* (x))a)(x) dx < 0o (1.1)
0
for some A > 0, where f* is the non-increasing rearrangement of f defined by

)= inf{s >0:ds(s) < t}.

We shall not work with this definition of the Orlicz-Lorentz space, however, but with
a different, equivalent definition. A Young function F is an even continuous and non-
negative function in R!, increasing on (0, 00), such that lim,_, o+ F(¢) = 0, lim,_, o F(£) = 00,
F(¢) = 0 iff £ = 0. A Young function F is said to satisfy the global A,-condition if there is
¢ > 0 such that F(2t) < cF(¢) for all £ € RL. We define F(¢) to be 1/F(1/¢) if t > 0 and O if
t=0.

We define the Orlicz-Lorentz space Lr g as the set of all measurable f’s on Q for which
the Orlicz-Lorentz functional

fllrg=|f*oFo G|, = inf{)» : /OOO G(@) dt < 1}

is finite.
Similarly, by means of the weak Orlicz-Lorentz functional

IfllEoo = iug?‘l(t)f*(t),

we define the Orlicz-Lorentz space L .

Remark 1.1 By the fact sup,, £'f*(¢) = sup,., t(ds(t))°, we have ||f[|F,c0 = SUP;= tl:"’l(df(t)).
We see that Lrr = L, where Ly is Orlicz space, and that if F(¢) = t¥ and G(¢) = ¢4, then
LrG = Ly, If A is any measurable set, then [|x4llr,6 = | xallr0 = | Xalle = FH(1(A)).

Let (2, X, P) be a complete probability space, and (X,),>0 a non-decreasing sequence
of sub-o -algebras of ¥ with £ = o (| ,., £,). We denote by E and E, the expectation and
conditional expectation with respect to  and ¥, respectively. For a martingale f = (f,) >0
with martingale differences df,, = f,, — f,-1, n > 0, f.1 = 0, denote

" 1/2 " 12
Mf =suplfil,  Su(f) = (Z |dfk|2) .ol = (ZEk_udmz) ,
" k=0

k=0
Mf = lim M,f, S(f) = lim S,(f), o(f) = lim o,(f).
n—oQ n— 00 n—0o0

Denote by A the collection of all sequences (1,),>0 of non-decreasing, non-negative and
adapted functions and set A, = lim,,_, » A,. Thus we can define some weak Orlicz-Lorentz
martingale spaces as follows:

He oo = {f = ()¢ [0 ()] 100 < 00},

QF,oo = {f = (f;’l) : EI()\n)nzo €A, s.t. Sn(f) =< )\'}’1—17 )\oo € LF,oo};
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= inf ||A ,
F Qs = jinf Iroollze

Droo = {f = (fu) : Iwdnz0 € A, st [ful < Autshoo € LEoo s

I Do = ()\inl)l;fA [AoollZp -

Definition 1.2 A measurable function « is called a weak atom of the first category (or of
the second category, of the third category, respectively) if there exists a stopping time v
(v is called the stopping time associated with a) such that

(i) ay=Ea=0ifv>n;

(il) llo(a@)lleo < 00 (or (ii) [|S(@)|leo < 00, (ii) ||Ma]|s < 00, respectively).
These three category weak atoms are briefly called w-1-atom, w-2-atom, and w-3-atom,
respectively.

Throughout this article, we denote the set of integers and the set of non-negative integers
by Z and N, respectively. We use ¢ to denote constants and may denote different constants
at different occurrences.

2 Weak atomic decompositions

Weak atomic decompositions of some weak martingale Hardy spaces were studied in
[5, 7]. In this section, we will consider weak atomic decompositions of some weak Orlicz-
Lorentz martingale spaces.

Theorem 2.1 Let F~' € Ay. Thenf = (f,) € HY  ifand only if there exist a sequence (@)rez
of w-1-atoms and the corresponding stopping times (tx)xez sSuch that

M) fu=2kez E,a";
(2) o(a*) <A -2k Vk € Z for some constant A > 0, and SUDgc7, 2k F-1(P(1) < 00)) < 00.
Moreover the following equivalence of norms holds:

If g ~ infsup2“F~ (P(tx < 00)), (2.1)
o0 keZ

where the infimum is taken over all the preceding decompositions of f.

Proof Assume f = (f,,n € N) € Hg . Let us consider the following stopping time for all
keZ:

1 = inf{n € N, 0, (f) > 25}, inf(#) = cc.

Then the sequence of these stopping times is non-decreasing and 7; 1 oo. Let (%) =
(fizuamy» 1 € N) be the stopping martingale. It is easy to see that

fu= Z(frgfku) _’fyffk))‘ (2.2)

kel

Now let a* = fi) _ ) Then for a fixed k € N (a, n € N) is a martingale and

o 172
o(ak) = <2Ei_1’daﬂ2) < (a (f””l) + a(f’k)) <3.25  wvn (2.3)
i=0
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Thus |M(a¥) |, < cllo (@), < oo and (ﬂ’;)nzo is L, bounded. So there exists an integrable
function af such that aﬁ = E,a". If n < 1, then E,.a* = 0, so we get a is really a w-1-atom.
Moreover, we have

fi= Z(fn(fku) _fyffk)) = Zaﬁ = ZEnﬂk' (2.4)

keZ keZ keZ
Hence we get (1). As {tx < 00} = {o'(f) > 2} for any k € Z, we have
2 (P(ry < 00)) = 2°F1(P(a () > 2°))

<suptF! (P(o(f)>1t)) = Fllrg . (2.5)

t>0

which implies sup; 2KE1(P(1 < 00)) < fllzg , < o0.

Conversely, assume that f = (f,),>0 has a decomposition of the form (1). Let M =
SUPye7, 2kl~:_1(P(7:k < 00)). For any fixed y > 0 choose j € Z such that 2/ < y < >+,

Let

j-1 oo
fu= ZE,,ak = ZE,,uk + ZE,,ak =g, +h, VneN.
keZ k=00 k=j

Thus by the fact that o (f) < o (g) + o (h), we have
P(o(f) > 24y) < P(o(g) > Ay) + P(o (h) > Ay).

Since o (a¥) < A - 2%, Vk € Z, we have

j-1 j-1
o(@ <) o(d)<Ad 2k <A (2:6)
k=00 k=00

Then P(o (g) > Ay) < P(o(g) >A2) = 0.

On the other hand, since af‘ = E,(a*) = 0 if n < 1, thus o(a¥) = 0 on the set {7; = 00}.

Moreover o (h) < Z,fija(ak) and {o(h) >0} C U,fij{rk < 00}. Since F! € A, then F! =
Fle A,. Moreover F is c-subadditive, i.e.,
F_l(tl + lfz) < C(l:"_l(tl) + i:'_l(tz)), Vt,ty > 0. (27)

Consequently,

?'1(P(o(f) > 2Ay)) < ?_1(P(o(h) >Ay)) < F"I(P(a(h) > O))

< Zcf-"_l (P('L’k < oo)) < ZCM2_k <cM27! < cMy_l, (2.8)
k=j k=j
which implies
Ifllzz . = sup 24yF7(P(o (f) > 24y)) < csup 2KF (P(zy < 00)). (2.9)
e y>0 keZ

We combine (2.5) and (2.9) to obtain (2.1). Thus we prove Theorem 2.1. O
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Theorems similar to Theorem 2.1 hold for the spaces Qr  and Dr .

Theorem 2.2 Let F' € Ay. Then f = (f,) € Or if and only if there exist a sequence
(@")xez, of w-2-atoms and the corresponding stopping times (ti)rez such that

1) fo= yen End

(2) S(a¥) <A - 2%, Vk € Z for some constant A > 0, and supyy 2KF~(P(ty < 00)) < 00.
Moreover the following equivalence of norms holds:

Ifll o o, ~ infsup2*F~(P(z; < 00)), (2.10)
keZ

where the infimum is taken over all the preceding decompositions of f.

Theorem 2.3 Let F! € A,. Then f = (f,) € Dro if and only if there exist a sequence
(a¥)iez, of w-3-atoms and the corresponding stopping times (tTi)xez such that

) fu = Yker Ena;

(2) M(a) <A -2k Yk € Z for some constant A > 0, and SUPgez 2XF-1(P(1; < 00)) < 00
Moreover the following equivalence of norms holds:

D, ~ infsup 2XF~(P(zy < 00)), (2.11)
keZ

where the infimum is taken over all the preceding decompositions of f.

We sketch the proofs of Theorem 2.2 and Theorem 2.3 and omit the details since they
are similar to that of Theorem 2.1. Let 7; = inf{# € N : 1,, > 2¥} in these cases where (1,,),=0
is the sequence in the definitions of QF », and Dr«,, respectively. Let a* be defined as in
the proof of Theorem 2.1. Equation (1) and the analogs of (2.5) can be proved in the same
way as in Theorem 2.1. For the converse parts of the proof of Theorem 2.2 assume that
f = (f)n=0 has a decomposition of the form (1) and let A, = >, X(z, <n} 15(@") || o0 Then
(An)n=0 is a non-negative, non-decreasing and adapted sequence with S,,,1(f) < A,,. For any
fixed y > 0 choose j € Z such that 2 < y < 7*!, then A, = Y 4 29 with

J-1 °°
0= st S@) 22 =3 e [5)]
k=-00 k=j

Similarly to the argument of (2.8) (replacing o (g) and o (%) by A% and 22, respectively)
we have

FH(POhoo > 24y)) < F1(P(AY > Ay)) < F(P(2) > 0))

oo oo
<> FN(Pi<o0)) < Y M2 <eM27 <My (212)
k=j k=j

It follows that ||f |l oy ., < cSupz, 2KF1(P(1; < 00)), which shows that f € QO o, and (2.10)
holds. As for the converse parts of the proof of Theorem 2.3 we let

Ap = Z X <n) ”M(ak) ”oo

keZ
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3 Sublinear operators on weak Orlicz-Lorentz martingale spaces
As one of the applications of the atomic decompositions, we shall obtain a sufficient con-
dition for a sublinear operator to be bounded from weak Orlicz-Lorentz martingale spaces
to weak Orlicz-Lorentz function spaces.

An operator T': X — Y is called a sublinear operator if it satisfies | T'(f + g)| < |Tf| +|1g|,
|T(af)| < ||| Tf|, where X is a martingale space, Y is a measurable function space. In this

paper, we will add some restrictions to the function F.

Definition 3.1 A strict concave function F is said to obey the A-condition written often
as F € A, if there exists a positive constant b such that F(xy) < bF(x)F(y) for arbitrary x, y €
R*; and it obeys the v7-condition denoted symbolically as f € v, if there exists a positive
constant B such that F(x)F(y) < F(Bxy) for arbitrary x,y € R*, where B > 1 (see [17]).

Here we should notice that:

(1) Any strict concave function F € A, since F(2x) < 2F(x), Vx > 0;

(2) Not only the power function F € v, for example F(x) = x/In(1 + ¢*1).

41y, &t
In(1+e**4) X

(In(1+e*+1))2

Proof By the definition of F(x), we have F'(x) = . Thus we have

xF'(x) x el
=supl

0<sup —— — <
e P T s e) 11 et

1,

which means F(x) is a strict concave function. Now we will prove that F(xy) > F(x)F(y),

Vx,y > 0. Since

1+ < (1 + ex+1)3’+1 < (1 i ex+1)ln(1+ey+1),

we have In(1 + ¢2*1) <In(1 + 1) In(1 + ¢*!). Then F(xy) > F(x)F(y), Vx,y > 0. Thus we
complete the proof of (2). d

Theorem 3.2 Let concave function F' € ANy and T : Ly(X) — Ly(Y) be a bounded

sublinear operator. If

P(|Ta| > O) < cP(1 < 0) (3.1)
for all w-1-atom a, where T is the stopping time associated with a, then

1T g < Mf g
Proof By Theorem 2.1, f can be decomposed into the sum of a sequence of w-1-atoms

and o (a¥) < A2%, Vk € 7Z for some constant A. For any fixed y > 0 choose j € Z such that
21 <y<2andlet

j-1 oo
fu= ZEna" = Z E,d" + ZEnak =g, +hy.
k=—00 k=j

keZ
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Recall that o (a¥) = 0 on the set {7 = 00}, we have

lglla < ZHakacZHU ),

j-1 1/2
=c Z (/ a(zzk)zdP>
{Tx <00}

k=—00
¢ Y o(at) | Pla < oo

j-1
<c Z 2%P(1x < 00)V2.

k=—00

Since F~! € A N v, we have for any x,y >0

- - 1 1 1o, =
Fl(xy) = Fl(xy) = ) > TR = S @E0),

E ' xy) = Fl(xy) = ! ! FY(Bx)E™\(y) < BEY(x)E\(y).

(L 5) F‘I(Bx)F 1( ) -
It follows from the boundedness of T and that
FY(P(1Tgl >y)) < 7 (2N Tell3) < E7 (v lgl3)

< cB(F'(y 1||g||2)) <cB< <-1]zlj2’<1> tk<oo)1/2)>

k=00

j-1 2
< CB(Z y 12X E (P < 00)1/2))

k=00

j1 2
< CB(Zy—lzk/22k/21:_v—l (P(zi < 00)1/2))
k=00

_ 2
< B If g )

<oy fllmg.,

which implies

1Tz < clfllsg..

On the other hand, by the assumption (3.1) we have

F(P(ITh| > y)) < yF~'(P(IThl > 0))
< yF (iP(|Tak| > 0)) < cin_ka?_l(P(t < 0))

<927 \f g, < clfllug,.»

(3.2)

(3.3)

(3.4)

Page 7 of 9
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which implies
1 Thlle, < clif iz (35)

By (3.4) and (3.5),

1T Nz < (TR + 1 ThlILp,) < clfllrrg.,-
Thus we complete the proof. d

Similarly to the proof of Theorem 3.2, we can prove the following two theorems. In the
proof we need Theorem 2.2 and Theorem 2.3 instead of Theorem 2.1, respectively. Here
we only give the two theorems and omit the proofs

Theorem 3.3 Let the concave function F* € AN~y and T : Ly(X) — Ly(Y) be a bounded
sublinear operator. If

P(|Ta| > O) < cP(t < 0) (3.6)
for all w-2-atom a, where T is the stopping time associated with a, then

” Tf”L[:,oo = C”f”QF,oo'

Theorem 3.4 Let concave function F' € ANy and T : Ly(X) — Ly(Y) be a bounded
sublinear operator. If

P(|Ta| > O) < cP(1 < 0) (3.7)
for all w-3-atom a, where t is the stopping time associated with a, then

1T Nl < clf I1Dp e
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