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Abstract

In this paper, we study proofs of some new Liouville theorems for a strongly
p-coercive quasi-linear parabolic type differential inequality with a gradient term and
singular variable coefficients. The proofs are based on the test function method
developed by Mitidieri and Pohozaev.

1 Introduction

We consider a singular quasi-linear parabolic differential inequality with a gradient term
u; —Lu > a(x)u? — bx)|Vul®, x€Q,t>0, 1.1)
and the initial condition is given by
ulx,0)=uy, x€§, (1.2)

where g,s >0, Q2 C RN (N > 1) is a bounded domain with sufficiently smooth boundary or
€ =RV, the initial function u, € L, () is nonnegative, and the coefficients a(x) and b(x)
are positive and singular on the boundary d<2 or at the origin 0.

Let A: Q x R x RN — R be a Carathéodory function and define an operator L as
Lu = div(A(x, u, Vi) V),

(2 x (0,00)) such that A(x,u, Vi) € LL (2 x (0,00)). The operator L is

loc

11
for any u € W,
said to be strongly p-coercive (S-p-C), if there exist three constants ¢j,¢; >0 and p > 1

such that the inequality
alnl? < Alxu,n) < ol (1.3)

holds for all (x,u,7) € Q x R x RN, For example, the Laplace operator is S-2-C and the
p-Laplace operator is S-p-C.

Inequality (1.1) appears in many fields, such as fluid mechanics, biological species, and
population dynamics, see [1-3]. From the perspective of fluid mechanics, (1.1) describes
the non-Newtonian filtration phenomenon and the flow of gas in a porous medium, in
which a(x)u? is called the source term and —b(x)|Vu|* is called the gradient absorption

term.
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There have been many results on the nonexistence of nonnegative nontrivial global so-
lutions for nonlinear parabolic type equations or inequalities (and systems), see [4—15]
and references therein. In 1966, Fujita [4] studied the following Cauchy problem of the

semilinear heat equation:
du-Au=uf, xeRN,t>0,

and he obtained the critical exponent g. =1 + 2/N on the existence versus nonexistence
of nonnegative nontrivial global solution. From then on, there have been a number of ex-
tensions of Fujita’s results in many directions, and many scholars pay close attention to
his results. The nonexistence of a global solution for nonlinear partial differential equa-
tions, which arises from the Liouville type theorem of harmonic function, is a nonlinear
Liouville type theorem. Thus one can prove some properties of solutions in a bounded
domain and this is a kind of essential reflection of blow-up or singularity theory as well,
see [5] and references therein. In the whole space, Kartsatos [6] studied a Liouville type
theorem on the solution for a quasi-linear parabolic equation without singular variable
coeflicient and gradient term. For a more general evolution and quasi-linear parabolic
type inequality, see [7, 8] and references therein. By using the test function method, Mi-
tidieri and Pohozaev [9, 10] studied the Liouville type theorems for elliptic and parabolic
equations without gradient source term. Afterwards, by using the same method, Wei [11]
obtained the nonexistence of the nonnegative nontrivial global weak solution for a semi-
linear parabolic inequality with a weight function a(x, t) > (Jx|? + £)7, but without a gra-
dient term. Note that the gradient term in the right-hand side of (1.1) will bring substantial
difficulty to the research. In the whole space, Mitidieri and Pohozaev [12] put forward an
important result for a differential inequality with a gradient nonlinearity; they considered
the following quasi-linear elliptic inequality:

—Apu > ul|Vul’, xeRN, (1.4)

and they proved that it has only constant solutions if 1 <p <N, ¢>0,s>0,g+s>p -1,
and g+ % < A;]L_;D. Later, Karisti and Filippucci did further research on general forms of
(1.4) (c¢f [13,14]). Galakhov [15] discussed a strongly p-coercive elliptic, parabolic, and hy-
perbolic type differential inequality with a gradient nonlinearity of constant coefficient in
bounded and unbounded domains. Moreover, they obtained a Liouville theorem by mak-
ing use of the test function method. Recently, Li and Li [16, 17] extended their conclusions
to the case of an elliptic type inequality with singular variable coefficients and obtained
the nonexistence of solutions to that inequality and to the Harnack inequality. For singular
parabolic problems in conical domains, refer to [18—20] and the references therein.
Besides the works mentioned above, there are few studies on nonlinear Liouville the-
orems for a parabolic type differential inequality (1.1) with singular variable coefficients
and a gradient term. The purpose of this paper is to investigate the influence of an S-
p-C operator, the exponent of singular coefficients, and the gradient nonlinearity on the
nonexistence of a nonnegative nontrivial global weak solution. The main difficulty lies
in choosing a suitable test function according to different singularities of a(x), b(x), and
inequality (1.1) with gradient nonlinearity. We will use the test function technique, devel-
oped by Mitidieri and Pohozaev [9, 10, 12], to show some Liouville theorems on the weak
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solution for problem (1.1)-(1.2) with bounded and unbounded domains. In particular, we
recall that no use of comparison results and no conditions at infinity on the solution are
required.

This paper is organized as follows: In Section 2, some preliminaries, such as some basic
definitions and assumptions, and our main results are given. We prove the main results in

Sections 3 and 4.

2 Preliminaries and main results
Since p > 1 and inequality (1.1) is degenerate or singular, problem (1.1)-(1.2) has no classical
solution in general, and so it is reasonable to consider other solutions. We state the two

definitions of a weak solution and of a solution with a positive lower bound.

Definition1 A nonnegative function u(x, ) is called a weak solution of problem (1.1)-(1.2)
in S = Q x (0, 00), if the following two conditions are satisfied:

(i) A(x,u, Vu)Vu e LL (S) and u € W, 2(S)NLL (S),

(ii) for any nonnegative function ¢ € C}(S), we have

/a(x)quodxdt < —/ uo@(x,0) dx—/uatgodxdt
s Q s

+/A(x,u,Vu)VuV(pdxdt+/b(x)IVu|S<pdxdt. (2.1)
s s

Definition 2 A nonnegative function u € VVﬁf (S NLL

(S) such that A(x,u, Vu)Vu €
L} (S) is said to be a solution with positive lower bound in S, if there exists ¢ > 0 such

that u(x,f) > ca.e.in S.

We consider two types of singularities.

Type 1: Both a(x) and b(x) are singular on the boundary 9<2, i.e., there exist constants
¢o,dp >0 and o, B € R such that

a(x) > cop(x)™, b(x) > dop(x)F, xeQf, (2.2)

where p(x) = dist(x, 9Q2) and Q° = {x € Q: p(x) < ¢} for sufficiently small ¢ > 0.
Type 2: Both a(x) and b(x) are singular at the origin in the case that = RY, i.e., there exist
constants ¢j,d; > 0 and «, B € R such that

a(x)>calx[™,  bx) >dilx|?, xeRV\{0}. (2.3)

To establish a priori estimates of the solutions, we define some test functions which have
the form of a separation of the variables, and those functions will be widely used in the
sequel.

For the space variable and singular Type 1, we introduce a cut-off function &, €
Ca(£2;[0,1]) that satisfies

0<&@) <1 &@=1 inQ\Q¥,  &@®=0 inQ°,
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and
|VE| <ce™, xeQ, (2.4)

for some constant ¢ > 0.
For the space variable and singular Type 2, we consider a cut-off function & €
Cy(RN;[0,1]) that satisfies

0<é&@) <1, &@=1 inBp(0), &) =0 inRY\By(0),
and
|VErl <ER™, x€Q, (2.5)

for some constant ¢ > 0.
Set

x (&) =&, (2.6)

where A > 0 is a parameter to be chosen later according to the nature of problem (1.1)-(1.2).
For the time variable, assume that 7(¢) € C*°([0, 00)) and

0<n@®<1 n@=1 in[0,1], n(®) =0 1in[2,00], -C<n'(¢) <0.
Then, by appropriate combinations of the above functions, one can choose suitable test
functions and obtain the following nonlinear Liouville theorems.

Theorem1 Letp>1,q>max{l,p— L3 ~},and let s € (0, +1) Suppose that A is S-p-C and
a,b:Q — R, (ora,b:RN\{0} - R, )are contmuousfunctwns that satisfy (2.2) (or (2.3)).

(I) When both a(x) and b(x) are singular on 0, if

Op—r qp-s)—s+al(p-s)(0-q)+s]
’ ﬂ< ’

max{r,q—1} <6 <gq, o> 9 P

then any nonnegative weak solution to problem (1.1)-(1.2) is trivial, i.e., u(x,t) = 0 a.e.
inS.

(II) When both a(x) and b(x) are singular at 0, we consider the following two conditions:
(i)

N(l-q)
0+1-q
) + 5]

Nr
maxyr,g—-1,—t <0<gq, o<
p

Nlglp-s)—sl+al(p-s)(O -
0q

B>

i Nr . [NQ-¢q) 6p—Nr
max{r,q —1} <6 <mingygq, — ¢, o < min ,
p

0+1-q 6-r
Nlgp—s)—s]+al(p—s)(O0 - q+S]

B> 5
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If one of the conditions (i) and (ii) holds, then any nonnegative weak solution to problem
(1.1)-(1.2) is trivial, i.e., u(x,t) = 0 a.e. in S, where 0 is a parameter andr=q+1 - p.

Theorem 2 Suppose that the assumptions of Theorem 1 are satisfied. Then problem (1.1)-
(1.2) has no solution with positive lower bound in S, if

as
a>p or PB<o—-—,

when both a(x) and b(x) are singular on 9, or if

as
a<p or B>a——,

when both a(x) and b(x) are singular at 0.

Remark 1 If inequality (1.1) is modified with
u; + Lu > a(x)u? — b(x)|Vul’, xe€Q,t>0, (1.1a)

one can obtain the following results by a similar argument in the proof of Theorem 1.
Suppose that the assumptions of Theorem 1 are satisfied.

(I') When both a(x) and b(x) are singular on 9€2, if

bp-r qp—s)—s+allp—s)O -q) +s]
> — B <

9 P ’
-4 * 0-r Oq

’

then any nonnegative weak solution to problem (1.1a)-(1.2) is trivial, i.e., u(x, ) = 0 a.e.
in S.
(II'’) When both a(x) and b(x) are singular at 0, we consider the following two conditions:

(i)
{ Nr} NQ1-gq)
0 >maxiq, — ¢, o —,
P 0+1-—¢q
Nl —s) —sl +allp - )6 —q) +5]

B 0q

’

(ii")

Nr {
g<0<—, o < min
V4

N(1-q) 6p—Nr
0+1-q° O-r }’
Nl —s) —sl +allp - 5)(6 —q) +3]

0q ’

B

If one of the conditions (i) and (ii’) holds, then any nonnegative weak solution to prob-
lem (1.1a)-(1.2) is trivial, i.e., u(x, £) = 0 a.e. in S, where 6 is a parameterand r = g+ 1—p.

Remark 2 Since Theorem 2 is independent of the parameter 6, one can also obtain the
same results for problem (1.1a)-(1.2).
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3 The proof of Theorem 1
Our proof mainly consists of three steps.

Step 1. For T > 0, define Qg 7 := 2 x [0,2T] and let ¥ (x, £) = n7(¢) x (x) be a cut-off func-
tion, where x (x) is defined as (2.6) and nr(¢) = n(¢/T). Clearly, we get

§<8nT(t)<

-—= =< <0.
T ot

For k > 1, which will be determined later, and d = ¢ — 6 > 0, multiplying both sides of (1.1)
with a test function W = ¥z~ > 0 and integrating the result over Qg 7, we have

/ a(x)ut~ X dx dt
Qq,r

1 9 k
5-/ u};dxk(x)dx-/ ﬁul’daidxdt
Q Qor *+ ¢

+ / (A, u, Vu)Vu)Vu’dl/fk dxdt + / (Alx, u, Vi) Vur) u vy K dxdt
Qqo,r Q

QT

+ / b(x)|Vul'u X dxds.
Qa1
It follows from (1.3) that
/ a(x)u® v dx dt +/ ué‘d(x)xk(x) dx
Qq,r Q

1 ayk
5/ L p-adV dxdt—cld/ u VP yk dxde
Qo1 d-1 ot Qa1

+ ok u’d(|Vu|p’2Vu)1pk71|V1//|dxdt+/ b(x)|Vul'u X dxdt.

Qe Qar

By the definition of v, we get

f ax)u’ y* dxdt + f u%)’d(x)xk(x) dx + cldf w T VulPyr dxdt
Qo,r Q

Qq,r

C
< —/ ul gkt dxdt+czk/ uw | VulP Yy V| dx dt
T Qa,r

Qq,r

+/ b(x)|Vul'u 4y dxdt. (3.1)
Qa,r

By applying Young’s inequality to the three terms in the right-hand side of (3.1), we ob-

tain
C
= uy T dxdt
T Qq,r
1 0 1k =0 91 4 6
< —/ alx)u’ dxdt+CTf1*1/ alx) =1 " a1 dxdt, (3.2)
4 Qa1 Qa1
02/(/ uw |\ VulP YR V| dx di
Qq,r
d
<22 [ vyt dedt + C / W0 YR\ P dx dt, (33)
4 Qq,r Qa1
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wherer=q+1-p,

/ b(x)|Vul'uy* dxdt
Qo,r

(p—=s)(0—q)+s
w Y VuPy* drdt + C / b)Psu ps Yk dxdt. (3.4)

Qq,r

_ad
- 4

Qq,r

Sinced>0,0<1—d:1—q+9<9,0<9—r<9,and%<s,weknowthat

max{r,g—1} <0 <gq, q>max{1,p—1,1%_s}, (O %)

Applying Young’s inequality to the two terms in the right-hand side of (3.3) and (3.4)
yields

C/ WY\ VP dx dt
Qq,r

1 —d 1 k ﬂ kr— pﬁ

<- aX)u?t™ Y dxdt + C alx) ™ ¢ |V¢| v dx dt, (3.5)
4 Qq,r Qq,r

p (= )( q
C/ b(x)P~u w dxdt

Qq,r
1 0ok ~(p-5)6-q)-s o

< —/ alx)u’ dxdt+C/ a(x) av--s  b(x)ae-9-s "~ dx dt. (3.6)
4 Qa1 Qq,r

Let k be large enough such that k > max{ 91 ,p, }. From inequalities (3.1)-(3.6), we de-

duce

1 d
— / a(x)u’ y* dxdt + / u%)’d(x)xk(x) dx + ad / uw N VulPy K dxdt
4 Qo,r Q 2 Qo,r

-6 q-6-1 0 r—0 kr p@
< CT7! a(x) T et dxdt+C/ ax) Yy

Qq,r

IV | dxdt

~(p-9)(0-q)-s op X
+C a(x) av-9-s  b(x)ae-9-s "~ dx dt.
Qo,r

We then have

T
//a(x)uexkdxdt
0 Ja

9 Y
<CTq—// () T 4K qldxdt+C// ) I Vx F dxdt

—S 0,
i C / / ax) T ()T o .

Page 7 of 12
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Itcanbeseenthathlr e S o=

T
/ /a(x)u‘g)(kdxdt
0 Ja
o (T U inli Ny S
< CT‘H/ / alx) @1 """V dxdt
0 Jsupp|V§|
op T r0  kr=pb) op
+CAT/ / alx) ™ € 7 |VE|T dxdt
0 Jsupp|V§|

—(p=5)(6—q)-s op ik
+C a(x) 409 b(x)1®-9-s £ dx dt
0 Jsupp|V§|

1) op
V&l

and we take A > max{1, 9—‘;}. We then obtain

q-6-1 o [T r-6 op
§CT‘H/ / a(x) a1 dxdt+CkT/ f alx) 7 |VE|7 dxdt
0 Jsupp|VE| supp | V|

~(p-5)(0-q)=s op
+C a(x) 4w b(x)1®-9-s dxdt.
0 Jsupp|VE|

(3.7)

Step 2. When both a(x) and b(x) are singular on 92, we take & = & in (3.7). Evidently,
one has

supp |VE| = Q¥*\Qf = {x eQ:e<px) < 28}

(3.8)
By (2.2), we get

T
/ /a(x)ueék’\dxdt
o Ja
o [T ~a(g-0-1) w T
SCT‘H// plx) T dxdt+C)w// (
0 928\926 0 QZE\QZS

op
0 v |7 dxdt
u[(p—s )(0-q)+s]-Bbp
+ C - 49 dxdt.
QZF\QZF

(3.9)

By a standard change of variables and (2.4), we then obtain

T
// a(x)u® dxdt
0 Jo\Q%
T
5/ /a(x)u(’é“dxdt
0o Ja

o [T —a(g-6-1) w (T
<CTd1 px) T dxdt+ CrT of
0 Q2£\QZ£ 0 QZF\QZF

6,
z |7 dxdt
a[(p—s)(6—q)+s]-Bop
+ C/ / olx) a9 dxdt
928\928
=CT 1/ / (x) dxdt
{xeQe<p(x)<2e}

—a(r-6)
o7k f / o) T \VEN T drdt
{xeQe<p(x)<2e}

Page 8 of 12
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T al(p=)0-q)+s]-B
+C / / p(x) alp=s)-s dxdt
0 {xeQie<p(x)<2¢}
-0 q—9 1) —o(r— 9) —a(r-6)-6p
<CTalg a1 / / dxdt + CA 7 & / / dxdt
QZS\QE 0 QZs\Qs

a[(p-5)(0-q)+s]-BOp q)+S] Bop
+ Ce q ~5)-s dxdt
QZF\QF

q=0-1  ab-(g=1)(a=1) (- a)+6(ot -p) o[(p=5)(0-q)+s1-BOp+q(p=s)-s
<CT 1t g 41 +CTe +CTe ab-9)-s
g-01
=CT a1 &2 + CTe% + CTe"%, (3.10)
where
-(g-D(@-1) r(l-a)+6(ax - p)
1= ) 0y = ’
q-1 r
a[(p—s)(0 —q) +s] - ﬁ9p+q(10—s)—s
03 =
qlp—s)-s

By the conditions in (I) of Theorem 1, we have o7 > 0, 03 > 0, and o3 > 0. Then, letting
& — 0 and combining with a random selection of T yield

/a(x)u9 dxdt =0, (3.11)
s

and hence we get u(x,£) = 0 a.e.in S.

Step 3. When both a(x) and b(x) are singular at {0}, take Q = RV,
Choosing & = &g in (3.7), one has

supp |V&| = Byr(0)\Bg(0) = {x € Q: R < |x| < 2R}. (3.12)

It follows from (2.3) that
T 0k —0 T —a(g—6-1)
ax)u’ x"dxdt < CT1 |x| 4T dxdt
0o JRN 0 JByr(0)\Br(0)
[ T —a(r-0)
+CAT / / x|
0 JByr(0)\Br(0)

T al(p-s)(0—q)+s-pop
+C x| aeo-s . (3.13)
0 JByr(0)\Bg(0)

Combining the above result with (2.5), we get

T
/ f ax)u’ dxdt
0 JBr(0)
T
5/ / a(x)u® x* dx dt
0 JRN
o (T ~a(g-0-1)
§CT4-1// x| T dxdt
0 JByr(0)\Br(0)

Op T
+CA 7 / /
0 JByRr(0)\Br(0)

P dxdt

P dxdt
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r al(p-5)(0-q)+s-pop
+C x| a-s)-s
0 JByr(0)\Bgr(0)
o (T —alg=0-1)
=CT a1 x| T dxdt
0 {xeQ:R<|x|<2R}
T
op
+ CA7 / /
0 J{xeQ:R<|x|<2R}
T al(p-5)(6-q)+s1-pop
+C x|~ 4@ dxdt
0 J{xeQ:R<|x|<2R}
—a q—9 1)
<CT‘I-1R -1 / / dxdt+CR
Byr(0)\Bg(0

al(p—s)(6— q+s -Bbp
LR / / dxds
Byr(0)\BR(0
o[(p—s)(0—q)+s]+BOp

_alg-0-1) a(r-60)+6p —
< T R L cTRY T RN s

P dxdt

/ / dxdt
Byr(0)\BR(0)

- CT#IR 1+ CTR% + CTR, (3.14)
where

alg—-60-1) a(r-0)+6p

Oy = - 1 05=N_—1
qg-1 r

al(p-s)(0 -q) +s] - Bop

Og =N + .
qp—-s)-s

If one of the conditions (i) and (ii) in (II) of Theorem 1 holds, we have o4 < 0, o5 < 0,
and ¢ < 0. Then, letting R — oo and combining with a random selection of 7', we finally

arrive at

/a(x)u9 dxdt =0. (3.15)
s

Therefore, we obtain u(x, t) = 0 a.e. in S, and the proof is completed.

4 The proof of Theorem 2
In this proof, we use the method of contradiction. We take the same test function as in
Section 3 and the proof is similar to that of Theorem 1. Suppose there exists « such that
u>c>0.

(i) Assume that both a(x) and b(x) are singular on 92. It follows from (2.2), (3.7), and
(3.10) that

T —0-1
/ / p @) u’ x* dxdt < CT'#T &7 + CTs™ + CTs%.
QZ“\QS

By the definition of x and the assumption u > ¢ > 0, we have

—6-1
CT T &7 + CTe™ + CTe" > CTe .
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Then
b o oy .o 1-a
max{T 1%, 67,67} > ',

i.e., one of following inequalities holds:

T > 81—0(—01’ &2 > 81—0[

, g% > gl (4.1)

Since 0 <e <l ifa>porf<a-=2 and T >1is large enough and ¢ is sufficiently small,
all inequalities in (4.1) do not hold, which is a contradiction.

(ii) Assume that both a(x) and b(x) are singular at 0. By combining (2.3) and (3.7) with
(3.14), we get the inequality

q-1-6

T
/ / |x|_°’u9 dxdt < CT a1 R°* + CTR® + CTR°S.
0 JBR(0)

Combining this inequality with # > ¢ > 0, we have
-0
CTTIR + CTR + CTR > CTRN™,
-0
i.e., max{T 41 R4, R% R} > RN, Clearly, we have the inequalities

R > RN, R > RN-« (4.2)

Ifa<porB>a-— ‘;75, the inequalities in (4.2) do not hold, which is a contradiction. The

proof is completed.
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