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Abstract

The purpose of this paper is to establish a coupled coincidence point theorem for a
pair of mappings without MMP (mixed monotone property) in metric spaces
endowed with partial order, which is not an immediate consequence of a well-known
theorem in the literature. Also, we present a result on the existence and uniqueness of
coupled common fixed points. The results presented in the paper generalize and
extend some of the results of Bhaskar and Lakshmikantham (Nonlinear Anal.
65:1379-1393, 2006), Choudhury, Metiya and Kundu (Ann. Univ. Ferrara 57:1-16, 2011),
Harjani, Lopez and Sadarangani (Nonlinear Anal. 74:1749-1760, 2011) and of Luong
and Thuan (Bull. Math. Anal. Appl. 2:16-24, 2010) for the mappings having no MMP.
We introduce an example that there exists a common coupled fixed point of the
mappings g and F such that F does not satisfy the g-mixed monotone property, and
also g and F do not commute.
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1 Introduction and preliminaries

Fixed point theory is one of the famous and traditional theories in mathematics and has a
large number of applications. The Banach contraction mapping is one of the pivotal results
of analysis. It is a very popular tool for solving existence problems in many different fields
of mathematics. There are a lot of generalizations of the Banach contraction principle in
the literature. Ran and Reurings [1] extended the Banach contraction principle in partially
ordered sets with some applications to linear and nonlinear matrix equations. While Nieto
and Rodfiguez-Lépez [2] extended the result of Ran and Reurings and applied their main
theorems to obtain a unique solution for a first-order ordinary differential equation with
periodic boundary conditions. Bhaskar and Lakshmikantham [3] introduced the concept
of mixed monotone mappings and obtained some coupled fixed point results. Also, they
applied their results on a first-order differential equation with periodic boundary condi-
tions. Recently, many researchers have obtained fixed point, common fixed point, coupled
fixed point and coupled common fixed point results in cone metric spaces, fuzzy metric
spaces, intuitionistic fuzzy normed spaces, partially ordered metric spaces and others (see
[1-25]).

Definition 1.1 Let (X, d) be a metric spaceand F: X x X — X andg: X — X, F and g are
said to commute if F(gx, gy) = g(F(x,y)) for all x,y € X.
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Definition 1.2 Let (X,d) be a metric space and let g: X — X, F: X x X — X. The
mappings g and F are said to be compatible if lim,_, o d(gF (%X, Y1), F(gxn,£Y»)) = 0 and
limy,—, oo A(@F Vs %), F(€V>g%4)) = 0 hold whenever {x,} and {y,} are sequences in X such
that lim,,_, o F (%, y,) = lim,,, o gx,, and lim,,—, oo F (¥, %) = 1limy,—, 00 €Y.

Definition 1.3 Let (X, <) be a partially ordered set and F : X x X — X. The mapping F
is said to be non-decreasing if for x,y € X, x < y implies F(x) < F(y) and non-increasing if
for x,y € X, x < y implies F(x) = F(y).

Definition 1.4 Let (X, <) be a partially ordered set and F: X x X - X and g: X — X.
The mapping F is said to have the mixed g-monotone property if F(x,y) is monotone g-
non-decreasing in x and monotone g-non-increasing in y, that is, for any x,y € X,

X, € X, gx1=gxy = F(x,y) < F(x,y)
and

yuy2€X, gn=xgr = Fln)=Fxy).

If g = identity mapping in Definition 1.4, then the mapping F is said to have the mixed
monotone property.

Recently, Doric et al. [12] showed that the mixed monotone property in coupled fixed
point results for mappings in ordered metric spaces can be replaced by another property
which is often easy to check. In particular, it is automatically satisfied in the case of a
totally ordered space, the case which is important in applications. Hence, these results
can be applied in a much wider class of problems.

If elements x, y of a partially ordered set (X, <) are comparable (i.e., x < y or y < x holds)
we will write x < y. Let g: X — X and F : X x X — X. We will consider the following
condition:

ifx,y,u,v € X are such that gx < F(x,y) = gu, then F(x,y) < F(u, ).

If g is an identity mapping, for all x, y, v, if x < F(x, y) then F(x,y) < F(F(x,y),v).
Doric et al. [12] gave some examples that these conditions may be satisfied when F does
not have the g-mixed monotone property.

Definition 1.5 An element (x,y) € X x X is called a coupled coincidence point of the map-
pings F: X x X - X and g: X — X if F(x,y) = gx and F(y,x) = gy.

If g = identity mapping in Definition 1.5, then (x,y) € X x X is called a coupled fixed
point.

The purpose of this paper is to establish some coupled coincidence point results in par-
tially ordered metric spaces for a pair of mappings without mixed monotone property
satisfying a contractive condition. Also, we present a result on the existence and unique-
ness of coupled common fixed points. Also, we give an example to illustrate the main
result in this paper. The results proved generalize some of the results of Bhaskar and Lak-
shmikantham [3], Choudhury et al. [10], Luong and Thuan [17] and Harjani et al. [13] for
the mappings having no mixed monotone property.
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2 Main results
2.1 Coupled common fixed point theorems
In this section, we prove some coupled common fixed point theorems in the context of
ordered metric spaces.
We denote by ® the set of functions ¢ : [0,00) — [0, 00) satisfying:
(i) ¢ is continuous;
(i) ¢(¢) <tforall£>0and ¢(¢) =0ifand onlyifz=0.

Theorem 2.1 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — X andg: X — X
are self-mappings on X such that the following conditions hold:
(i) g is continuous and g(X) is closed;
(i) F(X x X) C g(X) and g and F are compatible;
(iii) for all x,y,u,v € X, if g(x) < F(x,y) = gu, then F(x,y) < F(u,v);
(iv) there exist xo,yo € X such that gxg < F(xg,yo) and gyo < F(¥o,%0);
(v) there exists a non-negative real number L such that

d(F(x,9),F(u,v)) < ¢(max{d(gx,gu), d(gy,gv)})
+ Lmin{d(F(x,y),gu), d(F(u, v),gx),
d(F(x,y),gx), d(F(u, V),gu)} (2.1)

for all x,y,u,v € X with gx = gu and gy < gv, where ¢ € ®;
(vi) (a) F is continuous or (b) x,, — x, when n — 00 in X, then x,, < x for sufficiently
large n.
Then there exist x,y € X such that F(x,y) = g(x) and F(y,x) = g(y), that is, F and g have a
coupled coincidence point (x,y) € X x X.

Proof Using conditions (ii) and (iv), construct sequences {x,} and {y,} in X satisfying gx, =
F(xy-1,Yn-1) and gy, = F(yy_1,%,1) forn=1,2,....

By (iv), gwo < F(x0,0) = gx1 and condition (iii) implies that gx; = F(xo,y0) < F(x1,y1) =
gx,. Proceeding by induction, we get that gx,_; < gx,, and similarly, gy,_; < gy, for each
neN.

Now from the contractive condition (2.1), we have

d(gxn+1;gxn) = d(F(xnryn)rF(xn—lryn—l))
< ¢(max{d(gx,, gxn1), A€V gVn1)}) + Lmin{d(F(x,,7,), 8%n1),
d(F(xn—l:yn—l)7gxn)¢d(F(xn;yn);gxn)7 d(F(xn—lryn—1)¢gxn—l)}7 (22)
which implies that d(gx,,,1,gx,) < ¢(max{d(gx,,gx, 1), A@Vn,gVn-1)})-

Similarly, we have d(gy,.+1,2yn) < ¢(max{d(gy,, gVn-1), A(gxn, §%n-1)}).
Therefore, from the above two inequalities we have

max{d(gx.1,8%n), (@Y1, gyn) } < & (max{d(gx,, gxn1), A(QYnsg¥n1)})- (2.3)
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Since ¢(¢) < ¢ for all £ > 0 and ¢(¢) = 0 if and only if £ = 0, from (2.3) we have

max{d(gx,.1,8%n), A(@Yni1,&Vn) } < max{d(gx,, g%n-1), A(QVn» ¥n1)}-

Set 0, := max{d(gx,s1,8%n), d(gVn+1,2Vn)}, then {0,} is a non-increasing sequence of pos-
itive real numbers. Thus, there is d > 0 such lim,,_, , 0, = d.

Suppose that d > 0, letting # — oo two sides of (2.3) and using the properties of ¢, we
have

d= nlinczo d(gyn’gyﬂ-*l) = nll)rgo ¢(max{d(gyn+l7gyn): d(gxnﬂ:gxn)}) = ¢(d) < d7 (24’)

which is a contradiction. Hence d = 0, i.e.,

lim @, = lim max {d(gxs1,8%n), A(Vns1,8Vn)} = 0. (255)

n—00

Now, we shall prove that {gx,,} and {gy, } are Cauchy sequences. Suppose, to the contrary,
that at least one of {gx,} or {gy,} is not a Cauchy sequence. This means that there exists
an € > 0 for which we can find subsequences {gx, )}, {g%mw} of {gx,} and {gV,), £Vmw)} of
{gy,} with n(k) > m(k) > k such that

max{d(gxn(k)’gxm(k)): d(gyn(k),gym(k))} > €. (26)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) > k and satisfies (2.6). Then

max{d(@xu(x)-1, &Xmk))> A@Yn(t)-1, mik)) } < €. (2.7)
Using the triangle inequality and (2.7), we have
A(GXn(k) GXm() < A(@Xn(i)» &Xniiy-1) + A(@Xn(k)-1, §¥mk)) < A(GXn(k)> GXn(k)-1) + € (2.8)
and

AV &Ymik) < AQYn(k)» &Vn(k)-1) + AVnk)-1,&Vm(k)) < AGYn(k)» &Yn(k)-1) + €. (2.9)

From (2.6), (2.8) and (2.9), we have

€ < max{d(@xu(, &mi)) AQVn(k) Lmx) }
< max{d(gxnw), E5n()-1) AQVn(k) Qnio-1) | + €.

Letting k — oo in the inequalities above and using (2.5), we get
klirglo max {d(gxu(k) Em))» A@Vnik)» L) } = €. (2.10)

By the triangle inequality,

A(GXn(k)> GXmt)) < A(@Xn(k)» FEnik)-1) + A(@Xn(k)-1, &Xnik)-1) + A(@Xm(k)-1, FXm(k))
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and
AQYn(k) &Vm(k) = AQYn(10>&Vn(h)-1) + AYn(k)-158Ym(10-1) + A&Ym(1-1:&Vm(k))-
From the last two inequalities and (2.6), we have

€ < max{d(gxu), §xmn))» A€Vt LYmit) )
< max{d(gxn(t), En)1) A@Yntx) &Vntt11) |
+ max{d(gxmk)-1, &mk) A@Vmt)-1, &Vm(r) }
+ max{d(gxn(w)-1, EXmk)-1), A€V (k)1 EYm(t)-1) }- (2.11)

Again, by the triangle inequality,

A(GXu(t)-1> 8Xm()-1) < A(@Xn)-1,%m(t)) + A@X (k) ZXmie)-1)

< d(@Xmk)» &Xm(k)-1) + €
and

AQYnr)-1,&Ym0)-1) = A@Yn(k)-1, V) + A&Yim(k)> &Ym(k)-1)
< Ad(Ym(k)> &Ym(k)-1) + €.

Therefore,

max {d(gxu)-1, 85m)-1)> AIn-1&m(-1) }

< max{d(gxm(k), &Xm(t) 1) A@Ym(ty mity1)} + €. (2.12)
Taking k — oo in (2.11) and (2.12) and using (2.5), (2.10), we have
lim max {d(gxu()-1, @m@-1)» A1, EYm-1) | = €. (2.13)

k—00

Since n(k) > m(k), gxu(-1 = gXmk)-1 and g¥u-1 < EVm@y-1- Then from (2.1) we have

A(@Xn> &mii)) = A(F Fn(o-1 Yn()-1)» F Emii-1» Ym(h-1))
< ¢ (max{d(@xn)-1, &m@-1)» A (-1, &Ym-1) })
+ Lmin{d(F(u()-1, Yn()-1) &m(i)-1)» &(F Em()-1> Ymk)-1) &nti-1)
A(F (-1, Yn(-1)> &%n)-1)» A(F Em(i-1 Ym(k)-1)» 85mi-1) }
< ¢(max{d(@xu()-1,&%m(-1)> A1, Lmii)-1) })
+L min{d(gxn(k),gxn(k)_l), d(gxm(k),gxm(k)_l)}. (2.14)

Similarly,

A(@Ym(ky> &¥nihy) < P (max{d(gx,) -1, g%mty1) A@Yntr)1, &Ymy-1)})
+ L min{d(gym) &m@-1)» A Lniio-1) }- (2.15)
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From (2.14) and (2.15), we have

max{d(gxn(k),gxm(k))r d(gymk)»gym(k))}
< ¢(max{d(gxu)-1,&mi-1)» A1, &Ym)-1)})
+ L min{d(gxu()> @%n(x)-1)> A @i §5m(i-1) }
+ L min{d(@Ym(y» Em(-1) A@Yn(t)» Eniiy-1) }-

Letting n — oo in the above inequality and using (2.5), (2.10), (2.13) and the properties
of ¢, we have

€ < ¢(e) + 2L min{0,0} < ¢,

which is a contradiction. Therefore, {gx,} and {gy,} are Cauchy sequences and since

g(X) is closed in a complete metric space (condition (i)), there exist x,y € g(X) such that

lim,, o0 g%, = limy,y 00 F(%—1,Y4-1) = % and lim,,—, o0 gy = limy 00 F(Yy-1, X4-1) = .
Compatibility of F and g (condition (ii)) implies that

Jlim A(g(F (% yn)), F(gxn, gyn)) = 0

and

lim d(g(F(ymxn))rF(gyn’gx”)) =0.

n—00

Consider the two possibilities given in condition (vi).
(a) Suppose that F is continuous. Using the triangle inequality, we get that

d(gx, F(g%n, gyn)) < d(g%,.g(F s yn))) + d(g(F (%)) F (g% n))-

By taking limit # — oo and using the continuity of F and g, we have d(gx, F(x,y)) = 0,
i.e., gx = F(x,y) and, in a similar way, we have gy = F(y,x). Thus F and g have a coupled
coincidence point.

(b) In this case gx, < u = gx and gy, < v = gy for some «x,y € X and # sufficiently large.
For such #, using (2.1) we get

d(F(x,y),gx) < d(F(x, ) 8ns1) + d(gxni1, g%)
= d(F(%,9), F(%uYn)) + Ad(g%ns1,8%)
< ¢ (max{d(gx, gxn), d(gygyn)})
+ Lmin{d(F(x,), %), d(F(n Yn)>&%n)
d(F(x,y),gx), d(F(x,,,yn),gxn) } + d(gxni1,8%).
Taking n — oo in the above inequality and using the compatibility of F and g and the prop-

erties of ¢, we have d(F(x,),gx) < ¢(max{0,0}) + 0 + 0 = 0. Hence F(x,y) = gx. Similarly,
one can show that F(y,x) = gy. Hence the result. O
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Remark 2.1 Very recently, using the equivalence of the three basic metrics, Samet et al.
[19] show that many of the coupled fixed point theorems are immediate consequences of
well-known fixed point theorems in the literature.

In our Theorem 2.1, it is easy to see that if L # 0 there is no equivalence and this theorem

is not a consequence of a known fixed point theorem.

Remark 2.2 Inthe above theorem, condition (iii) is a substitution for the mixed monotone
property that has been used in most of the coupled fixed point results so far. Note that this
condition is trivially satisfied if the order < on X is total, which is the case in most of the

examples in articles mentioned in the references.
If g is an identity mapping in the above theorem, we have the following result.

Corollary 2.2 Let (X,d, <) be a complete partially ordered metric space and let F : X x
X — X. Suppose that the following hold:
(i) forallx,y,v e X, ifx < F(x,), then F(x,y) < F(F(x,y),v);
(ii) there exist xo,y0 € X such that xo < F(xo,Y0) and yo < F(y0,%0);
(ili) there exists a non-negative real number L such that

d(F(x,y),F(u,v)) < ¢(max{d(x,u),d(y,v)})
+ Lmin{d(F(x,y),u),d(F(u,v),x),

d(F(x,9),%),d(F(u,v),u)}

forall x,y,u,v e X with x = u and y < v, where ¢ € ®;
(iv) (a) F is continuous or (b) x, — x, when n — oo in X, then x, < x for sufficiently
large n.
Then there exist x,y € X such that F(x,y) = x and y = F(y,x), that is, F has a coupled fixed
point (x,y) € X x X.

Remark 2.3 Letting L = 0, in inequality (2.1), for all x,y,u,ve X, &, > 0, ¢ + § < 1, we

have
ad(x,u) + Bd(y,v) < (x + ,B)max{d(x, u),d(y, V)} = ¢>(max{d(x, u),d(y, V)}),

where ¢(t) = (¢ + B)(¢) for all £ > 0 is in ®. Hence Theorem 2.1 generalizes the corre-
sponding coupled fixed point results of Bhaskar and Lakshmikantham [3], Choudhury et
al. [10], Luong and Thuan [17] and Harjani et al. [13] for the mappings having no mixed

monotone property.
Taking L = 0, we have the following result.

Corollary 2.3 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — X andg: X — X
are self-mappings on X such that the following conditions hold:

(i) g is continuous and g(X) is closed;

(i) F(X x X) C g(X) and g and F are compatible;
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(iti) forall x,y,u,v € X, ifg(x) < F(x,y) = gu, then F(x,y) < F(u,v);
(iv) there exist xo,y0 € X such that gxo < F(xo,y0) and gyo < F(yo,%0);
(v) F and g satisfy

d(F(x,y),F(u,v)) < ¢(max{d(gx,gu), d(gy,gv)}) (2.16)

forall x,y,u,v € X with gx = gu and gy < gv, where ¢ € ®;
(vi) (a) F is continuous or (b) x, — x, when n — oo in X, then x,, < x for sufficiently
large n.
Then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F and g have a
coupled coincidence point (x,y) € X x X.

Corollary 2.4 Let (X, <X) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — Xandg: X — X
are self-mappings on X such that following conditions hold:
(i) g is continuous and g(X) is closed,;
(i) F(X x X) C g(X) and g and F are compatible;
(ili) forall x,y,u,v € X, ifg(x) < F(x,y) = gu, then F(x,y) < F(u,v);
(iv) there exist x,yo € X such that gxg < F(xg,yo) and gyo < F(¥o,%0);
(v) there exist non-negative real numbers «, B with o + B <1 such that

d(F(x,y),F(u, v)) < ad(gx,gu) + Bd(gy,gv) (2.17)

forall x,y,u,v € X with gx > gu and gy < gv;
(vi) (a) F is continuous or (b) x, — x, when n — oo in X, then x,, < x for sufficiently
large n.
Then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F and g have a
coupled coincidence point (x,y) € X x X.

Taking @ = 8 = k € [0,1), we have the following result.

Corollary 2.5 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — X andg: X — X
are self-mappings on X such that following conditions hold:
(i) g is continuous and g(X) is closed,;

(i) F(X x X) C g(X) and g and F are compatible;

(ili) forall x,y,u,v € X, ifg(x) < F(x,y) = gu, then F(x,y) < F(u,v);

(iv) there exist xo,y0 € X such that gxo < F(xo,y0) and gyo < F(yo,%0);

(v) there exists k € [0,1) such that

d(F(x,y),F(u, v)) <k [d(gx,gu) + d(gy,gv)] (2.18)

forall x,y,u,v € X with gx > gu and gy < gv;
(vi) (a) F is continuous or (b) x, — x, when n — oo in X, then x,, < x for sufficiently
large n.
Then there exist x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F and g have a
coupled coincidence point (x,y) € X x X.
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Now, we shall prove the existence and uniqueness of a coupled common fixed point.
Note that if (X, <) is a partially ordered set, then we endow the product space X x X with
the following partial order relation:

for (w,y),(u,v)eX x X, Wv)x(xy < x=uy Y=

Theorem 2.6 In addition to hypotheses of Theorem 2.1, suppose that
(vii) for every (x,%),(u,v) € X x X, there exists (w,z) € X x X such that (F(w,z), F(z,w))
is comparable to (F(x,), F(y,x)) and (F(u,v), F(v, u)).
Then F and g have a unique coupled common fixed point, that is, there exists a unique
(p,q) € X x X such thatp = gp = F(p,q) and q = gq = F(q,p).

Proof From Theorem 2.1, there exists (x,y) € X x X such that gx = F(x,y) and gy = F(y,x).
Suppose that there is also (#,v) € X x X such that gu = F(u,v) and gv = F(v, u). We will
prove that gx = gu and gy = gv. Condition (vii) implies that there exists (w,z) € X x X
such that (F(w, z), F(z,w)) is comparable to both (F(x,y), F(y,x)) and (F(«,v), F(v,u)). Put
Wo = W, zo = z and, analogously to the proof of Theorem 2.1, choose sequences {w,}, {z,}
satisfying

Wn=FWy_1,2,01) and gz, = F(zy_1, Wy-1)

for n € N. Starting from xo = x, yo =y and uo = u, vo = v, choose sequences {x,}, {y,} and
{tn}, {va}, satisfying gx, = F(%-1,Yn-1)> &n = FWn-1,%0-1) and gu, = F(ty_1,Vp-1), gV =
F(vy_1,u,1) for n € N, taking into account properties of coincidence points, it is easy to
see that this can be done so thatx, =x, y, =yand u, =u, v, = v, i.e,

gxn = F(x,9), @ =F(,x) and gu, =F(u,v), gvu=F(v,u) forneN.

Since (F(x,y), F(y,x)) = (gx,gy) and (F(w,z),F(z,w)) = (gw1,gz1) are comparable, then
gx < gw; and gy < gz;, and, in a similar way, we have gx =< gw, and gy < gz,. Thus from
(2.1) we have

d(gx, gWni1) = d(F(x,), F(Wn,24))
< ¢(max{d(gx,gw,), d(gy, gzn)})
+ Lmin{d(F(x,y),gWn), d(F (W, 2), gx),
d(F(x,9),8%), d(EWnsz4), gwn) }» (2.19)
which implies that d(gx, gw,,,1) < ¢p(max{d(gx, gw,), d(gy,gz,)})-

Similarly, we can prove that d(gy, gz,1) < ¢(max{d(gx, gw,), d(gy,gz.)}).
Therefore, from the above two inequalities we have

max{d(gx, gWns1), d(gy, gzn1) | < ¢ (max{d(gx,gwn), d(gy,gzn)}). (2.20)

Since ¢(¢) < t for all £ > 0, from (2.20) we have

max{d(gx,gw,,+1), d(gy,gz,,+1)} < max{d(gx,gwn), d(gy,gz,,)}.
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Hence the sequence {§,} defined by 8, := max{d(gx, gw,.+1), d(gy,gz,+1)} is non-negative
and decreasing and so lim,_, « 8, = § for some § > 0.
Now, we show that § = 0. Assume that § > 0, letting n — oo two sides of (2.20) and using

the properties of ¢, we have

8= lim d(gy,gzun) < lim ¢(max{d(gx,gwa), d(gy,gzn)}) = $(8) <4, (2.21)
which is a contradiction. Hence d = 0, i.e.,
lim d(gx, gw,1) =0 = lim d(gy,gz,.1) = 0. (2.22)
Similarly, we can prove that
nlingo d(gu,gwya) =0 = nan;o d(gv,gzu4)- (2.23)
Using relations (2.22) and (2.23), together with the triangle inequality, we have

d(gx,gu) = 0 and d(gy,gv) = 0 and so gx = gu and gy = gv.
Denote gx = p and gy = q. So, we have that

gr=g(gx) =gFxy) and gq=g(gy) = gF(,x). (2.24)
By definition of the sequences {x,} and {y,} we have
gxn =F(%,y) = Fxp-1,yn-1) and  gyn = F(y,%) = F(Yp-1,%n-1),
and so
F(p-1,yn-1) > F(x,y) and  gx, — F(x,),
as well as
F(yp-1,%,21) > F(y,x) and gy, — F(y,%).
Compatibility of g and F implies that
A(gF %, yn)s (g% gn)) = 0, 11— 00,
i.e., gF(x,y) = F(gx,gy). This together with (2.24) implies that gp = F(p, g) and, in a similar
way, gg = F(q,p). Thus, we have another coincidence, and by the property we have just
proved, it follows that gp = gx = p and gg = gy = ¢q. In other words, p = gp = F(p,q) and
q =gq = F(g,p), and (p,q) is a common coupled fixed point of g and F.
To prove the uniqueness, assume that (7, s) is another coupled common fixed point. Then

by (2.24) we have r = gr = gp = p and s = gs = gq = q. Hence we get the result. 0

Example 2.7 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x, y) = |x—y| forall x,y € X. Define a mapping g : X — X by g(x) = x?
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and a mapping F: X x X — X by

x2 —2y2

Flxy) =1 *
0 X <y.

x>,

Then it is easy to check all the conditions of Theorems 2.1 and 2.6. In particular, we will
check that g and F are compatible.
Let {x,} and {y,} be two sequences in X such that

lim gx, = lim F(x,,y,)=a and lim gy, = lim F(y,,x,) =b.

n—00

Then % =g and hj% = b, where from it follows that a = b = 0. Then

-0 (n— o0),

2
=20\ % -2y,
4 4

d(gF(xn:yn)’F(gxnrgyn)) = '(

and similarly d(gF (y,., %), F (€Y, g%n)) — O.
Now, we verify inequality (2.1) of Theorem 2.1 for ¢(t) = %t, t>0and L = [0, 00) for all
x,9,u,v € X with gx > gu and gy < gv.

x2 -2y ur -2

d(F(x,y), F(u,v)) =

4 - 4
< l\acz—u2| +—|y* =
4
< zmax{‘xz—uz vl
< ¢(max{d(gx, gu),d(gy.gv)})

+L min{d(F(x,y),gu), d(F(u, v),gx),
d(F(x,y),gx),d(F(u, v),gu)}.

Thus there exists a common coupled fixed point (0, 0) of the mappings g and F. Note that
F does not satisfy the g-mixed monotone property. Also, g and F do not commute.
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