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1 Introduction

In this paper, we study the Cauchy problem of the inhomogeneous nonlinear Schrédinger

equation (INSE)
iug + Au+ x| ufP2u=0, t>0,xeRN, (1.1)
u(0,%) = uy, (1.2)

where i = -1; A = Zﬁl % is the Laplace operator in RN; u = u(t,x): [0,T) x RN — C is

the complex valued function and 0 < T' < +00; the parameter b > 0 and 2 < p < p (we use

2N
N-1

A few years ago, it was suggested that stable high power propagation can be achieved

the convention: p = +oofor N =2, p = + Nz—f’l for N > 3); N > 2 is the space dimension.
in a plasma by sending a preliminary laser beam that creates a channel with a reduced
electron density, and thus reduces the nonlinearity inside the channel (see [1, 2]). In this
case, the beam propagation can be modeled by the inhomogeneous nonlinear Schrédinger

equation in the following form:
igr + Ap + K(x)|p|P2¢ = 0, $(0,x) = ¢ € H'(RV). (1.3)

Recently, this type of inhomogeneous nonlinear Schrodinger equations has been widely
investigated. When &k < K(x) < ko with kj,k, >0 and p =2 + %, Merle [3] proved the
existence and nonexistence of blow-up solutions to the Cauchy problem (1.3). When
K(x) = K(e|x]) € C*RN) N L°(RN) with small ¢ and p =2 + 5, Fibich, Liu and Wang [2,
4] obtained the stability and instability of standing waves to the Cauchy problem (1.3).
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We recall some known results on the blow-up solutions for the classical nonlinear

Schrodinger equation
v+ Av+ VP 2v =0, v(0,%) = vy € H! (RN). (1.4)

Ginibre and Velo [5] showed the local well-posedness in H'(RY). Glassey [6] showed the
existence of blow-up solutions when the energy is negative and |x|vy € L2(RV). Ogawa
and Tsutsumi [7] obtained the existence of blow-up solutions in radial case without the
restriction |x|vy € L*(RN). Weinstein [8] and Zhang [9] obtained the sharp conditions of
global existence for critical and supercritical nonlinearity. Merle and Raphaél [10] showed
the existence of blow-up solutions without |x|vy € L2(RN) for p = 2 + %. Lushnikov [11]
and Holmer et al. [12] obtained some sufficient conditions for existence of blow-up for
p =4 and N = 3 basing on an estimate of the kinetic energy.

In this paper, we study blow-up criteria for the Cauchy problem (1.1)-(1.2) with p >

%, where the nonlinearity |x|?|«|’~2u includes an unbounded potential |x|®. We note

2+b
that (1.1) has scaling: u; (t,x) = A»2u(A2¢, Ax) is a solution if u(t,x) is a solution. The
scale-invariant Lebesgue norm for this equation is L#¢-norm, where p, = Np-2)

2+b
p> %, we have p, = Ng’; ;2) > 2 and we may call (1.1) a class of Schrodinger equa-

. Since

tions with L2-super critical nonlinearity. Chen and Guo [13] and Chen [14] showed the
local well-posedness of the Cauchy problem (1.1)-(1.2) in H} = H}(RN), where H}(RYN) is
the set of radially symmetric functions in H'(RY). Moreover, u(t, x) satisfies the following

conservation laws:

/|u(t,x)|2dx:f |uo|? dx
RN RN

and
1 ,, 1 ,
E(ug) = E(u) := = |Vul|”dx - — |x|” |ul? dx.
2 JrN p JrN

Chen and Guo [13] also showed the sharp conditions of blow-up and global existence of so-
lutions to the Cauchy problem (1.1)-(1.2) by the cross-constrained variational arguments.
On the other hand, letting J (£) := [p || |u(t, x)|? dx, this can be interpreted as the average
width of the initial distribution |«|. It follows from Chen and Guo’s results in [13] that we

have the following proposition.
Proposition 1.1 Assume that uy € H!, |x|ug € L* and the corresponding solution u(t,x)

of the Cauchy problem (1.1)-(1.2) on the interval [0,T). Then, for all t € [0,T), one has
J(t) := [ |l u(t, x)|* dx < +o0,

J(t) = 48‘/ xuVudx 1.5)
RN
and

J'(t) = 4(Np — 2N — 2b)E(ug) —2(Np —2N —=2b—4) | |Vu|*dx. (1.6)
RN
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In the case Np — 2N —2b — 4 > 0, it follows from the last relation that
J'(t) < 4(Np - 2N - 2b)E(uo),
and for E(up) < O the positive-definite quantity /(¢) becomes negative over a finite time
by virtue of the above inequality. This means that a singularity appears in the solution

of the given INSE. Indeed, applying Weinstein’s arguments [8] and the classical analysis
identity

J(6) = J(0) +J'(0)¢ + / 7t - s)sds, a7
0

one has the following theorem (see also Chen and Guo [13]).

Theorem 1.2 Leth2,0<b<N—2and2N+Nﬂ<p<i)(where[9=+ooforN=2,

p= % + Nz—flforN > 3). Assume uy € H'(RN) and |x|uy € L*(RN) is radially symmetric.

If the initial data satisfies either
()
E(ug) <0, (1.8)
(i)
E(ug)=0 and J'(0)<0, (1.9)

(iii) E(uo) > 0 and

J(0) < —2/2(Np — 2N — 2b)E(u0)J (0), (1.10)

then there exists 0 < T < +00 such that the corresponding solution u(t,x) blows up in finite

time T.

We remark that in the case E(uo) > 0, Np — 2N —2b — 4 > 0 both collapse and spreading
of the initial disturbance are possible. Although the INSE is no longer applicable near
the formation point of a singularity and dissipative or some other limiting mechanism
come to play. It is very important to be able to predict the presence or absence of collapse
for different classes of initial conditions. The sufficient conditions for existence of blow-
up solutions are given in [13] if either E(ug) < 0 or J/(0) < 0. A natural question arises
whether there is a sufficient condition for existence of blow-up solutions with E(ug) > 0
and J'(0) > 0.

In the present paper, motivated by the studies of the classical nonlinear Schrédinger
equation (see [8, 11, 12]), we use variational characteristic of second-order derivatives of
the virial identity to catch up with the information of ||Vu||;2, and we obtain a new suf-

ficient condition for the existence of blow-up solutions to the inhomogeneous nonlinear
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Schrédinger equation (1.1). More precisely, let

Np—2b—2N—4 o
R = = iy T T
) = \/ Y+ Np—2ap—an-aY 4 - Wpmoana  0<y<l (L.11)
8= Np—26—2N—4 TR :
s 4 SNEBNE  Np2bON e g
Y+ Np2ban-a) Np—2bonN-a LY=L

Then we have the following theorem.

Theorem 1.3 Let N >2,0<b <N -2 and m;\[ﬂ <p< min{%*%\[ﬂ,f)}. Assume that
uo € HY(RN) and |x|uy € L>(RN) is radially symmetric. If

]/(0)<2\/WN||MO||E£( 8(Np — 25— 2N)E(uo) ](0)), 1.12)

Np—2b-2N N2(Np - 2b — 2N - 4)|luol|%,

where g(x) is defined by (1.11), then there exists 0 < T < +00 such that the corresponding
solution u(t,x) blows up in finite time T

2 Notations and preliminaries
In this paper, we denote L1(RYN), || - || jg@n), H(RY) and fon -dx by LY, | - ||z4, H® and
[ - dx, respectively. 9iz and 3z are the real part and imaginary part of the complex number
z, respectively. Z is denoted the complex conjugate of the complex number z. The various
positive constants will be simply denoted by C.

For the Cauchy problem (1.1)-(1.2), the space we work in is

Hr1 = {u € HYu(x) = u(r)}, where r = \/a? + x5 +--- +x§,,

which is a Hilbert space. Moreover, we define the energy functional E(u(t)) in H! by

1 2 e L[ v
E(u(t)) = 2/\Vu(t,x)| dx p/|x| |u(t,x)| dx.

The functional E(u) is well-defined according to the Sobolev embedding theorem (see
[15]). Chen and Guo [13] and Chen [14] showed the local well-posedness for the Cauchy
problem (1.1)-(1.2) in H}, as follows.

Proposition 2.1 Let N >2,b>0and 2 +2b/(N-1)<p<p (Wherep=+oofor N=2,p =
% + 13—’_’1forN > 3). For any ug € H}, there exists a unique solution u(t,x) of the Cauchy
problem (1.1)-(1.2) on the maximal time interval [0, T) such that u(t,x) € C([0, T); H!) and
either T = +oo (global existence), or T < +00 and lim,_, 1 ||u(t, x)IIH; = +00 (blow-up). Fur-
thermore, for all t € [0, T), u(t, x) satisfies the following conservation laws:

(i) Conservation of mass: ||[u(t)||2 = |luoll2-

(i) Conservation of energy: E(u(t,x)) = E(uo).

In addition, by some basic calculations, we have the following lemma, which gives fur-
ther insight in the dynamic criterion for collapse proposed by Lushnikov in [11].

Lemma 2.2 If V(t) > 0 is the positive solution of the following differential equation:

dz
7o) V=f(V) 21
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and there exists 0 < Ty < +00 such that lim,_, 1, V(t) = 0, then for the solution V>0 of the
following differential equation:

Vi =f(V) = 12(t) < f(V), (2.2)
there exists 0 < To < T < +00 such that lim,_, r, \7(t) =0.

Proof Since the function —/2(£) is non-positive, which pulls V(£) to zero more quickly
than V/(¢) (see also [11]), one sees that the conclusion in Lemma 2.2 is true by the classical

analysis identity (1.7). O

3 Proof of Theorem 1.3
Since |x|ug € L%, we have |x|u(t,x) € L? by the local well-posedness. Taking J := J(¢) =
[ |x|?|u|? dx, by Proposition 1.1, we get J'(¢) = 43 [ x - Vusi dx and

J'(t) = 4(Np — 2N — 2b)E(ug) — 2(Np — 2N — 2b — 4)/ [Vul? dx. (3.1)
It follows from some calculations that

1 2
f|u|2dx:ﬁfV~x|u|2dx:—ﬁﬂi/x~Vuﬁdx.

Then we get %Hu”; < |lxull ;2 || Vull 12, and by the fact that |z|? = [Rz|? + |3z|* we deduce

that
/ x-Vuudx

2
2 2
IVaelipa lloceell 72 =

= A§||u||i2 + Ts/x -Vuudx ’ = TZHMHiz + |]/£2)|2. (3.2)
Injecting (3.2) into (3.1), by the conservation laws, we deduce that
J'(#) < 4(Np - 2N — 2b)E(uo)
~ N?[Np - 22]>[ —2b—4] o ||ZLL2 _Np- ZI\éj— 2b - 4]3. (33)
Letting/ = A m and rewriting (3.3) to remove the last term with ]tz, we have
A, < (Np—2b - 2N)(];]p —-2b-2N + 4)E(u0)A§‘v%
B N?(Np —2b-2N —146)(Np -2b—-2N +4) ||M0||22A_%%, (3.4)

which has a simple mechanism analogy. Multiplying A, in (3.4) and integrating with the

time variable ¢, we get the corresponding mechanical energy

() = %A? +U(A(®)), (3.5)
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where
Np —2b — 2N + 4)? 2(Np-2b-2N)
UA) = —( P 4 +4) E(uO)ANp—pr—ZN+4
2 2 b o
. N*(Np-2b-2N +4) ||Mo||4zA%.
32 L

Restricting ourselves to the case E > 0, and according to the assumptions on p, b and N
we see that U/ (A) achieves its maximum U,y at Apax with

Np-2b-2N+4

N?(Np—2b-2N - 4)||uo|},
max_( 8(Np —2b — 2N)E(uo) )

and
Np-2b-2N
_(Np-2b- N4 (NFNp 262N = Dol ) T

T TNp—2b-2N -4 0 8(Np — 2b — 2N)E(uo)

To facilitate the rest of the analysis, we introduce a rescaling. Define J(s) and &(s) by the

relations

A(t) = AmaxA(at), (t) = Umax&(at),

| Np-2b-2N  16E(uo)
~\V Np-2b-2N -4 Nlluo?,’

Thus, by (3.4), A satisfies the following differential inequality:

~ Np - 2b —2N + 4 ,~ Np-2b-2N-4  _ _12+2b+2N-Np
Ay < 1 ( 'ANp=2b-2N+4 _ A~ Np-2b-2N+4 ) (3.6)

Applying Lemma 2.2, if we show that for the positive solution of the following differential
equation:

~ Np - 2b —2N + 4, ~ Np—2b-2N-4  _ _12+2b+2N-Np
Ay = e ( 'ANp=26-2N+4 _ A~ Np-2b-2N+4 ), (3.7)

there exists a time 0 < 5; < +00 and lim,_, A(s) = 0, then for the positive solution of the
differential inequality (3.6), there exists a time 0 < sy < §; < +00 and lim,_,, A(s) = 0. In-
deed, setting
~ Np - 2b — 2N — 4. - 2(Np-2b-2N) Np — 2b — 2N -~ 2(Np-2b-2N-4)
_ ik ikl

UA) = - A Np-26-2N+4 A NN (3.8)

we see that (3.5) converts to

16(Np — 2b — 2N — 4)

59 = Np —2b—2N + 42

AX(s) + U(A(s)). (3.9)

It is obvious that the maximum of {/(A(s)) is 1, which is attained by the maximum at
A(s) = 1. By the variational characteristic of U(A(s)), we claim that under one of the follow-

Page 6 of 8


http://www.journalofinequalitiesandapplications.com/content/2014/1/55

Yang and Zhu Journal of Inequalities and Applications 2014, 2014:55 Page 7 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/55

ing conditions, A(s) vanishes in finite time, so does J(¢) (which implies the solution u(t, x)
blows up in finite time):

(a) (0)<1land A(0) <1,

(b) £(0) > 1 and A,(0) < 0.
Indeed, it follows from (3.7) and (3.9) that £(s) = £(0). (a) If £(0) < 1, then £(¢) <1 and
U(A(s)) <1 for ¢ € I (maximal existence interval). By the assumption A(0) < 1, we deduce
that A(s) < 1 for ¢ € I. Moreover, we have

- Np-2b-2N-4 . _12+2b+2N-Np
ANp-20-2N+4 _ A Np-2b-2N+4 . (),

Using (3.7) and the classical analysis identity
- S
A(s) = A(0) + A'(0)s + / A'(s- 1)t dr, (3.10)
0

we see that A(s) vanishes in finite time. On the other hand, for the second case (b), if
£(0) > 1, then &(¢) > 1. If follows from (3.9) that [[(A(s)) =1, which implies that A(s) =1
and

~ Np-2b-2N-4 ~ 1242b+2N-Np
ANp-2b-2N+4 _ A” Np-2b-2N+4 — (),

Using (3.7) and the classical analysis identity (3.10), we deduce that if A4(0) <0, then A(s)
vanishes in finite time. This completes the proof of claim (a) and (b). Now, we return to
the proof of Theorem 1.3. If we define J = AN~ T , then (3.9) is equal to

- Np—2b—2N—4~Np2sz4 =~ » Np-2b-2N
i)z —m——J 2|
4 Np—-2b-2N -4
Taking
4 —~25-2N~ Np -2b-2N
h()/)= y+ A[—y_w_p—,
[p—2b—2N -4 Np-2b-2N -4
we see that

E<l & [Ll<h() and E21 & [LI=h(D.
Thus condition (a) is true if and only if
J(0)<1 and - h(J(0)) <Js(0) < k(7 (0)) (3.11)

and condition (b) is true if and only if J,(0) < —=h(J(0)). Collecting the above two conditions,

we deduce that the solution u(t,x) blows up in finite time 0 < T < +00 provided

J5(0) < h(](f))) if?d(o)d’ (3.12)
-h(J(0)) ifJj(0)>1.
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Finally, substituting back J(£), we see that

70) = 8(Np — 2b — 2N)E(uo) 7.00) = Np-2b-2N  J(0)
- N*(Np-2b-2N-4)|luol?,” T\ Np-2b-2N -4 2N |luoll?,’

which implies that (3.12) is equivalent to

Np—2b—2N—4 (Np—2b-2N)E(ug) ) ~
O 2\ e Nllwola ey ooy ||Z%H4 JO) - if0<JO) <L,
t <
Np-2b-2N-4 8(Np-2b-2N)E T
_2\/ ]I\J[p_zb_ZN N””O” h(N2 Npp2b IN—4 HM0||4 ](0)) lf](o) > 1L

(3.13)
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