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1 Introduction
A robust fractional optimization problem is to optimize an objective fractional function
over the constrained set defined by functions with data uncertainty.

To get the e-solution (approximate solution), many authors have established e-opti-
mality conditions and e -duality theorems for several kinds of optimization problems [1-7].
Especially, Lee and Lee [8] gave an €-duality theorems for a convex semidefinite optimiza-
tion problem with conic constraints. Also, they [9] established optimality theorems and
duality theorems for e-solutions for convex optimization problems with uncertainty data.

In [10-15], many authors have treated fractional programming problems in the absence
of data uncertainty. Recently, many authors have studied robust optimization problems [9,
16-21]. Very recently, Jeyakumar and Li [22] established duality theorems for a fractional
programming problem in the face of data uncertainty via robust optimization.

The purpose of the paper is to extend the e-optimality theorems and e-duality theorems
in [9] to fractional optimization problems with uncertainty data.

Consider the following standard form of fractional programming problem with a geo-
metric constraint set:

min '@
g(x)
stt. hi(x)<0,i=1,...,m,

(EP)

xeC,

where f,h; : R" — R, i = 1,...,m, are convex functions, C is a closed convex cone of R”,
and g : R” — R is a concave function such that, for any x € C, f(x) = 0 and g(x) > 0.
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The fractional programming problem (FP) in the face of data uncertainty in the con-
straints can be captured by the problem:

(UFP) min max S u)
(u,v)eU xV g(x, V)

s.t. i, w) 20,i=1,...,m,

xeC,

where f: R”" x R? — R, /; : R” x R? — R, f(-,u) and h;(-,w;) are convex, and g : R” x
R? — R, g(-,v) is concave, and u € R?, v € R?, and w; € R? are uncertain parameters which
belong to the convex and compact uncertainty sets Y C R, V C R?, and W; C RY, i =
1,...,m, respectively.

We study e-optimality theorems and e-duality theorems for the uncertain fractional

programming model problem (UFP) by examining its robust (worst-case) counterpart
[18]:

(RFP) min max S u)
wy)eUxVv glx,v)

st ke, w;) S0,Yw, e W, i=1,...,m,

xeC.

Clearly, A := {x € C | hi(x, w;) £ 0,Yw; € W},i=1,...,m} is a feasible set of (RFP).
Let € = 0. Then x is called an e-solution of (RFP) if, for any x € A,

X, U 9_‘:’ u
max 'M 2 max f(_ ) —e.
wedUxV g(x,v) ~ wveuxy g(x,v)

Using the parametric approach, we transform the problem (RFP) into the robust non-
fractional convex optimization problem (RNCP), with a parametric r € R,:

(RNCP), min maxf(x,u) — rming(x,v)
ueld vey
s.t. m(x,w) S0,Yw, eW,, i=1,...,m,

xeC.

Let € 2 0. Then x is called an e-solution of (RNCP), if, for any x € A4,

max f (x, ) — rming(x, v) = max f (%, u) — rming (¥, v) — €.
ueld veV ueld veV
In this paper, we consider e-solutions for (RFP), and we establish optimality theo-
rems and duality theorems for €-solutions for the robust fractional optimization problem.
Moreover, we give an example for our duality theorems.

2 Preliminaries

Let us first recall some notation and preliminary results which will be used throughout this
paper. R” denotes the Euclidean space with dimension #. The nonnegative orthant of R” is
denoted by R” and is defined by R” := {(xy,...,%,) € R" : x; > 0}. We say the set A is convex
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whenever pa; + (1 — p)a, € A forall u € [0,1], 41,4, € A. A function f : R” — R U {+o0}
is said to be convex if, for all u € [0,1],

F(A =+ py) <@ - w)f () + uf@)

for all x,y € R". The function f is said to be concave whenever —f is convex. Let g: R” —
R U {+00} be a convex function. The subdifferential of g at 2 € domg is defined by

dg(a) = {veR" | g(x) = g(a) + (v,x — a)Vx € domg]},

where (-,-) is the inner product on R” and domg := {x € R” : g(x) < +00}. Let € = 0. Then
the e-subdifferential of g at a € domg is defined by

deg(a):={veR" | g(x) = g(a) + (v,x —a) — e¥x € domg}.

The function f is said to be proper if f(x) > —oo for all x € R”. We say f is a lower semi-
continuous function if liminf,, . f(y) 2 f(x) for all x € R”. As usual, for any proper convex
function g on R”, its conjugate function g* : R” — R U {+00} is defined, for any x* € R”,
by g*(x*) = sup{{x*,x) — g(x)|x € R"}. The epigraph of a function g : R” — R U {+00}, epig,
is defined by epig = {(x,r) € R” x R | g(x) < r}. We denote the convex hull of a subset A of
R” by co A, and denote the closure of the set A by clA. Let C be a closed convex set in R”
and x € C. Then the normal cone N¢(x) to C at x is defined by

Nc(x) = {ve R | {v,y—x)Z0, forally e C},
and we let € 2 0, then the e-normal cone N§(x) to C at x is defined by
NE(x) = {v eR"|(v,y—x) e, forallye C}.

When C is a closed convex cone in R”, we denote N¢(0) by C* and call it the negative dual
cone of C.

Proposition 2.1 [23] Letf : R” — R be a convex function and let §¢ be the indicator func-
tion with respect to a closed convex subset C of R", that is, §c(x) = 0 ifx € C,and §¢(x) = +00
ifx¢ C.Let € =2 0. Then

0(f+8)®) = | [0S @) +045c@®)}.
€0=20,e120

Proposition 2.2 [24, 25] Iff: R"” — R U {+00} is a proper lower semicontinuous convex
function and if a € domf := {x € R" | f(x) < +00}, then

epif* = | J{(v (@) + e ~f(@) | v€ 3 (a)}.

€20

Proposition 2.3 [26] Let f : R” — R be a convex function and g : R” — R U {+00} be a
proper lower semicontinuous convex function. Then

epi(f +g)* = epif™ +epig”.
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Moreover, if f,g : R" — R U {+00} are proper lower semicontinuous convex functions, and
ifdomf Ndomg # 0, then

epi(f +g)* = cl(epif™ + epig®).

Proposition 2.4 [22, 26] Let h;: R" — R U {+o0}, i € I (where I is an arbitrary index set),
be a proper lower semicontinuous convex function. Suppose that there exists xo € R" such
that sup,.; hi(xo) < +00. Then

epi(sup hi>* =cl (co U epi hj‘)

iel iel

Proposition 2.5 [23] Let h; : R” — RU{+00},i=1,...,m, be proper lower semicontinuous
convex functions. Let € = 0. If | JI, ridom h; # (), where ridom h; is the relative interior of
dom A, then for all x € | J;, domh;,

m
eizo,izl,...,m,Zeize
i-1

0 (Z h) (x) = U{Z 0e; ()
i=1

i=1

Proposition 2.6 [9] Let h;:R" x R? — R, i =1,...,m, be continuous functions such that,
for all w; e RY, h;(-,w;) is a convex function and let C be a closed convex cone of R". Sup-
pose that each W, i =1,...,m, is compact and convex, and there exists xo € C such that
hi(xo,w;) <0, forallw; e Wy, i=1,...,m. Then

U Cpl (Z )\ih,’(', Wl‘)> +C* x R+
W,'EW,‘,Mzo i=1
is closed.

Proposition 2.7 [9] Let h; :R" x R? — R, i =1,...,m, be continuous functions and let C
be a closed convex cone of R”. Suppose that each W; CRY, i =1,...,m, is convex, for all

w; € RY, h;(-, w;) is a convex function, and, for each x € R”, h;(x, -) is concave on W;. Then
m *
U epi(Zkihi(~, w,-)) +C* xR,
W,'EW;’JLL‘EO i=1
is convex.

Now we give the following relation between the e-solutions of (RFP) and (RNCP);.

fu)
gxv)

Lemma 2.1 Let X € A and let € 2 0. If max(,,)eixy — € 2 0, then the following state-
ments are equivalent:
(i) % is an e-solution of (RFP);
(ii) x is an €-solution of (RNCP)z, where r = maX(,y)etix v ‘fg((x—'ﬁi —€ and
€ = emin,cy g(X, v).
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flu
glwy) =
(x,u u)

MAaX () eld xV % — €. Put 7 = max, ey xy Q((fc—v) —¢€ and € = € min,cy g(%,v). Then we have,

V

Proof (=) Let x € A be an €-solution of (RFP). Then for any x € A, max(,,)erxv

for any x € A, max,cy f (%, u) — min,ey 7g(x, v) 2 0. Since max,¢y f (%, u) — rminyey g%, v) —
€ min,cp g(x,v) =0, forany x € A,

max f (%, ) — rming(x, v) = maxf(x, u) — rming(¥, v) — € ming(x, v)
ueld veV ueld veV veV

= max f(x, u) — rming(x,v) — €.
ueld vey

Hence X is an €-solution of (RNCP);.
(<) Let ¥ € A be an é-solution of (RNCP);. Then for any x € A, max,ey f(x,u) —
rFminyey g, v) 2 max,cy f (%, u) — rmin,cy gk, v) — €. Since max, ¢ f (%, u) — rmin,cy g(%,

V) — e min,cy g(%,v) = 0, for any x € A, max,c f(x, 4) — Fmin,cy g(x,v) = 0. So, we have

1) > = Qi o ()
MaX (y,)et/xV {;(’;j) 2 7. Since 7 = max(,)euxv % -¢,
X, U XU
max S w) Z  max f(_ )—e.
wedUxV g(x,v) ~ wveuxy g(x,v)
Hence ¥ is an e-solution of (RFP). O

3 e-Optimality theorems
In this section, we establish €-optimality theorems for e -solutions for the robust fractional
optimization problem.

Now we give the following lemma which is the robust version of Farkas lemma for non-

fractional convex functions.

Lemma 3.1 Let f : R" x R? - Rand h; : R" x RT - R, i = 1,...,m, be functions such
that, for any u € U, f(-,u) and, for each w; € W, h;(-,w;) are convex functions, and, for
any x € R”, f(x,-) is concave function. Let g : R" x R? — R be a function such that, for any
v eV, g(,v)isa concave function, and, for all x € R, g(x, -) is a convex function. Let U C R?,
YV CR?,and W; CRY,i=1,...,m be convex and compact sets. Let r 2 0 and let C be a
closed convex cone of R". Assume that A .= {x € C | hy(x, w;) £0,Yw; e W;,i=1,...,m} #0.
Then the following statements are equivalent:

(i) {xeC|hx,w) S0,Vw; eW,i=1,....m}C{xeR"|

max,e f (%, u) — rmin,ey g(x,v) = 0};
(ii) there existu € U and v € V such that

{xe C | hi(x,w;) £0,Vw; € W,»,i:l,...,m} C {xeR” |f(x,8) — rg(x, V) 2 0};
(iif)

(0,0) U epi(f(-u))" + U epi(-rg(-,v))"

ueld veV

+c1co< U epi(ZAihi(~,wi)) +C*" x R+);
i=1

w;eW;,1; =0
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(iv)
(0,0) € ep1<rb111€211/){(f(~,u)> + ep1<—r1121]51g(-,v))
+clco< U epi(ZAihi(~,wi)) +C* x R+>.
WiEWi,)\,'zo i=1

Proof Let D := {x € R" | hi(x,w;) < 0,Vw; € W;,i =1,...,m}. Then A = C N D. We will
prove that epi 83 = clco(U,,, ey, 20 €PIQ 12 Aikti(, wi))* + C* x R,). For any x € R”,

84(x) =8c(x) +6p(x) and Sp(x)=  sup Y Aililx, wi).
w;eW;,0; 20 i=1

Thus, by Propositions 2.3 and 2.4, we have

epi 8} = epi(Sp + 8¢)* = cl(epi 8}, + epi 6¢)

:cl(epi< sup Zkihi(~,wi)> +epi82)

WieWi,)\.i;O i=1

:cl(clco U epi<Zkihi(~,wi)> +epi§2>
i=1

w;eW;,1; 20

= clco( U epi (2’”: Ak, w,-)) +C*" x R+).

w;eW;, 420 i=1

[(i) < (iv)] Now we assume that the statement (iv) holds. Then, by Proposition 2.3, the

statement (iv) is equivalent to
(0,0) € ep1<1;16ab)l<f(~, u)) + ep1(—r13;1\1}1g(~, V)) +epidy
= ep1<1;16221j;f(~, u) — Y’I}él\l}lg(',l/) + 8,4) .
Equivalently, by definition of epigraph of (max,cz/ f (-, ) — rmin,ep g(-, V) + 84)%,
i) —rming(,v) +84) (0) 0.
(1;1:]1/){(]‘( u) rl‘glll}lg( V) + A) 0)=
From the definition of a conjugate function, for any x € R”,

(mapf 0 - rmigan +a) 0 20

It is equivalent to the statement that, for any x € A4,

,u) —rmi V) = 0.
r;lez}j(f(xu) rrvlélll}lg(xv)_
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[(ii) < (iii)] Now we assume that the statement (iii) holds. Then the statement (iii) is

equivalent to

(0,0) e U epi(f(~,u))* + U epi(—rg(-,v))* +epidy.

ueld veV

It means that there exist # € I and v € V such that
(0,0) € epi(f(-, u)—rg(-,v)+ (SA)*.

It is equivalent to the statement that there exist # € U/ and v € V such that
(f(,m) ~rg(, ) +84)"(0) £ 0.

From the definition of a conjugate function, there exist # € i and v € V such that, for any
xeR",

(i) —rg(-,¥) +84)(x) 2 0.
It means that there exist # € Uf and v € V such that, for any x € A,
f(xrﬁ) - rg(x, ‘_/) 2 0.

[(iii) < (iv)] To get the desired result, it suffices to show that

gepi0(~,u>)* = epi(max /(1)) )
gepi(—rg(-,v))* = epi(—rrvréi\tjlg(',v))*. 2)

By Proposition 2.4, epi(max,eyf(-,u))* = clcol, o, epi(f(-, u))*. Let (z1,o1), (22,002) €
Uuey epif (- u))* and let w € [0,1]. Then there exist u;,u; € U such that (z,01) €
epi(f (-, u1))* and (2, ) € epi(f (-, u2))*, that is, (f(,u1))*(z1) < aq and ((-, 42))*(22) < ars.

Using the definition of a conjugate function, we have, for all x € R”,

(erx) _f(xx ul) é (241 and <Z2¢x) _f(xx MZ) é a3 (3)

Since, for all x € R”, f(x,-) is concave, we have f(x, uu; + (1 — w)uy) = uf(x,uy) + 1 -
M)_f(x, MZ); i‘eu

—f (% iy + (1= )uz) < —puf (%, 11) — (1= p)f (, o). (4)
So, from (3) and (4), we have, for all x € R”,

(nz + (1= wzg, x) = f (%, iy + (1= p)u) < poy + (1 - e,
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and so (f (-, pug + (1 = w)un))*(nz1 + 1 — w)zz) < oy + (1 — w)aa. Hence, we have
(12 + (A= Wz, oy + (1 - paz) € epi(f (- pan + (1 - puz))".

So, U,y epi(f (-, u))* is convex.
Now we show that [, epi(f(-, u))* is closed. Let

(zn n) € | epi(f (- w)

ueld

with (z,,, o,) = (2%, a*) as n — o0o. Then there exists u, € U such that (f(-, u,,))*(z,) < «,.

Since U is compact, we may assume that u, — u* € U as n — 0. So, for each x € R”,

(zn, %) _f(x; un) § Q.

Since, for all x € R”, f(x, -) is concave, f(x, -) is continuous. Passing to the limit as » — oo,

we get, for each x € R”, (z*,x) — f(x, u*) < o*. Hence, we have

(z*,a*) € epi(f(-, u*))*

So, U, epi(f (-, u))* is closed. Thus, (1) holds.
Moreover, since, for all x € R”, g(x,-) is convex and r 2 0, for all x € R", —rg(x,-) is

concave. So, similarly, we can prove that (2) holds. O

Remark 3.1 Using convex-concave minimax theorem (Corollary 37.3.2 in [27]), we can

prove that the statement (i) in Lemma 3.1 is equivalent to the statement (ii) in Lemma 3.1.

Remark 3.2 From proving in Lemma 3.1 that the statement (i) is equivalent to the state-
ment (iv), we see that we can prove the equivalent relation without the assumptions that,

for all x € R”, f(«,-), and g(x, -) are concave and convex, respectively.
From Lemmas 2.1 and 3.1, we can get the following theorem.

Theorem 3.1 Let f :R" x R? — Rand h; : R" x R1 - R, i =1,...,m, be functions such
that, for any u € U, f(-,u), and, for each w; € W, h;(-,w;) are convex functions, and, for
any x € R”, f(x,-) is concave function. Let g : R" x R? — R be a function such that, for
anyv eV, g(-,v) is a concave function, and, for all x € R", g(x,-) is a convex function. Let
UCRL,YVCR,and W; CRY,i=1,...,m. Let x € A and let r = max(u,v)guXV{gg’,Z; —€
Suppose that UwieWi.Aizo epi(X_2, Aili(-, w))* + C* x R, is closed and convex. Then the

following statements are equivalent:
(i) x is an e-solution of (REP);
(ii) ThereexistimeU,veV, w; e W;,and 1; 20,i=1,...,m such that, for any x € C,

Sl i) - 7g(x,v) + Y A, i) = 0.

i=1
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Proof (=) Let x be an e-solution of (RFP). Then, by Lemma 2.1, equivalently, x is an

é-solution of (RNCP);, where 7 = max(,, v)eZ/{fo(( ”) — € and € = eminyey g(k,v), that

is, for any x € A, max,ey f (¥, u) — rmin,ey g(x,v) = max,ey f(% u) — rmin,ey g%, v) —
€ min,ey g(x, v). Since maxyey f (%, u) — rmin,cyp g(%, v) — € min,eyp g(x, v) = 0, we have A C
{x € C | max, ey f (%, u) — Fmin,cy g(x, v) 2 0}. Then, by Lemma 3.1, we have

(0,0) € Uepl ( u) Uepl —rg(-, V))

ueld vey

+c1c0( U epi (ikihi(~, w,-)) +C" x ]R+>.

w;€W;,h; 20 i=1

Moreover, by assumption,

€ Uepi(f(~,u))*+Uepi(—?g(-,v))*+ U epi(Zkihi(-,wi)> +C*xR,.

ueld veV wieW;,3; 20 i=1

So, thereexistu e U, ve V, w; e W,,and A; = 0,i=1,...,m such that
(0,0) € epi(f(-, ﬁ))* + epi(—?g(-,f/))* +epi (Z Xihi(~,fvi)> +C* x R,.
i=1

Then there exist s c R", n 20, t e R", n 20,2z, € R", p; 2 0,i=1,...,m, ¢* € C* and
y € R, such that

(0,0) = (s, (F( ) "(s) + n) + (& (=7g(- 1)) "(®) + 1)

+ Y (2 (b, ) (@) + pi) + (%)

i=1
S0,0=s+t+Y 1 zi+c*and 0 = (f(-, ))*(s) + 1 + (=7g(-, V) (&) + s+ 31 (ki (-, i) * (2:) +

pi) + y. Hence, for any x € R",

<Zz,, > f(x,u) ( Fg(x,f/))

= (s,%) ) = fx, ) — (-7g(x, 7))
= (f('»il))*(S) + (-7g(-v) ()

=—n == (Rl w)) @) + pi) - v (5)

i=1

Sincen 20,4 20,p;20,i=1,...,m,and ¢* € C*, from (5), for any x € C,

0= <Z zi,x> +(c*,x) + f(x, i) + (—7g(x, V) -

i=1

- ( 1 Zz) - Z)wp;
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= <Z Zirx> +f(x,u) —7g(x, V) - Z()_Lihi('rﬁ/i))*(zi)
i=1 i=1
Sfwit) - gl ¥) + Y (Rihile, ;).

i=1

(<) Suppose that there exist i e U, v € V, w; € W;,and A; > 0, i = 1,...,m, such that,
foranyx € C,

m

S, ) — g, 9) + > A, i) 2 0. 6)
i=1

Since 7 = max et/ xv é((fc—':; — ¢, we have max,, s f (%, u) — rmin,ey g(%, v) — € min,cy g, v) =

0. So, from (6), we have, for any x € A4,

m

—rmi > — 7 mi .1 W
max f(x, u) — ¥ ming(x, v) = max  (x, u) rrvglg(x,v)+;x,h,(x,wl)

> flx, i)~ Fg(x, V) + ) hiby(, i)

i=1

v

0

= max f(x,u) — rming(x, v) — € ming(x, v).
ueld veV veV

Hence, for any x € A, max, ;¢ f (%, ) — Fminyey g(x, v) = max,ey f (%, u) — rminyey g(x, v) —
€ min,cy g(%, v). It means that ¥ is an €-solution of (RNCP);. Thus, by Lemma 2.1, X is an
e-solution of (RFP). a

Using Remark 3.2 and Lemmas 2.1 and 3.1, we can obtain the following characterization
of an ¢-solution for (RFP).

Theorem 3.2 (e-Optimality theorem) Let f: R” x R - Rand h; : R" x R1 - R, i =

1,...,m, be functions such that, for any u € U, f(-,u), and, for each w; € W, hi(-,w;) are

convex functions. Let g : R” x R? — R be a function such that, for any v eV, g(-,v) is a

concave function. Let U CR?,V CR?,and W, CRY,i=1,...,m. Let x € A and let € 2 0.
fGu) (1)

Let 7 = maX(y,etxv G € ijmax(u,‘,)euxy]m <€, then x is an e-solution of (RFP). If

max(u,v)euxyé((’;"f)) > € and

U Cpl (i )\ihi(') Wl‘)> +C" x RJr
i=1

w;€W;,1; 20

is closed and convex, then the following statements are equivalent:
(i) x is an e-solution of (REP);
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(ii) there exist w; e W;and »;20,i=1,...,m,€>0,€2>0,and ;2 0,i=1
such that

0€d, (mez}j( £ u))(a_c) +0 (—?Igéi‘glg(w v))(a‘c)
£ ) O (Rehi(-, ) @) + N&™ (),
i=1

max f (X, u) — rmlng(x, V)=¢€ mi\glg(a'c, v) and
ve

ueld veV
m+1 m
1 2 . -
€yt €yt E ei—emmg(x, E x,w, .
- veV T
= i=

yeesm+ 1

7)

(8)

)

Proof [(i) = (ii)] We assume that x is an e-solution of (RFP). Then, by Lemma 2.1, x

1)

is an €-solution of (RNCP);, where 7 = maxy,, v)el/{xvf((x 3

— € and € = emin,eyp g(x,v),

that is, for any x € A, max,cy f (%, ) — Fmin,cy g(x, v) = max,ey f (%, u) — Fmin,ey g(x, v) —

€ min,ecy g(x, v). Since max,cy f (%, ) — rmin,ey g%, v) — € min,cp g(x,v) = 0, we have A C

{x € C | max, e f(x, u) — Fmin,cy g(x, v) = 0}. By Lemma 3.1,

(0,0) € epi (r;'lef;./){(f(y u)>* +epi (—Frgi\r}lg(-, v))*

+clco< U epi(i)»ihi(-, wi)> +C* x ]R+>.

w; €W, 20 i=1

By assumption,
(0,0) € epi(maxf(~, u)>* + epi(—?ming(-,v)>*
ueld veV

+ U epi(i )Lihi(o,wi)) +C* x R,.
i=1

w;eW;,1; =0

So, there exist w; € W;and &; = 0,i=1,...,m, such that

i=1

(0,0)Gepl(rilgj(f(~,u)) +ep1(—?1121‘51g(-,v)> +ep1<ZA,»h,»(-,t7vi)> +epidc.

By Proposition 2.2, we obtain

(0,0) € U{(SO, 50, +60—maxfx, )’50681<maxf( u))( )}

€20
+ €2L>JO[ (‘53’ (€5, %) + €5 + ?Ivr;ixljlg(ﬁ_c, v)) |& € de2 (‘ﬁrg\f}g(-,v))(a_c)}

€*20 i=1 i=1

+ U §m+1’ (Ems1, X) + €ppy1 — SC(;C)) | Eme1 € aem+18C(~7_€)}'

€ms120

+u{(5*, )+ e _Z,\h(x,w,>'g € der (th m)(x)}
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So, there exist £} € 85(1, (max,cy f (-, u)) (), E2 € 9 2( Fmin,ey g(-, ) (&), £ € ex (31 Mikui(,
Wi)) (%), Epne1 € Oe,,,,8c(X), €4 20,€220,¢* 20, and €ms+1 = 0 such that

O=§é+§g+§*+§m+1 and

m
eé+e§+e*+em+1=m;5(f(5c, )—rmmgx, E hi(x, ;).
UEe

By Proposition 2.5, there exist £} € 9,1 (maxueuf(~, u)(x), €2 € dc2 (-7 minyey g(-, v)) (&), & €
e, (Aihi(-, W) (®), Es1 € O,,,,0¢(%), 60 >0,6620,620,i=1,...,m, and €,,; = 0 such

that
0e 86(1) (r&a&(f(~, u))(x) + aeg (—rrlglélg(-,v))(x)
N AT Y2 €m+1 (7.
+ a Bgi(klh,( ,wl))(x)+NC (*) and (10)
m+1
eo + eo + Zel maxf(x,u) - rmmg(x,v) + ZA (%, w;).
i=1 i=1
Since 7 = max(w)euxyfi ”) —€,
x,u) — rming(x,v) — ing(x,v) =0. 11
max f(x, 1) ~ rming(,v) — e ming(, v) 11)

So, (8) holds, and so, from (10) and (11), we have

m+1
60 +€) +Zel—emmg(x,v)—ZAh (2, w;).
i=1 i=1

Thus the conditions (7) and (9) hold.
[(ii) = (i)] Taking account of the converse of the process for proving (i) = (ii), we can
easily check that the statement (ii) = (i) holds. O

If for all x € R”, f(x,-) is concave, and, for all x € R, g(x, -) is convex, then using Lem-
mas 2.1 and 3.1, we can obtain the following characterization of an e-solution for (RFP).

Theorem 3.3 (e-Optimality theorem) Let f: R" X R? — Rand h; : R" x R1 - R, i =
1,...,m, be functions such that, for any u € U, f(-,u), and, for each w; € W;, h;(-,w;) are
convex functions, and, for all x € R”, f(x,-) is concave function. Let g : R" x R — R be a
function such that, for any v € V, g(-,v) is a concave function, and, for all x e R, g(x,-) isa

convex function. Let U CRP, YV CRP, and W; CR%,i=1,...,m. Let x € A and let ¢ = 0.
fGu)

Let v = maX(yetsxv 2G)

— €. If max(,)euxv % <€, then X is an e-solution of (RFP). If
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max(u,v)euxy{g((’;:"f)) > € and

U epi(i Aihi(-,wi)) +C* xR,

WiEW"y)\.L‘ZO i=1

is closed and convex, then the following statements are equivalent:
(i) x is an e-solution of (REP);
(ii) thereexistueU,veV, w;e W, A, 20,i=1,...,m, €} 20,62 >0,and ¢; >0,
i=1,...,m+1such that

0edg (fCm) @) + Oz (-rg(- ) ®) + Z e, (Mihi( W) (®) + NZ™ (%), (12)

i=1

max f (¥, u) — minrg(x,v) = e ming(x,v) and (13)
ueld veV veV

m+1 m
€ +€+ ; € —€ I‘Ei‘r}lg(a'c, ) < Zl (X, wy). (14)

Proof [(i) = (ii)] Let x be an e-solution of (RFP). Then, by Lemma 2.1, ¥ is an €-solution
of (RNCP);, where 7 = max(,y)ezsx v f((x V))
maxyey f (%, u) — Fmin,ey g(x, v) = max, ey f (%, ) — Fmin,ey g(%, v) — € min,ep g(%, v). Since
maxyey f (%, u) —rmin,eyp g%, v) — € min,eyp g(%,v) = 0, we have A C {x € C | max,ey f (%, u) —

Fminyey g(wx, v) 2 0}. By Lemma 3.1,

—€ and € = e min,ey g(X, v), that s, for any x € 4,

(0,0) Uepl(f( )" Uepl ~rg(-v))”

ueld vey

+clco< U epi(ZAihi(~, wi)> +C" x R+>.
i=1

w;eW;,1; 20

By assumption,

(0,0) € U epi(f(~,u))*+ U epi(—?g(-,v))*+ U epi(Z )»,h,»(-,w,)) +C*xR,.

ueld veV wieW;,2; 20 i=1

Since C* x R, =epi§}, there existu e U, v € V, w; € W;, and % >0,i=1,...,m,such that

(0,0) € epi(f (-, _)) +epi(-7g(- V) 4 ep1<2)» (-, w; ) +epidg.
By Proposition 2.2, we obtain

0,00 € (J{(&, (50,7 + 6 ) | & € 0 (£, ) R}

1
6020

U (65,3) + 6 + Te®.9) 155 € 92 (-T2 (. 9) @)

2
6020
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+ U { (5*»<5*»9_C> +e— Z)_\ihi(;@ Wi)) §" € Oex (Z )_»ihi('»ﬂ/i)> (9_5)}
*>0 i-1 i-1

+ U {(Smﬂr (‘i:m+1:9_c> + €me1 — (SC("_C)) | $m+l € 8em+18C(7_C)}'

6erl;o

So, there exist &} € 91 (f (1)) (%), 2 e 92 (~7g(, 9))(®), E* € 3ex (O Mihti(, W2))(R), Epar €
3e,,,0c(X), €4 20, €520, €* 2 0,and €,,,1 = 0 such that

m
0=+ +E + & and € +€d + € + € =f(X, 1) — 7g(%, V) + Z)_Lihi(a'c, w,).
i1

By Proposition 2.5, there exist &} € 36(1)(}((31?{))(9_6), £ € 86(2)(—?g(-,17))(5c), & € 0, (Mihi(,
i) (%), Epne1 € Oe,,,,8c(X), €4 =0,€2 20,6, 20,i=1,...,m, and €,,; = 0 such that

0 € 9 (£ ) @) + 0.2 (~7¢(-, ) ()

+ 3 B, (Rii-, ) (&) + N (%) and

= (15)

m+1 m

co+ep+y ei=fu)—re® V) + Y AihilE W),

i=1 i=1

Since 7 = maX,y)errx v %—L‘f; — €, we have max ¢y f (%, u) — rminy,cy g(%, v) = € min,cyp g%, v).
So, we have
fx, u) —rg(x,v) < max f (%, u) — Fming(x, v) = € ming(x, v). @16)
ueld veV vey

So, the condition (13) holds. Also, from (15) and (16), we have
0 € 0,y (max (1) ) (%) + (-7 ming(.,)) ()

+ Z de, (Aiki (W) (%) + Ng™ (%) and

i=1
m+1 m
1, .2 - T = -
€y + €5+ E € —¢€ rvlél]ljlg(x, v) < Aihi(x, w;).
i=1 i=1

Consequently, the conditions (12) and (14) hold.
[(ii)) = (i)] Taking account of the converse of the process for proving (i) = (ii), we can
easily check that the statement (ii) = (i) holds. a

Remark 3.3 Assume that f: R” x R” — R and g: R” x R” — R are functions such that,
for all x € R”, f(x,-), and g(x, ) are concave and convex, respectively. Then we know that

Theorem 3.2 is equivalent to Theorem 3.3 from Lemma 3.1, immediately.
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4 ¢-Duality theorems
Following the approach in [13], we formulate a dual problem (RFD) for (RFP) as follows:

(RFD) maxr
s.t. 0¢ 86(1) <Te211/){(f(" u))(x) + 863 (—rrvr;igg(., v))(x)

m

+ 3 e (hii(, w) () + NE™ (),

i=1

max f(x, ) — rming(x, v) = € ming(x, v),
ueld veV veV

m+1 m
1,2 .
€+ €5+ E € —¢€ rvrgjlg(x, v) < E Aihi(x, wi),
i=1 i1

on,wiEWi,)\izO,i=1,...,m,

€20,e220,6=0,i=1,...,m+1.

Clearly,
F:= :(x, w,A,1) | 0 €9 (I;I,leagff(" u))(x) + 022 (—rlggl}g(, v)) (x)
+ ; e, (Aihni (-, wy)) (%) + N (x),I;lEale(f(x, u) — rlgéi‘r)lg(x, v) 2 eglx,v),
m+1 m
1, .2 .
€ T € + Z_;Gi —€ Ivlélgg(x, v) = Z_;Kihi(x, w;),

r20,wi € Wik 20,60 20,65 20,62 0,i=1,...,m,€mn 20}

is the feasible set of (RFD).

Let € > 0. Then (,w, A, 7) is called an e-solution of (RED) if, for any (y,w, A,r) € F, 7 >
r—e.

When € = 0, max, ¢y f (%, u) = f(x), min,ey g(x, v) = g(x), and h;(x, w;) = h;(x), i =1,...,m,
(RFP) becomes (FP), and (RED) collapses to the Mond-Weir type dual problem (FD) for
(FP) as follows [28]:

(FD) maxr

st. 0€9f(x) +d(-rg)®) + Y_ drihi(x) + Nc(x),

i=1

Sx) —rg(x) 2 0,Ah:(x) 20,

r=20,120,i=1,...,m.

Now, we prove e-weak and e-strong duality theorems which hold between (RFP) and
(RED).
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Theorem 4.1 (e-Weak duality theorem) For any feasible x of (RFP) and any feasible
(y, w, A, r) of (RED),

Sflou)

ma =
wvedxv glx,v) —

Proof Let x and (y,w, A, r) be feasible solutions of (RFP) and (RFD), respectively. Then

there exist & € 3,1 (maxuer f () (), & € dz2(~rminyey g(, V)W), & € de, (Aih(, wi) ),
Emi1 € NZ™(y), € 2 0,620,62=0,i=1,...,m,and €,,; = 0 such that

m+1

sl £2 £ _ _ . > .
§0+SO+ZEZ 0, I}{l:}/){(f(y,u) rr]/rél\l}lg(y,v)zélg(lzl]glg(y,v) and

i=1

m+1
60+60+Zel—em1ng(yv <Z)\h(ywl
i=1 i=1

Thus, we have
max f(x, u) — rming(x, v) + € ming(x, v)
ueld veV veV

>maxf(y u)—rmlng(y v)+($0+§o,x y) —eg+em1ng(x,v)

m+1
_ . _ oo\ 1_ 2 :
= rl?:}/){(f(y, u) rr;;l\glg(y, V) <Z§L,x y> €p—€p T € rvrélgg(x, V)

i=1

m+1
>maxf(y u)—rmmg(y V)+Z)\,h (y, wl)—ZA (%, w;) —60 —60 Ze,
i=1 i=1 i=1
+61121\1}1g(x,v)
m+1
>maxf(yu —rmmg(yv)+2)»h(yw, €5 — €5 — Ze,
i=1
= maxf(y, u) — rming(y, v) — e ming(y, v)
ueld veV veV
>0.
Hence, we have max(,, v)eMfo( “) Zr—e. a

Theorem 4.2 (e-Strong duality theorem) Suppose that

U epi(i Aigi(es wi)) +C* xR,

w;€W;,1; 20 i=1

is closed. If X is an e-solution of (RFP) and max e xv % —€ 20, then thereexist w € R4,
xe R, and v € R, such that (x, w, A7) is a 2€-solution of (RED).

Proof Let ¥ € A be an €-solution of (RFP). Let 7 = maxg,, ‘,)EUXV ). Then, by Theo-
rem 3.2, there exist w; € W;, 4, 20, €, 20,€220,¢=0,i= 1 ,m, and €,,,; such
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that

0 € 0,y (max () ) (%) + 3 (~Fming(.,1) ) (@) + 21: e, (it 7)) (%) + N (3),

max f(x,u) — rming(x,v) = e ming(x,v) and
ueld veV veV

m+1 m
1, 2 A Ty = =
€ t€y+ E €; —err;l}r}lg(x, V) = E Aihi(x, w;).
14
i=1 i=1

So, (%,w, A,7) is a feasible solution of (RFD). For any feasible (y,u,v,w,,v) of (RED), it

follows from Theorem 4.1 (e-weak duality theorem) that

F= max f(Jf’u) —€Z2r—e—e=r-2€.
uy)eUxv g(x,v)
Thus (%, W, A, 7) is a 2e-solution of (RED). O

Remark 4.1 Using the optimality conditions of Theorem 3.2, robust fractional dual prob-
lem (RFD) for a robust fractional problem (RFP) in the convex constraint functions with
uncertainty is formulated. However, when we formulated the dual problem using opti-
mality condition in Theorem 3.3, we could not know whether e-weak duality theorem is

established, or not. It is an open question.
Now we give an example illustrating our duality theorems.

Example 4.1 Consider the following fractional programming problem with uncertainty:

ux+1

(RFP) min max
W) eUxV VX + 2

s.t. 2wx -3 <0,w; € [1,2],

xeR,,

where U =[1,2] and V = [1,2].
Now we transform the problem (RFP) into the robust non-fractional convex optimiza-

tion problem (RNCP), with a parametric r € R, :

(RNCP), min max (u#x +1) — r min (vx + 2)
uell,2] ve(L,2]

s.t. 2wx -3 <0,w; € [1,2],

xeR,.

Let f(x,u) =ux +1, g(x,v) = va + 2, hy(x,w1) = —2wyx — 3, and € € [0, %]. Then A :={x €
RI0Zx < %} is the set of all robust feasible solutions of (RFP) and A := {x e R |0 <x <
ngé } is the set of all e-solutions of (RFP). Let F := {(y, w1,A1,7) | 0 € 35(1) (max,e f (- u)(y) +
de2 (=rminyey g(,V))(y) + 3¢ M/, m))(y) + Ng (%), maxyeye f(y,4) — rmingey g(y,v) 2
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eminyey g(y,v), €5 + €2 + €1 + € —eminyey gy, v) < Mhi(y, wi),r = 0,wy € [1,2], 41 = 0,€} =
0,65 20,6, = 0,€, = 0}. Then we formulate a dual problem (RFD) for (RFP) as follows:

(RFD) maxr

s.t. (y,w1,A,7) €F.

Then F is the set of all robust feasible solutions of (RFD).
Now we calculate the set F = A UB.
- {@.wi31.m) |0 € 0 (maxsC.w)©)
+ 022 <—r Ivréiélg(-, V))(O) + 0, (A/ (-, w1))(0)
2

+ Nﬂii (0),T;1€55<f(0: u) — Vfgf}lg((), V)€ rvréi\rjlg(O,v),e(l) tejtetey—¢ rvr;ilrjlg(o, V)

<ol (O,w),r 2 0,u e [1,2],41 2 0,e) 20,62 20,6 2 0,6 20}
={(0 wiLALT) |0 € {2} + {=1} + {2Aw1} + (=00,0],1 = 2r 2> 2¢, eo+e§+el+ez

- 2¢ §—3)\-1,7’20,W1 € [1)2];)\1 20’6(1) 20,63 20,61 20’62 20}

€
,6(1)+€§+61+62—26 < _3A,7 20,

1-
= {(O)WI;)"I)F) ‘ r§2+2)"lwl)r§

wi€[1,2],A 20,6 20,62 20,6

II\/

0,63 2 0},
Bi= { 0w, 21,7) [ 0 € g (maxf(,10) 0) + 3 (~rming(-1) ) 0) + 8 (1, ) 0)
+ N2 (y), max f(y,u) — rming(y,v) = e ming(y, v), 6(1) + eé + €1 + €, —eming(y,v)
+ ueld vey veV veV

< Ml wi),y > 0,7 = 0,w; € [1,2],4 = 0,65 20,62

1\

0,6,> 0,6 go}
€
- {(y,wl,)q,r) ‘ 0 {2} +{—r} + 20wy} + [——2,0],2y+1—r(y+2) > e(y+2),
y
y>0,60+€5+€1+€—€e(y+2) < AQ2wiy—3),r 2 0,w; € [1,2],A; =0,

€20,

v
=
L"
v
L
N
v
(=]
—_—

€
= {(y,wl,)»l,r) ‘ 0e [2—r+2k1w1——2,2—r+2klwl],2y+1—r(y+2)2
y

e(y+2),e(1)+e§+el+ez—e(y+2) SM@2wiy-3),y>0,r 2 0,w €[1,2],

1\
1\

M 20,6 =062 >0, 20,6220}.

We can check for any x € A and any (y, w1, A1,7) € F,

X, U
max M>r—e,
(wv)eU xV g(x,v)
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that is, e-weak duality holds. Indeed, let x € A and (y, wy,A1,7) € A be fixed. Then

max f(x,u) —r min g(x,v) + € min g(x,v
f(x, u) Vemg( ) Ve[mg( )

ue(1,2]

=2x+1-r(x+2)+e(x+2)

=Q2-rx+1-2r+e(x+2)

v

=2 wix + 2€ + €(x + 2)

v

—3A +2€ +€(x+2)

1\

—3A1+6(1)+eg+61+62+3A1+e(x+2)

1\

0.

Moreover, let x € A and (y, u, v, w1, A1,7) € B be fixed.

max f(x,u) —r min g(x,v) + € min g(x,v)
] ve(l,2]

uel1,2] vel[l,2

=2x+1-rx+2)+elx+2)

=2y+1-r(y+2)+ 2-r)x—y) +e(x+2).

If x —y 2 0, then

max f(x,u) —r min g(x,v) + € min g(x,v
S x, u) Vemg( ) Ve[mg( )

ue(1,2]

=2y+1-r(y+2)+2-r)x—y) +e(x+2)
22y +1-r(y+2)=20wi(x—y) + €(x +2)

22y +1=r(y+2) + 20 w1y — 20 wix + €(x + 2)
Ze(y+2)+ 20wy —30 +€(x +2)

26(1)+E§+€1+62+3)»1—3)\1+6(x+2)

v

0.

Ifx—y<0,then

max f(x,u) —r min g(x,v) + € min g(x,v
]f (e, 20 ve[l,z]g( ) ve[1,2]g( )

ue(l,2

=2y+1-r(y+2)+2-r)x—-y) +e(x+2)
22y+1-r(y+2)+ (—2)\1W1+€—2)(x—y)+e(x+2)
y
§2y+1—r(y+2)+2A1w1y—62—2k1w1x+6—2x+e(x+2)
y

€
ge(y+2)+2)»1w1y—62—3)q+—2x+e(x+2)
y

1\

1., .2 €2
60+60+61+62+3)\1—62—3M+;x+e(x+2)

1\

0.
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A 5
Nt
A o

3- Then x € A={xeR|0<x< } is the set of all e-solutions of (RFP) and

=
NI'—‘

Ifx=0,thenr==. \X/hen € = 1, we can calculate the set A as follows:

1
3

Letw; =2, A = Then (0,2,2,1) € A. So, we have

’8,
X, 1 5
7= ma JGu) —€e=—-=—-2¢2r-2e.
wveUxV g(x,v) 6 6
Hence, (0,2, % %) is a 2e-solution of (RFD). So, €-strong duality holds. If 0 < x < %,then
g<r§ 1 When e g,we can calculate the set B as follows:
€ 5y+1 1
w,k,r‘ >0,2+ 20w — =<r< ,6o——(y+2) <
{(711)9’ 1 ,,3()/2)23()’ )=

)»1(2W1y—3):r 2 O’M € [1’2]’1/ € [1¢2]¢W1 € [1’2];62 g 0}

Letw; =2, 4 =0,and € = % Then (x,2,0, ;’g:é)) € B. So, we have

X, 5x+1
F= max f(_u)—e— >r2r-2e.
weUxV g(x,v) 3(x +2)

Hence, (¥,2,0, Bixg ) is a 2e-solution of (RED). So, e-strong duality holds.
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