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Abstract

In this paper, we introduce and analyze a general iterative algorithm for finding a
common solution of a finite family of mixed equilibrium problems, a general system
of generalized equilibria and a fixed point problem of nonexpansive mappings in a
real Hilbert space. Under some appropriate conditions, we derive the strong
convergence of the sequence generated by the proposed algorithm to a common
solution, which also solves some optimization problem. The result presented in this
paper improves and extends some corresponding ones in the earlier and recent
literature.

MSC: 49J30;47H10;47H15

Keywords: mixed equilibrium problem; nonexpansive mapping; general system of
generalized equilibria; fixed point

1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be
a nonempty, closed and convex subset of H, and let T': C — C be a nonlinear mapping.
Throughout this paper, we use F(T') to denote the fixed point set of 7. A mapping 7 : C —
C is said to be nonexpansive if

I1Tx - Tyl < llx-yll, Vx,yeC. (1.1)

Let F: C x C — R be a real-valued bifunction and ¢ : C — R be a real-valued function,
where R is a set of real numbers. The so-called mixed equilibrium problem (MEP) is to
find x € C such that

Fx,y) +¢() - =0, VyeC, 1.2)

which was considered and studied in [1, 2]. The set of solutions of MEP (1.2) is denoted by
MEP(F, ¢). In particular, whenever ¢ = 0, MEP (1.2) reduces to the equilibrium problem
(EP) of finding x € C such that

Fx,y)>0, VyeC,
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which was considered and studied in [3-7]. The set of solutions of the EP is denoted by
EP(F). Given a mapping A : C — H, let F(x,y) = (Ax,y — x) for all x,y € C. Then z € EP(F)
ifand only if (Ax,y—x) > 0 for all y € C. Numerous problems in physics, optimization and
economics reduce to finding a solution of the EP.

Throughout this paper, assume that F : C x C — R is a bifunction satisfying conditions
(A1)-(A4) and that ¢ : C — R is a lower semicontinuous and convex function with restric-
tion (B1) or (B2), where

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0, forany x,y € C;

(A3) F is upper hemicontinuous, i.e., for each x,y,z € C,

lim sup F(tz +(1- t)x,y) < F(x,9);

t—0

(A4) F(x,-)is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

1
F(z,yx) + 9(yx) — 9(2) + ;(yx -2,2-x) <0;

(B2) Cisabounded set.

The mappings {T},}52; are said to be an infinite family of nonexpansive self-mappings on
Cif

I Tux = Tuyll < llx =yl VayeCn=1, (1.3)

and denoted by F(T),) is a fixed point set of T}, i.e., F(T,) = {x € H : T,x = x}. Finding an
optimal point in the intersection [, F(T,) of fixed point sets of mappings T, n > 1, is a
matter of interest in various branches of sciences.

Recently, many authors considered some iterative methods for finding a common el-
ement of the set of solutions of MEP (1.2) and the set of fixed points of nonexpansive
mappings; see, e.g., [2, 8, 9] and the references therein.

A mapping A : C — H is said to be:

(i) Monotone if
(Ax—Ay,x—y)>0, Vx,yeC.

(ii) Strongly monotone if there exists a constant 1 > 0 such that
(Ax—Ay,x—y) = nllx -yl Vx,yeC.

In such a case, A is said to be n-strongly monotone.
(iii) Inverse-strongly monotone if there exists a constant ¢ > 0 such that

(Ax — Ay,x —y) > ¢ ||Ax —Ayllz, Vx,y € C.

In such a case, A is said to be ¢ -inverse-strongly monotone.
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Let A : C — H be a nonlinear mapping. The classical variational inequality problem
(VIP) is to find x* € C such that

(Ax*,y—x*)>0, VyeC. (1.4)

We use VI(C, A) to denote the set of solutions to VIP (1.4). One can easily see that VIP (1.4)
is equivalent to a fixed point problem, the origin of which can be traced back to Lions and
Stampacchia [10]. That is, # € C is a solution to VIP (1.4) if and only if « is a fixed point
of the mapping Pc(I — AA), where A > 0 is a constant. Variational inequality theory has
been studied quite extensively and has emerged as an important tool in the study of a
wide class of obstacle, unilateral, free, moving, equilibrium problems. Not only are the
existence and uniqueness of solutions important topics in the study of VIP (1.4), but also
how to actually find a solution of VIP (1.4) is important. Up to now, there have been many
iterative algorithms in the literature for finding approximate solutions of VIP (1.4) and its
extended versions; see, e.g., [3, 11-14].

Recently, Ceng and Yao [8] introduced and studied the general system of generalized
equilibria (GSEP) as follows: Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ©®1,0, : C x C — R be two bifunctions, B;,B; : C — H be two nonlinear
mappings. Consider the following problem of finding (x*,y*) € C x C such that

>0, VxeC, (15)
>0, VyeC, '

Lt —ytx— %)

+
n

O1(x*, %) + (By*, x — x*) 11

O2(y%,9) + (Bax™,y = y*) + (¥
where @y > 0, 1 > 0 are two constants. In particular, whenever ®; = ®, = 0, GSEP (1.5)
reduces to the following general system of variational inequalities (GSVI): find (x*,y*) €
C x C such that

>0, VxeC,
- 1.
>0, (L6)

(B1y* +x* —y*,x —x%)
VyeC,

(U2Box™ +y* —x*,x — y*)

where 1, and u, are two positive constants. GSVI (1.6) is considered and studied in [8, 15,
16]. In particular, whenever B; = B, = A and x* = y*, GSVI (1.6) reduces to VIP (1.4).

In order to prove our main results in the following sections, we need the following lem-
mas and propositions.

Proposition 1.1 For given x € H and z € C:
(i) zePex & (x—2z,y-2) <0,VyeC;
(i) z€Pex < x—2]% < llx—y]2 - lly—2I%, ¥y € C;
(iii) (Pcx —Pcy,x —y) = |Pcx — Pcyll®, Va,y € H.
Consequently, Pc is a firmly nonexpansive mapping of H onto C and hence nonexpansive
and monotone.

Given a positive number r > 0. Let T,((')"") : H — C be the solution set of the auxiliary
mixed equilibrium problem, that is, for each x € H,

T (x) := {ye C:0(,2) + ¢(2) - 9() + %O'—x:Z—y) >0,vze C}'
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Proposition 1.2 (see [2, 8]) Let C be a nonempty closed subset of a real Hilbert space H.
Let ® : C x C — R be a bifunction satisfying conditions (Al)-(A4), and let ¢ : C — R be a
lower semicontinuous and convex function with restriction (B1) or (B2). Then the following
hold:

() for each x € H, T\°% #;

(b) T s single-valued;

© T is firmly nonexpansive, i.e., for any x,y € H,

” Tr(@,q)) x— T}E(’),(p) y” 2

O, ®, .
< (T}9% = Ty, x - y);

(d) foralls,t>0andxeH,

|| TS(®“p)x - Tt(@’@x”2 < SS;t(TS@"")x - X, TS(G)"”)x - Tt((")'@x);

(e) F(T\®") = MEP(®, ¢);
(f) MEP(O©, @) is closed and convex.

Remark 1.1 It is easy to see from conclusions (c) and (d) in Proposition 1.2 that
|T% -~ T¥)y| < llx—yll, Vr>0,xyeH

and

” Ts(®’¢)x - Tt(g'w)xn < |S;—t| || TS(Q’“’)x —x||, Vs, t>0,xe H.

Remark 1.2 If ¢ =0, then T,(®"p) is rewritten as Tr® .

Ceng and Yao [8] transformed GSEP (1.5) into a fixed point problem in the following
way.

Lemma 1.1 (see [8]) Let C be a nonempty closed convex subset of H. Let ©1,0, : Cx C — R
be two bifunctions satisfying conditions (A1)-(A4), and let the mappings By,B, : C - H
be ¢y-inverse strongly monotone and {»-inverse strongly monotone, respectively. Let yu, €
(0,2¢1) and py € (0,2¢,), respectively. Then, for given x*,y* € C, (x*,y*) is a solution of
GSEP (1.5) if and only if x* is a fixed point of the mapping G : C — C defined by

G) = T1(I - BT, 2 (I - paBa)x,  VxeC,
where y* = T2 (I — (12B5)x*.

Lemma 1.2 (see [8]) For given x*,y* € C, (x*,¥*) is a solution of GSVI (1.6) if and only if
x* is a fixed point of the mapping G : C — C defined by

Gx = Pc(I — u1B1)Pc( — juaBs)x, Vx e C,

where y* = Pc(x* — woBox™) and Pc is the projection of H onto C.
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Remark 1.3 If 1,0, : C x C — R are two bifunctions satisfying (A1)-(A4), the map-
pings By, By : C — H are ¢;-inverse strongly monotone and {z-inverse strongly mono-
tone, respectively, then G: C — C is a nonexpansive mapping provided p; € (0,2¢;) and
Ha2 € (0,227).

Throughout this paper, the set of fixed points of the mapping G is denoted by I'.

On the other hand, Moudafi [1] introduced the viscosity approximation method for non-
expansive mappings (see also [17] for further developments in both Hilbert spaces and
Banach spaces).

A mapping f : C — C s called a-contractive if there exists a constant « € (0,1) such that

If) —fO)| <allz—yl, VxyeC.

Let f be a contraction on C. Starting with an arbitrary initial x; € C, define a sequence

{x,} recursively by
Xpi1 = f () + (1 —0) Txy,, n>0, 1.7)
where T is a nonexpansive mapping of C into itself and {«,} is a sequence in (0,1). It is

proved [1, 17] that under certain appropriate conditions imposed on {«,}, the sequence
{x,} generated by (1.6) converges strongly to the unique solution x* € F(T) to the VIP

(I -fat,x—x*) >0, xeF(T).

A linear bounded operator A is said to be y-strongly positive on H if there exists a
constant y € (0,1) such that

(Ax,x) > 7 |lx|1?>, VxeH. (1.8)
The typical problem is to minimize a quadratic function on a real Hilbert space H,

1
in — A ) - ’ ) 1~
1;16182( xX,%) — (%, u) (1.9)
where C is a nonempty closed convex subset of H, u is a given point in H and A is a strongly
positive bounded linear operator on H.

In 2006, Marino and Xu [18] introduced and considered the following general iterative
method:

Xpi1 = Yfx,) + (1 - ,A)Tx,, VYn=>0, (1.10)
where A is a strongly positive bounded linear operator on a real Hilbert space H, f is a
contraction on H. They proved that the above sequence {x,} converges strongly to the

unique solution of the variational inequality

((pf —A)x*,x-x*) <0, VxeF(T),
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which is the optimality condition for the minimization problem
in (A, x) - h(o)
min - (A, %) — h(x),

where / is a potential function for yf (i.e., /'(x) = yf(x) for all x € H).

In 2007, Takahashi and Takahashi [5] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of the EP and
the set of fixed points of a nonexpansive mapping in a real Hilbert space. Let S: C — H be
a nonexpansive mapping. Starting with arbitrary initial x; € H, define sequences {x,} and

{u,} recursively by

1.11)
Xnsl = ar(f(xn) + (]- - an)Sunr Vn=>1

:F(umy)"'i(y_un»un_xn)ZO» vy e C,
They proved that under appropriate conditions imposed on {«,} and {r,}, the sequences
{x,,} and {u,} converge strongly to x* € F(S) N EP(F), where x* = Pr(s)ngpr)f (x*).

Subsequently, Plubtieng and Punpaeng [19] introduced a general iterative process for
finding a common element of the set of solutions of the EP and the set of fixed points of a
nonexpansive mapping in a Hilbert space.

Let S : H — H be a nonexpansive mapping. Starting with an arbitrary x; € H, define
sequences {x,} and {u,} by

F(uy,y) + i(y—un,un—xn) >0, VyeC,

(1.12)
Xni1 = Y f () + (1 - yA) Sy, V> 1

They proved that under appropriate conditions imposed on {«,} and {r,}, the sequence
{x,.} generated by (1.12) converges strongly to the unique solution x* € F(S) N EP(F) to the
VIP

((vf —A)x",x-x*) <0, VxeF(S)NEP(F),
which is the optimality condition for the minimization problem

. 1
min  —{Ax,x) — h(x),
x€E(S)NEP(F) 2

where / is a potential function for yf (i.e., W' (x) = yf(x) for all x € H).
In 2001, Yamada [20] introduced a hybrid steepest descent method for a nonexpansive
mapping T as follows:

Xpa1 = Ixy — pr,F(Tx,), VYn>0, (1.13)
where F is a k -Lipschitzian and n-strongly monotone operator with constants «, 7 > 0 and
O<pu< i—g He proved that if {1, } satisfies appropriate conditions, then the sequence {x,}

generated by (1.13) converges strongly to the unique solution of the variational inequality

(Fx*,x—x*) <0, VxeF(T).
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In 2010, Tian [21] combined the iterative method (1.10) with Yamada’s method (1.13) and

considered the following general viscosity-type iterative method:
Xns1 = Y f (%) + (1 — uuF)Tx,, VYn>0. (1.14)

Then he proved that the sequence {x,} generated by (1.14) converges strongly to the unique
solution of the variational inequality

((nf = uF)x",x - x*) <0, VxeF(T).

Recently, Ceng et al. [22] introduced implicit and explicit iterative schemes for finding
the fixed points of a nonexpansive mapping 7 on a nonempty, closed and convex subset
C in a real Hilbert space H as follows:

% = Pc[ty Vi + (1 — tpF) T | (1.15)
and
%ni1 = Pclany Vaey + 1 — auuF)Tx,], Vn>0, (1.16)

where V is an L-Lipschitzian mapping with constant L > 0 and F is a «-Lipschitzian and
n-strongly monotone operator with constants «,7 >0 and 0 < p < % Then they proved
that the sequences generated by (1.15) and (1.16) converge strongly to the unique solution
of the variational inequality

((yV — uF)x*,x —x*) <0, VxeF(T).

Let {T}}:2, be an infinite family of nonexpansive self-mappings on C and {A,};°, be a
sequence of nonnegative numbers in [0, 1]. For any # > 1, define a mapping W, of C into
itself as follows:

un,n+l =1,

Un,n = )‘«n Tn un,n+1 + (1 - )"}’l)[;

Un,n—l = )\n—l Tn—l un,n + (1 - )\‘}’l—l)lr

Ui = Tl jen + (1= Ap), (1.17)
U1 = i1 Tiea Uy e + (1= M),

Upo = 1o Tolys + (1= 22)1,

Wy, = LI,,,I = )LlTlun,z + (1 — A.l)]

Such a mapping W, is called the W-mapping generated by T}, T;_1,..., 71 and A, A,_1,
co Al

Very recently, Chen [23] introduced and considered the following iterative scheme:

KXn+l = PC [anyf(xn) + (1 - anA) ann]x Vn > O¢ (118)
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where A is a strongly positive bounded linear operator, f is a contraction on H, and W), is
defined as (1.17). He proved that the above sequence {x,} converges strongly to the unique
solution of the variational inequality

((pf —Ax*,x-x*) <0, Vxe ﬂF(Tn),

n=1
which is the optimality condition for the minimization problem

. 1
min  —{
%€y F(Tn)

Ax,x) — h(x),

where / is a potential function for yf (i.e., W' (x) = yf(x) for all x € H).
More recently, Rattanaseeha [7] introduced an iterative algorithm:

x1 € H, arbitrarily given,
F(Mmy) + i (y — Up, Uy _xn) = 0; Vy € C; (119)
KXn+l = PC[aan(xn) +(1-0,A)Wyx,], VYn=>1,

where A is a strongly positive bounded linear operator, f is a contraction on H, and W, is
defined as (1.17). He proved that the above sequence {x,} converges strongly to the unique
solution of the variational inequality

((f A", x-x") <0, Vae( F(T,) NEP(F).

n=1

Nowadays, Wang et al. [24] introduced an iterative algorithm:

X1 € H,
F(”m}’) + ‘P()’) - (p(un) + i()’ —Up, Uy _xn> Z Or V)’ € C’ (120)
X1 =Py [anyf(xn) + Buxy + (- ,3;1)] -, A)\Wyu,], VYn=>1,

where A is a strongly positive bounded linear operator, f is an /-Lipschitz continuous map-
ping, {W,,} is defined by (1.17), and G = Pc(I — 11B1)Pc(I — pt2B3). They proved that the
above sequence {x,} converges strongly to x* € Q := (2, F(T,) N MEP(F,¢) N T, where
I is a fixed point set of the mapping G = Pc(I — 41B1)Pc(I — paB3), which is the unique
solution of the VIP

((A-yfxsat—2) <0, VxeQ,
or, equivalently, the unique solution of the minimization problem

o1
min 5 (Ax, x) — h(x).

Our concern now is the following:

Question 1 Can Theorem 3.1 of Rattanaseeha [7], Theorem 3.1 of Wang et al. [24] and
so on be extended from one mixed equilibrium problem to the convex combination of a
finite family of the mixed equilibrium problems?

Page 8 of 28
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Question 2 We know that GSEP (1.5) is more general than GSVI (1.6). What happens if
GSVI (1.6) is replaced by GSEP (1.5)?

Question 3 We know that the n-strongly monotone and L-Lipschitz operator is more
general than the strongly positive bounded linear operator. What happens if the strongly
positive bounded linear operator is replaced by the -strongly monotone and L-Lipschitz
operator?

The purpose of this article is to give the affirmative answers to these questions men-
tioned above. Let B, : C — H be ¢;-inverse strongly monotone for i = 1,2, B3 be a
k-Lipschitz and n-strongly monotone operator and f : C — H be an /-Lipschitz mapping
on H. Motivated by the above facts, in this paper we propose and analyze the general

iterative algorithm

Yn = )\n Wn G(ZZ:l ﬂn,mun,m) + (1 - )\n)(zl;;[:] ﬂn,mun,m)¢

(1.21)
Xn+l = PC[aan(xn) +(1- anﬂB?))WnGyn]: Vn=>1,

where {u,,,,} is such that

Fo(tnms y) + () — @(th,) + Y = Uy Unym — %4) =0, VyeC,

n,m

for each 1 < m < N, W, is defined by (1.17) and G = T/?f (I- ,ulBl)T;;)zZ (I = u2By), and
xo € C is an arbitrary initial point, for finding a common solution of a finite family
of MEP (1.2), GSEP (1.5) and the fixed point problem of an infinite family of nonex-
pansive self-mappings {T,}52, on C. It is proven that under some mild conditions im-
posed on parameters, the sequence {x,} generated by (1.20) converges strongly to x* €
Q:= (N E(T))N (ﬁ]y\n]:1 MEP(F,,,¢)) N T, where T is a fixed point set of the mapping
G = T2V (I -y B) T2 (I - paBy), where x* is the unique solution of the variational inequal-

ity
((yf —uB3)x*,z—x") <0, VzeQ. (1.22)

Remark 1.4 Other results on the problem of finding solutions to equilibrium problems
and fixed point problems of families of mappings with different approaches can be found
in [25, 26].

2 Preliminaries

We indicate weak convergence and strong convergence by using the notation — and —,
respectively. A mapping f : C — H is called /-Lipschitz continuous if there exists a con-
stant / > 0 such that

lf ) —f )| <llx=yll, V¥xyecC.

In particular, if / =1, then f is called a nonexpansive mapping; if / € [0,1), then f is a con-
traction. Recall that a mapping 7' : H — H is said to be a firmly nonexpansive mapping if

I = Ty|I* < (Tx - Ty,x—y), VxyeH.
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The metric (or nearest point) projection from H onto C is the mapping Pc : H — C

which assigns to each point x € H the unique point Pcx € C satisfying the property
ll = Pex|| = inf ||lx — y|| =: d(, C).
yeC

We need some facts and tools in a real Hilbert space H which are listed as lemmas be-

low.

Lemma 2.1 Let X be a real inner product space. Then there holds the following inequality:
o+ y1> < llxl* +2(px +y), VryeX.

Lemma 2.2 Let H be a Hilbert space. Then the following equalities hold:
@ llx=yI% = ll%lI* = IylI* = 2(x - y,9) for all x,y € H;
(B) 1A%+ yl12 = Al + pllyll? = Ausllx = 12 for all x,y € H and 1, i € [0,1] with
A+u=1
(c) If {x,} is a sequence in H such that x,, — x, it follows that

limsup [}, - 12 = limsup |, x| + [x = yI%, Vy e H.
n— 00 n— 00

We have the following crucial lemmas concerning the W-mappings defined by (1.17).

Lemma 2.3 (see [27, Lemma 3.2]) Let{T,}°, bea sequence of nonexpansive self-mappings
on C such that (-, F(T,) # ¥, and let {1} be a sequence in (0, b] for some b € (0,1). Then,
forevery x € C and k > 1, the limit limy,_, o U, x exists, where U,y is defined by (1.17).

Remark 2.1 (see [6, Remark 3.1]) It can be known from Lemma 2.3 that if D is a nonempty
bounded subset of C, then for € > 0 there exists ny > k such that for all n > ny,

sup [|Upx — Urx|| < €.
xeD

Remark 2.2 (see [6, Remark 3.2]) Utilizing Lemma 2.3, we define a mapping W:C x C
as follows:

Wx = lim W,x= lim U,;x, VYxeC.

n—00 n—00

Such W is called the W-mapping generated by 71, T5,... and A3, Ay,.... Since W, is non-
expansive, W : C — C is also nonexpansive. Indeed, observe that for each x,y € C,

W= Wyl = lim [[ W, — Wiyl < e =yl

If {x,} is a bounded sequence in C, then we put D = {x, : n > 1}. Hence, it is clear from
Remark 2.1 that for arbitrary € > 0 there exists Ny > 1 such that for all n > N,

Wixn = Wanll = | Upaxn — Uhxpll < sup [|Uyax — Uix|| < €.
xeD
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This implies that
lim || W%, — Wa,|| = 0.
n—0o0

Lemma 2.4 (see [27, Lemma3.3]) Let{T,}2, bea sequence of nonexpansive self-mappings
on C such that (-, F(T,) # ¥, and let {},,} be a sequence in (0, b] for some b € (0,1). Then
F(W) = (", E(To).

Lemma 2.5 (see [28, Demiclosedness principle]) Let C be a nonempty closed convex subset
of a real Hilbert space H. Let T be a nonexpansive self-mapping on C with F(T) # (. Then
I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I — T)x,} strongly converges to some y, it follows that (I - T)x = y.
Here [ is the identity operator of H.

Lemma 2.6 Let A: C — H be a monotone mapping. In the context of the variational in-
equality problem, the characterization of the projection (see Proposition 1.1(i)) implies

ueVI(C,A) <& u=Pc(u—-M2Au), VA>D0.

Lemma 2.7 (see [29]) Assume that {a,} is a sequence of nonnegative real numbers such
that

App1 < (1= Vn)dn +0uVn, VYn2>1,

where vy, is a sequence in [0,1] and o, is a real sequence such that
(1) Z;.lil Yn = OC;
(ii) limsup,_, 0, <0 0r Y o2 (0,4l < 0.

Then lim,,_, o a, = 0.

Lemma 2.8 Each Hilbert space H satisfies Opial’s condition, i.e., for the sequence {x,} C H
with x, — x. Then the inequality

liminf ||x, — x| < liminf ||x, — y||
n—00
holds for any y € H such that y # x.

3 Main result

We will introduce and analyze a general iterative algorithm for finding a common solution
of a finite family of MEP (1.2), GSEP (1.5) and the fixed point problems of an infinite family
of nonexpansive self-mappings {T},}52; on C. Under some appropriate conditions imposed
on the parameter sequences, we will prove strong convergence of the proposed algorithm.

Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let F,, be a
sequence of bifunctions from C x C to R satisfying (Al)-(A4), and let ¢ : C — R be a lower
semicontinuous and convex function with restriction (Bl) or (B2) for every 1 < m < N,
where N denotes some positive integer. Let ©1,05 : C x C — R be two bifunctions sat-
isfying (A1)-(A4), the mapping B; : C — H be {;-inverse strongly monotone for i = 1,2,
Bs be a k-Lipschitz and n-strongly monotone operator with constants k,n > 0, and let
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f+H — H be an I-Lipschitz mapping with constant | > 0. Let {T,};°, be a sequence of
nonexpansive mappings on C and {X,} be a sequence in (0,b] for some b € (0,1). Sup-

pose that 0 < u < 2n/x? and 0 < yl < 1, where T =1 — /1 — uw(2n — uk?). Assume that
= (o2 F(Tw) N ( ﬂm L MEP(F,,, )) T # @, where T is a fixed point set of the mappzng

G =T (I = B T2 (I — puaBy) with p; € (0,2,) for i =1,2. Let {a}, {84}, {Bup),-.. @

{Bun} be sequences in [0,1] and {r,.} be a sequence in (0,00) for everyl <m <N such
that:

(@) limyoo =0, 00y =00 and y o) oty — oty < 00;

(b) XN Bum=1and 322 |Busim — Buml < 00 for each 1 < m < Nj;
() limy— 008, =0 and Y o2y [8pe1 — 8, < 00;

(d) liminf,_, o 7y, > 0 and Ziozl |7ie1,m — Frym| < 00 for each 1 <m < N.
Given x; € H arbitrarily, the sequence {x,} is generated iteratively by

Yn = ‘Sn WnG(ZlyXﬂ ,Bn,mun,m) + (1 - (Sn)(zly:«l[:l ,Bn,mun,m): (3 1)
Xne1 = Pclanyf(x,) + 1- a,uB3)W,Gy,l, VYn=>1, )

where Uy, is such that

Fm(un,m’y) + 90()’) - (p(un,m) +

(J’ = Un,m> Un,m —xy) >0, Vy e C,

foreachl <m <N, W, is defined by (1.17). Then the sequence {x,} defined by (3.1) con-

verges strongly to x* € Q as n — 00, where x* is the unique solution of the variational
inequality

((yf —uB3)x*,z—x") <0, VzeQ.

(3.2)
Proof Let z, = er\n]ﬂ Bumtnm in (3.1), then (3.1) reduces to

Zn = Z%:l Brymhn,ms

Y =6uaWuGzy + (1= 84)zn, (3.3)

Xn+l = PC[anyf(xn) +(1- anﬂBS)WnGynL Vn>1.

We divide the proof into several steps.

Step 1. We show that {x,} is bounded. Indeed, take p € @ arbitrarily. Since p = W,
Ti

p = Gp, B; is ¢;-inverse-strongly monotone for i = 1,2, by Remark 1.1 we deduce
from 0 < pu; <2¢;,i=1,2 that forany n > 1,

e Q Q 2
Gy —pI* = | TN = uB) T2 (I = paBa)yw — TN — 1B T2 (I = o Bao)p |

6 2
<[ = mB) T2 (I = p2B)yn — (I = 1 B) T2 (I - paBo)p |

= |[T22(I = paBa)yn — T2 (I — paBy)p)
— 1 [BiT2(I - 12B2)yn — BiT2(I - 12 Bo)p]|)?
< | 792U — n2Bo)y, - T2 - paBo)p|”
+ (= 2800) | By T2 (I = paBo)y, — Bi T2 (I - Msz)p”Z
< | T2 = paBalyn = T - paBo)p
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< |t = 2By — (I - 2Bo)p||”

= |On—p) = 2(Boyn — BzP)Hz

= [lyn —pll2 + o (12 = 285)|Boys — Bop|)?
< llyn = pI? = [8: Wy Gy + (L = 8,)20 - p|*
< 8ullWuGzy = plI* + (1= 8,) 1z, — pII®

< 8ullGzy —pI* + A= 8,) 12w = PII* < 8ullzn —pI* + A= 8,) 20 — P
2

N
2
<> Bumllttum —pl

2
<llza—pl =

'n,m

N
2
Ejﬁnm Ty = TEp|” <> Bumllan —pI* = I —plI>. (3.4)
m=1

(This shows that G is nonexpansive.) It follows that

%01 = pll = |Pclotnyf () + (A — ctuuBs) WGy, ] - p|
< |letnyf () + A = it B3s) W, Gy, — p|
= |lotu (v f (%) = 1B3p) + (1 — uuBs) W, Gy — (1 — i B3)p |
< @y lly = pll + & || (vf = uBs)p| + (1 - @, T) W, Gy — pl
< @y, = pll + o || (vf = uBs)p| + (1 - @, )Gy, - pll
< auyllxn = pll + | (vf = uBs)p| + A = @yt 1% - pl

= (L—an(t = D) llxn = pll + | (vf - uBs)p|

- uB
Smax{”xn—pn, I(rf - 3)p||}'
—yl
By induction, we get
I(vf — uBs)pl
||xn—p||smax{||xo—p||,”_—yl” . Vn=o0.

Therefore, {x,} is bounded and so are the sequences {1,,,,}, {2}, {¥u}, {f (%)} and {W,, Gy, }.
Without loss of generality, suppose that there exists a bounded subset K C C such that

Ky Uns Zs Yr W Gxpy W, G2, W, Gy, € K, V> 1. (3.5)

Step 2. Show that ||x,,,; — || = 0 as n — oo.
First, we estimate ||u4,,41,, — Uy,m||- Taking into account that liminf,_, » 7;,,, > 0, we may
assume, without loss of generality, that r,,,,, C [€,00) for some € > 0, for every1 <m < N.

Utilizing Remark 1.1, we get

”un+l,m — Unm ” = || Tr(imli Xn+l — T(F’:,,w)xn ”
= [T = Tl + | T = T
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T, -7
” + | n+l,m n,m| || T,(F””“’)x

n—%Xn ”
n+l,m
Tnlm

=< %1 = %n

T, -7
” + | n+l,m n,m| || T(F”"“’)x
€

= ||xn+1 —Xn Frelm 0 Xn ||
=< ||xn+1 _xn” +M|rn+l,m _rn,m|) (36)
where supnzl{% | T,(,i”}"ﬁ)xn —x,]|1} < M for some M > 0. Next, we estimate ||z,.1 — 2, ||

1Zns1 = zall

N N
E ,Bn+1,m Mn+1,m - § ﬁn,m un,m
m=1 m=1

N

Z(lgn+1,mun+l,m - ,Bn,mun,m)

m=1

(||ﬂn+1,mun+1,m - ﬂn,munﬂ,m ”) + Z(”ﬂn,munﬂ,m - ,Bn,mun,m ”)

N
m=1

I
M=

lsn,m ” Unil,m — Unm ”

N
=< Z(|ﬂn+l,m = Buml ||un+1,m||) +
m=

WERIE

ﬁn,m(”x;ﬂl —Xn ” + M|Vn+1,m - rn,m|)

N
= Z(|,Bn+1,m - ﬂn,m| ||Mn+1,m||) +

m=1 m=1
N
< [ ®ne1 — xull + Z,Bn,lirn+l,m = Tl + [ tps1ml
m=1
N N
=< ||xn+1 _xn” +MZ |rn+1,m - rn,m| +M0 Z |,3n+1,m - ,Bn,m|’ (37)
m=1 m=1

N
where M, = Zm:l ||un+1,m||-

On the other hand, from (1.17), since W,,, T, and U,,; are all nonexpansive, we have

” Wn+1GZVI - WnGZn ” = ”)‘1 Tl un+1,2GZn - }\lTlun,2GZn ”
< )\1||un+1,2GZn - un,ZGZn”
= MllAaToly13Gzy — A2 To Uy 3Gz, ||

< )\1)"2”Un+1,3 Gzn - un,BGZn”

< )\1)"2 e )‘n ” Un+1,n+1GZn - Un,n+1GZn ”
n
=M ] ] (3.8)
i=1
where sup, . {| Ups1,141GZn || + | Uy n11Gzull} < M for some M; > 0. Hence, we have

1Wi1GZyi1 — W, Gz, ||

= ” Wn+1GZn+1 - Wn+1GZn|| + ||Wn+1Gzn - WVIGZVI”

Page 14 of 28
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n
< llzus1 — zull + My l_[}\i

i=1
N N n

< 1 =l + MZ |Ti+1,m = Tm| + Mo Z | Brsrm — Bum| + My l—[)% (3.9)
m=1 m=1 i=1

Putting (3.9) and (3.7) into (3.3), we have

1yn+e1 = yull
= 8n+1|| Wn+1GZn+l - WnGzn” + (1 - 8n+1)||zn+l - Zn” + |8n+1 - 5n| ” WnGzn - Zn”

n
< dnn <||Zn+1 —zull + My l_[)\z) + (1= 8pe)120s1 — Zull + 18041 — 84l | Wi G2y — 24|
i=1

n
< Nz = zull + 8uaa My | [ 2i + 1801 = 8l | WGz — 24|
i=1

N N

< st = Zall + MY Fnstn = Pl + Mo Y |Bustm = Buml
m=1 m=1
n
8wy [ [ i + 18 — 8ul | Wi G2y — 2. (3.10)

i=1
Similarly to (3.8), we have
” Wn+1Gyn - WnGyn” = ”)"1 Tlun+1,2Gyn - )"1 Tlun,ZGyn”
< M Uns12Gyn — U2 Gyl

= MlAToly13GY, — A To U, 3Gy, ||

< )\1)"2||Un+1,3Gyn - Un,SGyn”

< )"1)\2 e )‘n||un+l,n+len - Un,n+1Gyn”

n
<M ] ] (311)
i=1

where sup, o {|Ups1,n41GYnull + |Uni1Gyull} < M; for some M; > 0. Then we have

1Wii1GYns1 — Wi Gyall
S || Wn+1Gyn+l - WVH—IGyn” + ”Wn+1Gyn - WnGyn”

n
S NYns1 = Iull + Mo l_[)w‘
i-1

N N
=< ||xn+1 _xn” + MZ |rn+1,m - rn,m| + MO Z |,Bn+1,m - ﬁn,m|
m=1

m=1

n n
+ 5n+1M1 1_[)‘1 + |8n+l - 8n| ” WnGZn - Zn” + M2 1_[)\1 (312)
i=1 i=1
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Hence, it follows from (3.3)-(3.12) that

%2 = e
= | Pe[tninyf @nn) + (1 = s ptBs) W1 Gy |
= Pcfanyf(xn) + (1 — aupB3) W, Gy, ] |
< | [omnvf @na) + (1= @1 tB3) W1 Gyia | = [y f () + (1 — 2, uB3) W, Gy, |
< |etny (F Gons1) = f @) + ¥ (i1 — ctn)f (1)
+ (1= 0tutB3)(Wis1 Gyt — W Gyn) + 11(tn = 0041) Bs Wins1 Gy |
< @y Uns = Xl + lner =l (v [f @) || + 1211B3 Wi Gynan 1)
+ (1= @y )| Wo1 Gynir — WaGyall
< (1= atu(® = YD) %1 = Xl + lotnar = @l (¥ [f esn) | + 211B3 Wins1 Gy )

N N n
+ (1 - anr) (MZ |rn+l,m - Vn,m| + MO Z |/3n+1,m - ﬁn,ml + 8n+1M1 1_[)‘4
m=1 m=1

i=1

n
#1811 = 8l Wy G2 — 24 +M21'[xi)

i=1
N
= (1 —a,(r - Vl)) 1541 — X || + M3 ('anﬂ — o, + Z [Fps1m — Tnm
m=1
N
+ Z |:3n+1,m - ﬂn,m| + |8n+1 - 8n| + bn); (313)
m=1

where sup,_ 1 {y [[f (ns) | + 11 Bs Wiis1 Gy [| + M+ Mo + [| Wi, Gz — 2 || + 811 M1 + M} < M3
for some M3 > 0. Noticing conditions (a), (b), (c), (d) and Lemma 2.7, we get ||x,.,1 — %, || —
0 asn— oo.

Step 3. We show that

lim ||y, — Gyull =0, (3.14)
Hn—0Q
lim |lx, — 4ymll =0, V1<m<N, (3.15)
n— 00
lim ||x, — WGx,]|| = 0. (3.16)
n— o0

First, we show lim, .« |¥x — Gyl = 0. Indeed, for simplicity, we write ¥, = TE)ZZ (-
12Ba)yus p = TR2(I = j12Ba)p, wy = Tt (I = p1B1)yy. Then wy, = Gy, and p = Gp. Similar
to the proof of (3.4), we get

Gy =PI < llyn—pI* + 22 = 282) |1 Boyn — Bapll® + pa (1 — 261) | By — B1plI>. (3.17)
From (3.3), (3.4), (3.17), we obtain that for p € Q,

2
lls11 = pIl

< ey f @) + (A = auuB3) W, Gy, - p|

Page 16 of 28
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= [l (vf () = B3 WuGy,) + WGy —p|°
= WGy = pII> + 20{yf (%) — Bz WGy WG — )
+ 0| v f (o) — 1B W, Gy |
< 1Gyn —pI? + @ || yf (%) — 1B W, Gy |
X [21WGyn =PIl + | vf () — B3 W, Gy [ ]
< llyn = pI? + pa(paa = 262)1Bayn = Bap 1 + pr (i1 = 281) | By, — Bip 1>
+ ||y () = B3 WG| [21 WGy = Il + | v (%) = B3 WG]
< 1% — pII* + 122 — 282)1Boyn = Bopll* + pa(pa — 280) 1By — Bip >

+ oy ”Vf(xn) - uB3W,Gy, ” [2” WGy —pll + oy ” Yf (xn) — uB3 W, Gy,

], (3.18)
which immediately implies that

12282 = w2)|Boyu — Bopll® + 11 (281 — 1) 1Biyn — Bipll®
< 1% = pII* = %na1 = PI* + ot | vf (%) — £B3 W, Gy, |
X [211W,,Gyy = pll + | vf () — 1Bs W, Gy, ]
< 6w = %l (60 = Il + 1601 — pI)

+ oy ”Vf(xn) - uB3W,Gy, ” [2” WGy, —pll + oy H vf (xn) — uB3 W, Gy, ”]

Since lim,,_, o ¢, = 0, lim,_, o0 ||, — %,41]] = 0 and w; € (0,2¢;), i = 1,2, we deduce from the
boundedness of {x,}, f(x,) and {W, Gy,} that

lim [Boy, —Bopl =0, lim [|Byj, - Byl = 0. (3.19)
n— o0 n— o0

Also, in terms of the firm nonexpansivity of Tf?ll, Tl(?;, we obtain from u; € (0,2¢;),i=1,2,
that

15 = BI* = | T2 = ji2Ba)yn — T2 - uaBo)p|
< (I = u2B2)yn — (I = p2B2)p, n — P)
1 - -
= S0 = w2Bo)ys = U = waBop |+ 15 - I

— |t = 2By = (I = 12B2)p - G - B)||*]

IA

1 o i i
E[H.yn —pI? + 15 =B = |0 = 5) = 112(Boy — Bop) — (0 - B)|°]

IA

1
E[Hxn — oI+ 15a =1 = |0 =50) - 0= D)|”

+ 2,“«2(()/;’1 _5/;«1) - (p _[;):BZyn - sz)]
and

e ~ e ~ 12
Iwa = plI* = | ToMI = 1B — T (I = 1 By)p |

< (I = 11BY)Yn — (I = p1B1)p, Wy — p)

Page 17 of 28
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1 ~ ~
= S U0 = 187, — U= BB | + Iwa - pI

— ||t = 11BI ~ (I = 11B)B - (W, - p)||*]

IA

1. . " - -
S L5 =B + 1wy = pI> = [ G =) + w-n|°

- 2M1<Bl5’n - Bip, G’n - Wy) +(p —15)> - M12||315’n —3113”2]

IA

1 - -
S Ll =p I+ lw =PI = | G = w) + (0~ ) I?

+2111(Biyin = Bip, G — W) + (0 = D))]-

Thus, we have

15 = BI? < 1% =PI = | 3 = 50) = (0 - )|
+25((Vn = ¥u) — 0 = D), Boyu — Bap) (3.20)

and

W, = plI> < 1% = plI> = | G = wa) + (0= P)||*
+ 2//«1(B1)~’n - Blﬁy G/n - Wn) + (p _];)> (321)

Consequently, it follows from (3.4), (3.18) and (3.20) that

%01 = pII?
< 1Gyn = pII> + e | yf (%) = 1Bs W, Gy |
x [21 WGy = pll + ot || f (0) — B3 W, Gy [ ]
<115 = BI* + au | vf (%) = 1Bs W, Gy, |
X [21 WGy = pll + || vf (%) — 1Bs W, Gy | ]
< =21 = |G =) = @ = D) |* + 2082(0n — 7) — (0 ~ ), B2y — Bop)

+ oy ”Vf(xn) - uBsW,Gy, ” [2” WuGyn = pll + an ” vf (%) — nB3s Wy, Gy,

]

which yields

|G =5m) - - B)|”
< llxn = P11 = %001 =PI + 2082 ]| 0n = 7) = (0 = P) | 1B23 = Bopl
+ || vf (@) = 1Bs W, Gy || [21 WGy — Pl + || vf () = B3 WGy, ]
< (I%n = s Il) (1% = 1l + %01 = 211) + 202 | 3 = 3) = (0 = B) || 1Bayn — Bop

+ay ”Vf(xn) - uBsW,Gy, ” [2” W.Gyn = pll + oy ” vf (xn) — uB3 W, Gy, ”]

Since lim,—, oo @, = 0, lim,,—, o [|%41 — %] = 0 and lim,,, « || B2y, — Bop|| = 0, we deduce that

Tim || = 5) = (= P)| = 0. (3.22)


http://www.journalofinequalitiesandapplications.com/content/2014/1/470

Hu et al. Journal of Inequalities and Applications 2014, 2014:470 Page 19 of 28
http://www.journalofinequalitiesandapplications.com/content/2014/1/470

Furthermore, it follows from (3.4), (3.18) and (3.21) that

%01 — pII?
<Gy = pII* + || ¥f () — uBs W, Gy,
x [211 W, Gy, = pll + ot || v.f @) = 14B3 W, Gy ]
< W = pII* + || ¥f (x4) = uBs W, Gy |
X [21WuGyu = pll + | vf (%) — 1Bs W, Gy | ]
< 6 =21 = | G = wa) + (2 = D) + 2001(B1§in — Bafs, G — W) + (0 — )

+ oy ”yf(xn) - uB3W, Gy, ” [2” WGy = pll + ay ” Yf (xn) — uB3 W, Gy,

I

which leads to
|G =wa) + 05|
< 1% = pII* = 1%ns1 = pII* + 2p111B13n = BipIl || G = ) + (0 = D)
+ | v f () = 1Ba WGy | [21 W Gy = pll + | vf (%) = B3 W, Gy ]
< (I = 2 ll) (1% = 1l + %001 = p1I) + 2401 1Bigin = Bip N | G0 = wi) + (0 = D) |
+ || vf (%) = uBs WGy || [21 WGy — Pl + ot || v () — 1B3 W, Gy |]-

Since lim,,, oo ¢, = 0, lim, o6 [|%41 — %, || = 0 and lim,,—, || B1Y,, — B1p|| = 0, we deduce that
lim || — wa) + (- P)| = 0. (3.23)
n— o0

Note that
"yn_wn” =< H(yn_j’n)_(p_ﬁ)” + ”@n_wn) + (p_ﬁ)”

Hence from (3.20) and (3.21), we get
lim ”yn - Wn” = lim ”yn - Gyn” =0.
n— o0 n—00

Next, we show that lim,_, o [|%, — t4,s]| = O for every 1 < m < N and lim,_,  ||x, —
WGx,|| = 0. Indeed, by Proposition 1.2(c), we obtain that for any p € Q and for each

1<m<N,

Nty = pI? = | TEnO), — TEOp|?

Yy, Fn,m

S <un,m _p:xn —P>

1
E[Ilun,m = PIP + 1% = pII* = 1t = 2411

That is,

A

2 2 2
letnm = PNI" < 11%0 = PI" = 1tt,m — %u "
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Then we have

N 2 N

2 2
Nzn=pI* = | Y Bumttnm —p| <Y Bumllttwm —pl
m=1 m=1

N
2 2
< (10 = 21> = Ntk — 2]
m

1

N
2 2
= =17 = Y Nt — 2l

m=1
It follows that
N
Iy = B> < Nz =PI < 1560 =PI =Y et — 2l (3.24)
m=1

It follows from (3.18) and (3.24) that

”xn+1 —P||2
S “yn —P||2 + oy || yf(xn) - /‘LBB WnGyn H
X [2” WuGyn = pll + oy “]/f(xn) - uBsW, Gy, ”]

N
< Nn =1 =Y Nt = %ull® + | v () = 1Bs W, Gy

m=1

x [211W,Gyw = pll + oty | v f (xn) — uBs W, Gy

] (3.25)

which immediately implies that

N

2
D Nt =
m=1

< 1% = pI* = %ps1 - pII?
+ oy ”Vf(xn) - uB3W,Gy, ” [2” WGy, = pll + oy H vf(xn) — uB3 W, Gy, ”]
< (o = ®a 1) (1% = 21l + 261 = p)

+ oy || vf (%) = 1Bs W, Gy || [21 WGy — Il + || v.f () = 1B W, Gy [ ]-
Since lim,,_, o, @, = 0 and lim,,_, 5 ||, — %,41] = 0, we deduce that
lim ||uy,, —x,]| =0, V1I<m<N. (3.26)
n— o0

Since

N
Z Brmlhnm — %n

m=1

|z — xull =

N
= Z Bl — %,
m=1


http://www.journalofinequalitiesandapplications.com/content/2014/1/470

Hu et al. Journal of Inequalities and Applications 2014, 2014:470 Page 21 of 28
http://www.journalofinequalitiesandapplications.com/content/2014/1/470

from lim,, o ||tym — % || = 0, we get
lim ||z, — x| = 0. (3.27)
n— 00

Notice that

yn = xull < Nyn = 2zull + lzn = x|l
< 82 WnGzu + (1 = 84)20 — Zu || + 120 — %l

= 8;4” WnGZn - Zn” + ”Zn _xn”-
Since 8, — 0 and ||z, — x,|| — 0, we get
lim ||y, -, = 0. (3.28)
n—00
Note that

llen = WGyl < 1%, — WGyl + | WGy, — W, Gx,|

<%, — WnGyn” + ”yn —%Xull. (3.29)
On the other hand,

%6 = WuGyull < 110 — Znaa ll + 101 — Wi GYull
= [|xy —xpa |l + “PC[aan(xn) +(1 _anﬂBIS)WnGyn] - PcW,Gy, ”
< [%n = Xl + “Olnyf(xn) + (1 —a,uB3) W, Gy, — W, Gy, ”

= |lwn — xpa1ll + an “Vf(xn) - uB3W, Gy, ” — 0.

From lim,, o ||, — %441 ]| = 0 and lim,,, o &z, = 0, we get
lim ||x, — W,Gx,]|| = 0. (3.30)
n— o0

Note that
llcn = WGz, || < llxy — WiGxyll + | W, Gxy, — WGy |-

From (3.30) and Remark 2.2, we see
lim ||x, — WGx,| = 0.
n—00

Step 4. Now we shall prove

limsup(x, — 2%, (yf — uB3)x*) < 0, (3.31)

n—00

where x* is the unique solution of variational inequality (3.2). To show this, we take a
subsequence {x,,} of {x,} such that

lim sup(x,, x5 (yf - MBg)x*) = lim (x,,l. - x5 (yf - ,LLBg)x*>. (3.32)
11— 00

n—0oQ0
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Since {x,,} is bounded, there exists a subsequence of {x,,}. Without loss of generality,
we can still denote it by {x,,} such that x,, — . Let us show w € Q:= (72, F(T},)) N

(NY_, MEP(F,,,¢)) NT.

We first show w € T'. From ||y, — Gy,| — 0 and |x, — y,|| — 0 and Lemma 2.5 (demi-

closedness principle), we have w € F(G) =T.

Next we show w € ﬂlr\nlzl MEP(F,,, ). Since u,,,, = T(F’”"ﬂ)x,,, we have

n,m

1
Y = Uy Unym — %) >0, VyeC.

n,m

Fm(un,m:y) + (,0()/) - (p(un,m) +

It follows from (A2) that

1
O’ = Unmr Un,m — xn) > Fm()’r un,m): Vy eC.

n,m

©) — @(tym) +

Replacing # by n;, we arrive at

Up.m — Xn:
90()’) - (p(un,-,m) + <w’y - un,',m> = Fm(y’ un,-,m)r VyeC.

ni,m

Put y;, =ty + (1 —ty)o for all t,,, € (0,1] and y € C. Then from (3.33) we have

Uy.m — Xn.:
0> _QO(th) + w(uni,m) - <Mrytm - Mn;,m> + Fm()/tmy un,v,m)'

erl',Wl

(3.33)

So, from (A4), the weak lower semicontinuity of ¢, % — 0 and u,, ~ w, we have

0> -¢y,) + ¢(w) + Fpu(y,,w) asi— oo.

From (A1), (A4) and (3.34), we also have

0 = Fn(e Vi) + 0Wt) — 001,
=< twEp Wt ¥) + = ) Fn (1, @) + L0 (y) = (1 = ti) (@) = 9 (0,.)
= tu[EnWerd) + 00) = 001,) | + (L= t) [Ens 0ty @) + 0(@) — 0 (33, ]
< tu[EnWer) + 00) — 01,

and hence

0 < Fu(ys,»9) + ) — 0s,,,)-

Letting ¢,, — 0, we have, for each y € C,

0 < Fpu(w,y) + ¢(y) — p(w).

This implies € MEP(F,,, ¢) for each 1 < m < N. Therefore w € ﬂzzl MEP(F,,, ¢).

(3.34)
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Last we show w € F(W) = (72, F(T,,). If o ¢ F(W). From Opial’s lemma (Lemma 2.8),

we have

liminf ||x,, — 0|l < liminf|x,, - WGo||
11— 00 11— 00
< liminf([lx,, — WGx,,, || + | WGx,, - WGwl||)
1— 00

< liminf(llx,,i - WGxy, || + |l%,, — a)ll).
11— 00
Since lim,,_, o, ||x, — WGx,,|| = 0, we have

liminf ||x,, — || <liminf |lx,, — o]
1— 00 11— 00

This is a contradiction. Therefore, we have w € F(W) = ()2, F(T,), that is,

N [e'e) N
weF(W)N (ﬂ MEP(F,,,,(p)) NT = (ﬂﬂn)) N (ﬂ MEP(F,,,,(p)) Nr=Q.
n=1

m=1 m=1

Since w € 2, due to (3.32) and the property of metric projection, we have

limsup(,, — %, (vf — uBs)x*) = lim (o0, — &, (f — uB3)x")

n—0oQ

= (w —&*, (yf — uBs)x*) < 0. (3.35)

Step 5. Finally, we prove that x, — x* as n — oo. Setting v, = o, yf(x,) + 1 —
a,1uB3)W,Gy,, Vin > 1. Then we can rewrite (3.1) as

Zy = Zly\;{lzl ﬁn,mun,my
Yn = 8}1 WnGzn + (1 - an)zm
%41 = Pcvy.

It follows from (3.3) and Proposition 1.1(i) that

-

= (PcVn = Vi Pcvi — &%) + (v — &%, %001 — 2%

< (Vn = &", X1 — %)

= (onyf (xn) + (1 = uuB3) W, Gy, — &, 041 — %)

= (ot (yf (0n) — uB3x™) + (1 — uuB3) (W, Gy — 5*), 01 — &%)

<oty (F@n) = (%)) + (1 = 0wt B3) (W Gy — &), %pi1 — &%)
+ au((vf = nB3)x", X1 — x°)

< [lny (FGen) = £ (5%)) + (1 = 0w aB3) (Wi Gy — %) | | #ns1 — %
+ au((vf = uB3)x", X1 — x°)

< [yl =] + 0~ 2| WGy = s~

+ au((vf — uB3)x", X1 — X¥)
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< [anyl]|2n —x*|| + (1= ) 200 — 2" | ] |20ms1 — 5" || + ta{(vf — B3)x*, %01 — x%)
= (1 - an(f - Vl)) “xn _x* H ||xn+1 _x* || + Oln(()/f - MBS)x*ranrl _x*>

1
= S -an@=yD) ([ - " 17+ [otmer =) + ol (f = 1Bo)a", 2001 = 27),

which implies that

Joenia ="

- 1-a,(t -yl *”2 oy

m((yf_ MB3)x*’xn+1 —x*)

2. -

“1+au(t-yl)

_ (1 _ 20,(T — Vl) > ”xn _x* ”2
1+a,(t -yl

20,(t — yl) 1

¥ 1+ a,(t - J/l) ' 2(t - )/l) <(yf_ MBg)x*,an _x*>

= (1 - yn)”xn -x* ”2 + On¥n, (336)

2a,(t—yl) and

where Vn = 1+ay(t—y0)

On

1
. - uB *1 n+l — *).
2= J/l)(()/f UB3)x*, %1 — x*)
It is easily seen that ), ¥, = 0o and limsup,,_, ., 0, < 0 (due to condition (a) and (3.35)).
According to Lemma 2.7 we conclude that {x,} converges strongly to x*. This completes
the proof. O

Putting T, = I the identity mapping, we obtain from Theorem 3.1 the following.

Corollary 3.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let F,, be
a sequence of bifunctions from C x C to R satisfying (Al)-(A4), and let ¢ : C — R be a
lower semicontinuous and convex function with restriction (B1) or (B2) foreveryl <m <N,
where N denotes some positive integer. Let ©1, 0, : C x C — R be two bifunctions satisfying
(A1)-(A4), the mapping B; : C — H be {;-inverse strongly monotone for i =1,2, Bs be a
k-Lipschitz and n-strongly monotone operator with constants k,n >0, and let f : H -~ H
be an I-Lipschitz mapping with constant [ > 0. Suppose that 0 < 1 < 2n/k* and 0 < yl < 7,
wheret =1— m Assume that Q2 := (ﬂfizl MEP(F,,, 9)) NI # @, whereT isa
fixed point set of the mapping G = T;;)ll - ,ulBl)Tl%Z (I — uoBy) with u; € (0,2¢) fori=1,2.
Let {o,}, {84}, {Bun},- .. and {Byn} be sequences in [0,1] and {r,,} be a sequence in (0,00)
foreveryl < m < N such that:

(@) limyoo, =0, 00y =00and y o) oty — oty < 00;

(b) ZZ:I Bum=1and y ;21 |Busim — Bum| < 00 for each 1 < m < Nj;

() limy— 008, =0and Yy 21 8,1 — 8, < 00;

(d) liminfy— oo ym >0 and Y oo [Fusim — Fum| < 00 foreach 1 < m < N.
Given x; € H arbitrarily, the sequence {x,} is generated iteratively by

Yn =0 G(Zzzl ﬂn,mun,m) +(1- 8;4)(22:1 ﬂn,mun,m)r

(3.37)
Xne1 = Pela,yf(x,) + 1 —o,uB3)Gy,l, VYn>1,
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where Uy, is such that

Fm(un,m:y) + (/7()/) - (p(un,m) + O’ - un,m; Mn,m _xn) Z O; Vy € C’

n,m
foreach1 <m < N. Then the sequence {x,} defined by (3.37) converges strongly to x* € <,
as n — 0o, where x* is the unique solution of the variational inequality

((yf = uB3)x*,z—x*) <0, VzeQ.
If N =1, we obtain from Theorem 3.1 the following.

Corollary 3.2 Let C be a nonempty closed convex subset of a Hilbert space H. Let F be a
sequence of bifunctions from C x C to R satisfying (Al)-(A4), and let ¢ : C — R be a lower
semicontinuous and convex function with restriction (Bl) or (B2). Let ©1,0,: C x C —
R be two bifunctions satisfying (Al)-(A4), the mapping B; : C — H be ¢;-inverse strongly
monotone for i = 1,2, B3 be a k -Lipschitz and n-strongly monotone operator with constants
k,n >0, and let f : H— H be an [-Lipschitz mapping with constant | > 0. Let {T,};°,
be a sequence of nonexpansive mappings on C and {A,} be a sequence in (0,b] for some
b € (0,1). Suppose that 0 < u < 2n/k? and 0 < yl < 1, where T =1 — \/I—M(ZT}——M
Assume that Q := (.2, F(T,)) N (MEP(F,9)) N T" # @, where T is a fixed point set of the
mapping G = Tl?ll I - ulBl)Tl?zZ (I = uoBy) with w; € (0,2¢;) for i = 1,2. Let {ay}, {84} be
sequences in [0,1] and {r,} be a sequence in (0, 00) such that:

(@) limysooy =0, Y 02 0, =00 and y oo, oty — | < 00;

(b) limy— 008, =0 and Y o) 841 — 8| < 005

(¢) liminf,—oory >0 and Y ooy |y — 1wl < 00.
Given x, € H arbitrarily, the sequence {x,} is generated iteratively by

Flun,y) + () = @(thn) + 7 (y = thy thy = %) = 0, ¥y €C,
Yn = 8, W,Guy + (1—8,) 14, (3.38)
Xn+l = PC[aan(xn) +(1- an/vLB?))WnGyn]: Vn>1,

where W, is defined by (1.17). Then the sequence {x,} defined by (3.38) converges strongly
to x* € Q, as n — 0o, where x* is the unique solution of the variational inequality

((vf — uBs)x*,z—x*) <0, VzeQ.
If ¢ = 0, we obtain from Theorem 3.1 the following.

Corollary 3.3 Let C be a nonempty closed convex subset of a Hilbert space H. Let F,,
be a sequence of bifunctions from C x C to R satisfying (Al)-(A4) for every 1 < m < N,
where N denotes some positive integer. Let ©1,0, : C x C — R be two bifunctions sat-
isfying (A1)-(A4), the mapping B; : C — H be {;-inverse strongly monotone for i = 1,2,
Bs be a k-Lipschitz and n-strongly monotone operator with constants k,n > 0, and let
f+H — H be an l-Lipschitz mapping with constant | > 0. Let {T,};°, be a sequence of
nonexpansive mappings on C and {1} be a sequence in (0,b] for some b € (0,1). Sup-

pose that 0 < u < 2n/k? and 0 < yl < t, where T =1 — /1 — u(2n — uk?). Assume that
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Q= (N0, F(T) N (ﬂi\nlzl EP(F,,)) N T # @, where U is a fixed point set of the mapping
G = T (I = mB) T2 (I — 1aBy) with p; € (0,28) for i =1,2. Let {ay}, {8}, {Bua}, ... and
{Bun} be sequences in [0,1] and {r,,,} be a sequence in (0,00) for every 1 < m < N such
that:

(@) limysoo 0y, =0,Y 00y =00 and y o) oty — oty < 00;

() SN Bum=1and 32 |Busim — Bum| < 00 for each 1 < m < Nj;

() limy 008, =0and Yy ;21 8,1 — 8, < 00;

(d) Himinfy— oo ym >0 and Y oo [Fusim — Fum| < 00 foreach 1 < m < N.
Given x; € H arbitrarily, the sequence {x,} is generated iteratively by

{yn = 8;1 WnG(Zﬁzl ﬂn,mun,m) + (1 - 6?1)(2%:1 ﬂn,mun,m): (339)

KXntl = PC[aan(xn) +(1- anﬂBS)WnGyn]: Yn>1,

where Uy, is such that

1
()’ = Un,m> Un,m — xn) >0, Vy eC,

nm

Fm(un,m)y) +

foreach 1 <m <N, W, is defined by (1.17). Then the sequence {x,} defined by (3.39) con-
verges strongly to x* € Q, as n — 00, where x* is the unique solution of the variational
inequality

((vf —uBs)x*,z—x") <0, VzeQ.
If ©®; = ®, =0, we obtain from Theorem 3.1 the following.

Corollary 3.4 Let C be a nonempty closed convex subset of a Hilbert space H. Let F,, be
a sequence of bifunctions from C x C to R satisfying (Al)-(A4), and let ¢ : C — R be a
lower semicontinuous and convex function with restriction (B1) or (B2) foreveryl <m <N,
where N denotes some positive integer. Let the mapping B; : C — H be {;-inverse strongly
monotone for i = 1,2, B3 be a k -Lipschitz and n-strongly monotone operator with constants
k,n>0,andlet f: H— H be an I-Lipschitz mapping with constant [ > 0. Let {T,,};°, be a
sequence of nonexpansive mappings on C and {A,} be a sequence in (0, b] for some b € (0,1).
Suppose that 0 < i1 < 2n/k? and 0 < yl < T, where t =1 — m Assume that
Q=L E(T))N (ﬂZzl MEP(F,,, 9)) NT # @, where T is a fixed point set of the mapping
G = Pc(I = 1 B1)Pc(I - paBy) with i € (0,28;) for i =1,2. Let {an}, {8}, {Bun}> .. and { Bun}
be sequences in [0,1] and {r, .} be a sequence in (0,00) for every 1 < m < N such that:

() limy ooy =0, Y ooy =00 and y o) oty — oty < 00;

(b) SN Bum =1 and 3%, |Busim — Bum| < 00 for each 1 < m < N;

(¢) lim,_ o0 8, =0 and Zzil [8,41 — 8] < 00;

(d) liminf, oo 7ym >0 and > o) [Fysim — Fum| < 00 for each 1 < m < N.
Given x; € H arbitrarily, the sequence {x,} is generated iteratively by

Yn = Sn WnG(Zi\yI[ﬂ ,Bn,mun,m) + (1 - Sn)(Zi\n[ﬂ ,Bn,mun,m):

(3.40)
Xne1 = Pclayyf(®,) + 1 — a,uB3) W, Gy,l, Vn=>1,

where U, is such that

1
(y — Unm> Unm _xn> > 0, Vy € C,

Tnm

Fr(tnms y) + 0() — @) +
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foreach1 <m <N, W, is defined by (1.17). Then the sequence {x,} defined by (3.40) con-
verges strongly to x* € Q, as n — 0o, where x* is the unique solution of the variational
inequality

((yf = uB3)x*,z—x*) <0, VzeQ.
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